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I. Definitions 

In the present note I want to discuss some aspects of the group 
defined by the invariance of a theory under the transformation 

(1) SMX)®1 = e x P ί*Υ*<*\ψ(χ) 
in which 8Λ is a unitary operator depending on one continuous para
meter α and ψ is the operator of a spinor field. To simplify the discus
sion I shall assume that ψ is a Majorana spinor, and Majorana gauge 
will be used throughout ( y + = y „ γ* = γ{, γΙ= — γ„ y 5 = y iytWo 
γϊ=γδ, γ* = — γ* (+) indicating Hermitian conjugation and (*) com
plex conjugation). I shall call a theory « of the Heisenberg type» (1) 
if the ψ(χ) form a complete set of operators in the sense of Schur's 
lemma: an operator Q which commutes with all ψ must be a multiple 
of the identity operator. 

The connection of the group (2) with the vanishing of the masses 
of Dirac particles has been known for some time (2), but it does not 
appear that a sufficiently general proof has so far been given. 

I want to show that a theory of the Heisenberg type cannot give 
«simple particles » of spin \ and mass Φ0. A simple particle with 
mass Φ 0 is then defined in the following manner. 

In a theory which is invariant under the proper inhomogeneous 
Lorentz group it is always possible to define an energy momentum 
four vector Ιμ, as well as an angular momentum operator Jt ( i = l , 2, 3). 
One has [ J f i 0 ] = 0. For a particle with mass Φ0 and with spin \ 
one can therefore define two states χ, by means of the equations 

(2) IoXi = ™>Xn hi = Q, J*X> = lhi, 

where m is the mass of the particle and ? = ± 1 · The particle will 
now be called simple if the most general solution χ of the first two 
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equations (2) can be written as 

(3) χ = Σ aa* J 

3 
i.e., if the two %j form a complete set of eigenstates for the particle. 
In the sense of this definition a Majorana particle of mass # 0 is 
simple, but an electron is not simple (it is degenerate) since the definition 
of its state requires the specification of its charge. It also immediately 
follows from this definition that the states of a simple particle of 
mass ^ 0 form an irreducible representation of the proper Lorentz 
group, while the states of a « degenerate » particle form a reducible 
representation. One can use this fact to generalize the definition of a 
simple particle to the case of arbitrary spin: a particle, the states of 
which form an irreducible representation of the Lorentz group is called 
simple. 

A theory of the Heisenberg type of degree g is a theory of the 
Heisenberg type in which Schur's lemma holds for a spinor composed 
of g ( = 1 , 2, · · · ) Majorana fields. The actual Heisenberg theory has 
g = 2, but we shall here only consider the case g = 1. From the in
variance of such a theory under (1) we can deduce the existence of 
a Hermitian operator Ν defined as the infinitesimal generator of Sa 

(dSa = idocN) which, because of (1) satisfies the commutation relations 
(4) [Νψ(χ)] = -γΜν)-

I t is further assumed that under an infinitesimal proper Lorentz 
transformation L, which transforms the coordinates χμ into χμ = χμ-{-
+ εμνχν the ψ transform as 

(5) Σγ(Ρ)Σ+ = (1 + Ιεμν\γμγν]) ψ(Ρ), 

where Ρ indicates a point in four-space. J 3 is then defined as the 
generator of an infinitesimal rotation (ε12 = — ε21 = ψ), and one has 
with L = exp [i<pJ3] 

(6) [J*y>(x)] = — i (xtdz — xzdx + -i- γλγ^ ψ(χ) . 

From Eqs. (4) and (6) we can immediately deduce 

(7) [J3N] = 0 . 

All the theories of the Heisenberg type so far considered in the lite
rature also admit a reflection R, which without loss of generality can 
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II. The Mass Theorem 

We can now prove the following theorem: A primitive Heisen
berg theory of degree one cannot give simple particles of spin \ and 
of mass Φ0. 

If there were such a simple particle we would have because of 
the last Eqs. (2) and (7) that 

with η a phase factor. The χ{ would therefore also be eigenstates 
of JV and therefore 

(11) *Xi = Mj)x,. 

Using Eq. (8) we then have Ν(Ρχ,) = — n(j)(Rxj). But since R com
mutes with J 3 , it follows that n(j)= — n(j) = Q. This is a contra-
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be assumed to be of the form 

(8) R\p(x)R+ = ίγ*ψ{χ) $ = (— X, t), 

R is not necessarily the space reflection. Indeed we shall see that R 
does not commute with Ν and that in this sense it rather corresponds 
.to CP. That R anticommutes with JV can be deduced from Sehur's 
lemma. For, from (8) and (4) we deduce that [N + RNR+, ψ(χ)] = 0. 
I t follows that A +RNR+ = yl , where y is a o-number and 1 is the 
identity operator. Since if Ν satisfies (4) also Ν—(γ/'2)Ι will satisfy (4) 
we may therefore put 

(9) RNR+ = - Ν . 

A theory which is invariant under (8) and which possesses a non-
degenerate vacuum χ0 will then always have 

(10) N%« = 0 . 

I t could be argued that the vacuum could also be defined as an eigen-
state of A" to the eigenvalue oo, which in a way may be still com
patible with (9). This is indeed assumed in Heisenberg's most recent 
paper. In this note we do not deal with this emergency. 

In the sense of the following Theorem, I shall call a theory of the 
Heisenberg type primitive of degree g if it is invariant under (1) and (8) 
and if condition (10) is also satisfied. 
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diction since we can show that a particle of spin \ must—because 
of (10)—have odd eigenvalues η of N. This can be seen by observing 
that with \p± = |(1 ±γ5)ψ o n e has 

(12) [#ν±] = ± ν ± . 
Because of Schur's lemma any particle can only be created from the 
state χ0 by applying an operator (w, m = integers) to this state. 
But for a particle of spin \ n+m must be odd and therefore and 
because of (10) and (12) also the eigenvalue of Ν must be odd. 

We have therefore shown that in a theory of the type here dis
cussed the massive particles must necessarily be degenerate. I t ap
pears very important that this is also the case in nature: the only 
simple stable particles known in nature are the neutrino and the 
photon both of mass zero. The other stable particles are degenerate. 
I t should be noted that the degeneracy of the masses of particles and 
antiparticles is due to OP and not to 0 and will therefore also hold 
in a theory in which parity is not conserved. 

III. Mass and Degeneracy 

In this Section I want to study the case of degenerate particles. 
I shall consider the simplest form of degeneracy in which the states 
of the massive particle of spin £ form a simply reducible representation 
of the Lorentz group. I shall call these states χηί (w = ± 1) a n d I 
shall assume that they can be defined by the equations 

(13) 10χη} = τη,χηί, Ixnj = 0 , JAxni = \)χηί, Νχηί = ηχη} . 

These four states obviously require the definition of two real « i n » 
fields φτ = (r = 1. 2) which in a way, which will be discussed later, 
have to be derived from ψ by a limiting process. We now want to 
see what transformations the φτ will undergo when the ψ are subjected 
to (1). Since the φτ represent a free particle, quantized in the orthodox 
fashion, it is clear that this transformation must belong to the class 

(14) d<pr = Ars(ps + ίγδ8Τ9φ8 

that is to the Pauli groups I and I I (.3). A is a real antisymmetric 
infinitesimal 2χ2 matrix and 8 is real and symmetric. I t follows that 
by using a set Ι, ρ 1 ? ρ2ι ρ 3, of Pauli matrices we may put 

(15) Λ = ίξ2ρ2, 8 = ξιβι + ξζρζ + ηΐ . 
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Here £·, η are infinitesimal real numbers and the ρ act on the in
dices r, s of the «internal» space. Since we want that the degenerate 
particle described by the two Majorana fields φ, has a mass, we must 
assume that there exists at least one of the two real symmetrical 
matrices X, Y, which can be used to define a mass-operator, viz, 

(16) Μ = y r y 4 ( X . + vytTr.)<p.. 

The form of Μ is dictated by the proper Lorentz group. I t is further 
required that both φ satisfy the Klein-Gordon equation 

(17) ( D 2 — m2)<pT = 0, 

from which it follows that one must have 

(18) X2 + Y2 = 1, [Χ, Υ] = 0 . 

In order to see what transformations the φ can undergo under the 
group defined by (1), we try to find that subgroup of (14) which leaves 
the mass operator (16) an invariant. For, since the theory must be 
invariant under the transformation (1) also its asymptotic equations 
must be invariant under this transformation. I t can then easily be 
shown that the admissible subgroup of (14) is defined by the con
ditions (4) 

(19) [AX] = {SX} = [A Y] = {SY} = 0 . 

From which it follows immediately that there can be no mass unless 
η = o. I t is further clear that without loss of generality we can put 
Υ = ο. (Only the consideration of reflections can tell us something 
about Y.) We can then put 

(20) X = XxQx + #3<?3 + yi j 

with xx, xz, and y real numbers, the choice being dictated by the fact 
that X must be symmetrical. I t is then readily seen that from 
[AX] = 0 it follows that 

(21) faa?i = £ A = 0 , 

and further from {XS} = 0 that 

(22) yix = t/f2 = 3 = 0 , χχξχ = χζξζ = 0 . 

This leads to the result which is shown in the Table I . 
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TABLE I. 

fι & is η 

xx 0 0 + 0 

xz + 0 0 0 

y 0 + 0 0 

Here the + signs indicate the parameter combinations which allow 
the definition of a mass term, the combinations indicated by 0 auto
matically give mass 0. It is seen that quite generally an ensemble 
of two Majorana fields allows at most a one parameter group of Pauli 
transformations. This is a special case of the result obtained by the 
author, according to which an ensemble of two Majorana fields allows 
an extended « Pauli group » with \n(n — 1) parameters. 

The combination y Φ 0, ξ2 Φ 0 corresponds to the traditional re
presentation of the electron. Indeed, putting φ = φ1 — ιφ2 and there
fore φ+ = φλ + ιφ2 one sees that (14) is equivalent to 

(24) δφ = — ιξ2φ , δφ+ = ιξ2φ+ , 

i.e., to the gauge transformation of electrodynamics. The mass term 
simply becomes ψφ (with ψ = φ+γΑ). The other two cases are as equi
valent to one another as the Pauli matrices ot and ρ 3. Taking in 
particular the first line of Table I, (23), and putting ξζ = α, we see 
that (14) becomes 

(25) δφ = ιαγ5ρΆφ ; φ = (φιψ2), 

and the mass term becomes 

(26) Μ = ΊηφγΑρϊφ . 

Prom this it follows that the Dirac equation will couple the two fields 
φχ and <p2 via the mass term viz, 

(27) 
+ τπφ2 = 0 , 

6φ2 + πΐφ1 = 0 , 

and it is also immediately seen that this equation is invariant under 
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(25) because of {y 5y v} = 0. Equations (27) bear a close resemblance 
to the equations discussed by Gursey. These result from (27) by de
composing φ into its « Nullteiler » components thus 

(28) z i ^ i t t i y . ) ? * . 

I t is seen that, by inserting (28) into (27), we obtain equations which 
are formally identical to those obtained by Gursey. 

IV. Application to the Heisenberg Type Theory 

To apply these considerations to the Heisenberg theory we re
member, that it must be possible to derive from ψ two asymptotical 
Majorana fields. If we choose one of them to satisfy the condition 

(29) V>-><Pi, 

where the arrow indicates weak convergence, it is obvious that under (1) 
we must have 

(30) ΒΛφι(*)Βϊ = exp [ίγΛΛ]ψι(χ) . 

I t then follows from the considerations of the previous section that 
the second Majorana field must transform under (1) as 

(31) 8αφ2(χ) S£ = exp [— iy 5a] <px(x) . 

I t is therefore a necessary—though not a sufficient—condition for the 
existence of massive spin \ particles that it should be possible to 
construct from ψ an asymptotic field, which under (1) transforms 
as φ2. This is indeed possible. To see this we remember that the 
quantity 

(32) av(x) = — ίψνγ5γνψ ψ = yy* 

is an invariant of the transformation (1). I t is in fact the only non-
vanishing bilinear invariant that can be formed from a Majorana field. 
Using this (axial) vector field av(x) we can construct a Majorana spinor 

(33) ψ(χ) = ΐλ2γ5γνψ(χ)αν(χ) · 

I t can be immediately verified that this spinor is indeed real and that 
it transforms with spin \ under the transformations of the proper 
Lorentz group, λ is a parameter of the dimensions of a length, which 
has been added to remind us that av(x) has dimensions (length)-3. 
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Because of the factor γ5γν, which appears in Eq. (32) it follows that 
under the transformation ( 1 ) one must have 

(34) Say)(x)S^ = exp [ - ίγδχ] ψ(χ), 

and it is clear that we can therefore put asymptotically 

(35) ψ(χ) - > ψ2(ψ) . 

One can also convince oneself quite easily that there cannot be a linear 
function of ψ which would define a Majorana field which transforms 
under ( 1 ) like φ2. 

We now want to show that the choice (35) of φ2 is indeed quite 
natural for the Heisenberg equation 

(36) δψ + Ιζγ,γνψ(ψ7^7νψ) = 0 . 

For, inserting into this equation from (33) we have 

( 3 7 ) &V + £ v = 0 , 

which because of (29) and (35) gives asymptotically 

(38) tyi + £ p « = °> 

an equation which becomes identical with the first Eq. (27) provided 
that one jnits 

(39) m = Ρ/λ* . 

Applying the operator δ to Eq. ( 3 7 ) and remembering δ 2 = D 2 we 
obtain (i2/A3)y> = 0, which goes asymptotically into 

(40) 6φ2+^Π2
ψι = 0. 

This is identical with the second Eq. ( 2 7 ) since it was assumed that 
the asymptotic fields satisfy the Klein-Gordon equation. 

I t is perhaps not unnecessary to point out that the considerations 
of this section do not establish a proof for the possibility of massive 
spinors in a Heisenberg theory. I t should also be noted that, although 
Eq. ( 3 7 ) appears to be linear, we have by no means linearized Heisen-
berg's theory. The non-linear element of ( 3 7 ) rests of course on the 
fact that the quantities ψ and ψ are not dynamically independent. 
Their relation is given by the «constraint» represented by Eq. ( 3 3 ) . 

1 8 0 



THE TRANSFORMATION ψ' = ΘΧρ [ίγδα]ψ 

181 

What we set out to show, was a mechanism, which might lead to 
the existence of massive particles. The fact that there are equations 
describing free massive particles compatible with a gauge transfor
mation of the y5-type, shows that the argument, which excludes the 
existence of simple massive particles does indeed not hold in the case 
of a degeneracy. This has already been shown by Gursey (5). What 
we can claim to be new in the present argument is the isolation of the 
possible forms of transformations compatible with (1) to which the 
asymptotic fields can be subjected, as well as the demonstration that 
in a Heisenberg theory indeed there exist functions of ψ which transform 
in a such a way that the « contragredient» asymptotical field ψ can 
be constructed. 

V. The Significance of JR 

Finally it is perhaps not idle to point out that the invariance under 
the group (1) is not directly connected with the problem of the con
servation of parity. I want to show that the set of free Majorana 
fields (<pi9?2) is completely equivalent to a complex spinor χ} that Ν 
has the same properties as the charge in the theory of the electron, 
and that Β can be interpreted as representing CP. Whether or not 
G invariance exists in a theory of the Heisenberg type, is a problem 
which is dependent on the properties of the solutions of the Heisen
berg equations and will not be discussed here. 

A complex spinor can be defined by means of 

(41) χ = J (1 + γ,)φΧ + £ (1 - γ5)φ2, t = ϊ (1 ~ Υ Μ + \ (1 + Ύ Μ · 

I t then follows immediately from (30) and (31) that one must have 

(42) = exp [ - i a ] * , 

or its equivalent 

(43) [Νχ]=~χ, = 

The transformation (1) thus becomes an ordinary gauge transformation 
applied to the complex spinor χ. For the reflection Β we may choose 

(44) Βφ8(χ)Β+=ίγ4φ$(χ) ; 

a choice which is also compatible with the definition (35) of ψ2(χ) 
valid for the Heisenberg theory. [It is easily verified from Eq. (33) 
that ψ transforms in the same way as ψ under the reflection B.] I t 
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now follows from (41) and (44) that one must have 

(45) RX(x)R+=iYa+(x), 

and this is identical with the transformation produced by CP: 

(46) Οχ(χ)ϋ+ ~ z+(x), Ρχ(χ)Ρ+ = ΐγΑχ(%) · 

I t must, however, be noted that the Heisenberg theory described by 
equation (46) does not explicitly show the invariance under C. This would 
obviously only be the case for a theory which is invariant under an 
exchange of ψ with y>. We may conclude from this that the theory 
in question is CP invariant but that the C invariance may only be 
an approximate property, characteristic of some subspace of the total 
Hilbert-space. 
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