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Introduction 

We have heard in G. Luders' lecture that PCT is an antiunitary 
operation. Before time reversal was discussed, this kind of transfor
mations did not come up. Now the situation is as follows: 

In a naive way one is tempted to argue that if a quantum mecha
nical system is invariant under some symmetry operation, then there 
must be a canonical transformation in Hilbert space corresponding to 
that operation. Time reversal shows that this conclusion is wrong 
since its representative in Hilbert space is antiunitary. We are there
fore forced to ask whether there may be waiting some other surprises 
i.e., whether there are still other types of operations in Hilbert space 
which would be related, for instance, to not yet discovered symmetries. 
The answer will be given by the following theorem: 

THEOREM. If one is content with a representation up to a uni-
modular factor, then every possible symmetry operation can be re
presented in Hilbert space by either unitary or antiunitary operators. 

By representation up to a unimodular factor we mean that if the 
symmetry group Γ of the system has elements γχγ2- · · and if TJ(y) 
is a presentation in Hilbert space, then 

U(Yi)'U(Yt) = M y i , γ2)-υ{γ1γ2), 
where 

\ω(ΥιΥ*)\ = 1 · 

This ω(γ1γ%) may be identically 1, then the U{y) form a representation. 
[For the proper homogeneous Lorentz group ω can be made equal 
to ± 1 , but not to 1; this is only possible for its covering group.] 

In the following talk we shall not prove the theorem straight 
away but rather exploit the whole concept a little. This will include 
the following steps: 
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Τ. Fixing a quantum mechanical system 
I I . Defining rays, unit rays, states 
I I I . Defining symmetry operations in physical terms 
IV. Defining transformations in Hubert space out of ray trans

formations 
V. Several properties of these transformations 
V I . Proof of the main theorem 
V I I . Eepresentations up to a factor. 

I shall omit most of the elementary proofs and rather try to make 
everything plausible. The proofs may be found in a forthcoming paper 
in the Supplement to II Nuovo Gimento (1959).* I should remark that 
the proof and the way of looking is new, whereas the theorem has been 
proven already by E. P. Wigner last year in his Lorentz-Chair lectures 
at Leiden, Holland. His proof is similar to the proof that is given in 
his classical book on « Group Theory and Quantum Mechanics ». There 
however the possibility of antiunitary operations was not considered. 

I. Fixing a Quantum Mechanical System 

Let 8 be a physical system which can be described by quantum 
mechanics (it may be a field, since the questions treated here have 
presumably nothing to do with the diffiiculties of field theory). 

Assume that {Ax, Az, · · · } =91 is a complete set of commuting 
observables in the sense of Dirac. I t is then a maximal abelian ring. 
Let 93, ©, ©, · · · be other such rings and assume the set of rings 

{91, » , · · • } 

to be complete in the sense that every observable belongs to one of 
the rings. The whole set is no longer a ring, since A-Β need not be 
an observable. The rings will have elements in common, for instance 
the unit element. If there is an observable, which commutes now 
with all elements of all rings, then we will have super selection rules. 
Such observables are, e.g., the electromagnetic charge. That goes as 
follows: 

Assume an observable ΧΦλΈ to commute with all observables 

* R. Hagedorn, Nuovo Gimento Suppl. 12, 73 (1959). 
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F I G . 1. 

II. Defining Rays, Unit Rays, States, etc. 

To give the following arguments precise meaning, we introduce the 
following notations: 

/, g 9 hj · · · are elements of the Hilbert space Β of the system 8. 
f> 9 J * ** a r e rays. A ray is the set of all elements, which differ 

only by a factor: fsf and f ef if and only if f = Xf. 

Bays are not elements of B; addition etc. are not defined! 
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and assume it to have a discrete spectral representation 

λ 

Ελ projects into that subspace Βλ, where X has the eigenvalue A: 

El = Ex; ΕλΕμ = 0 if λΦμ and Ε*λ = Ελ. 

No observable then has matrix elements between states of different λ. 
Proof: Assume 

μ Φ λ. 

From [Χ, Α] = Σλ[Ελ1 Α] = 0 follows by multiplication with Εμ from 
left and right [Ελ,Α] = 0 for all λ. Hence 

<<Ρχ\Α\Ψμ> = <Ελφλ\Α\ΕμΨμ> = (φλ\ΑΕλΕμ\Ψμ> = 0 . 

That holds for all observables; they therefore all reduce in the same 
way (see Pig. 1) and the whole Hubert space is split up into «super-
selection subspaces ». This splitting is essentially uniquely defined by 
the system under consideration. 



R. HAGEDORN 

Ψ* V? Χι a r e state vectors. They are elements with norm 1. 
Ψι ψι Y.i *' * a r e u n ^ r a y s ? r a Y s whose elements have norm 1. 

The physical behaviour of 8 is described by unit rays, 
not by the state vectors. 

III. Defining Symmetry Operations in Physical Terms 

We shall consider only the active interpretation, i.e., we do not 
consider coordinate frames to be changed (which would be the passive 
way) rather the system itself. That means: We bring the physical 
system subject to a symmetry operation in a new state, namely, that 
one in which it behaves exactly as the original system would behave 
if the coordinate frame were changed (*). This is possible if there is 
a symmetry, otherwise not. This interpretation has some advantages 
over the passive one, since the meaning of the latter is not always 
clear, particularly for any reflection in space-time and internal sym
metries as e.g., the y5-invariance or C-invariance. Since the physical 
state is not changed by multiplying a state vector with a phase factor, 
it is the unit rays rather than the state vectors which represent phy
sical states and therefore the existence of a symmetry group of the 
physical system implies only the existence of a group of transformations 
φ -+ ψ of the unit rays. We define the symmetry as follows: 

DEFINITION. The system 8 is invariant under the symmetry ope
ration Sf = γ8 if 

|<y, y>'y\ = \((p, ψ}\ for all 

and 

ψ Ε ψ ψ Ε ίρ' 
where φ ^ φ', etc. 

This means that all transition probabilities and therefore all physics 
remain unchanged. The definition shall be quoted henceforward 
as ( D ) . 

* That is meant in a loose sense, since there are symmetry operations, 
which cannot be expressed in terms of « changing coordinates». 
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IV. Defining Transformations in Hilbert Space 
Out of Ray Transformations 

Unfortunately, unit rays are not elements of EC and we cannot add 
or multiply them. Only we know that there are ray transforma
tions d such that 

φ' = θ(γ)φ 

and it is obvious from the usual interpretation of quantum mechanics 
that the group f of unit ray transformations θ(γ) is isomorphic to 
the group Γ of physical symmetry operations γ on the system. 

The problem is then to find operators θ(γ) in 27, which represent 
(possibly up to a factor) the group Γ and which act on the elements 
of Β rather than on rays. This can be done as follows: 

We define a correspondence using the sign ~ by saying: 
Let /' = Of be a non-singular transformation in B. Then 0 ~ θ if 

and only if θ acts on state vectors φ such that φ' = θφ e Ήφ for all 
φ Εφ. If the system 8 is invariant under JH, then (D) is fulfilled for 
all θ ~ §. Note that there is still a great arbitrariness in Θ. I t need 
be neither continuous, nor linear. For elements of norm 1 it is sub
ject to the above conditions but for elements with norm Φ 1 it may 
be defined in any arbitrary way. 

And this is all we can conclude from the existence of the symmetry 
property of the system. There is nothing telling us, for instance, 
that θ should be a unitary transformation. Since this great arbitra
riness exists, we may ask whether among the large set of 0's which 
correspond to § there is a unitary one and the answer to this is just 
given by the main theorem, which says: maybe yes, but maybe not, 
but then there is at least an antiunitary one. 

V. Several Properties of the Transformations θ ~ θ 

We may use the above mentioned arbitraryness in order to restrict 
the set of transformations Θ. This must of course be done so that 
the correspondence is always preserved. An obvious restriction will 
be to define θ for elements of norm Φ1 in the most natural way. 
We put 
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Once now 0 is defined on the unit sphere, it is defined everywhere in H. 
I t preserves now the norm. But still 0 is not fixed, since with φ' = θφ 
also φ" = ω(φ)θφ = θ'φ is allowed; here ω(φ) is an arbitrary unimo-
dular function of φ. 

We shall consider now the group structure of the transformations. 
The group of is isomorphic to Γ. 

The set of all θ is a group and since 

2l~25yiJ implies 0A~3 (y.yi ) , 
02 ~ θ(γ2) 

it follows that the group of all 0 is homorphic to the group 0. 
We best study this homomorphism by looking at that set of 0 

which correspond to the unit element of 0; (0 = 22). I t follows that 
these 0 are just the multiplication of all elements of S with a uni-
modular function ω(//||/||) which only depends on //||/|| but otherwise 
is arbitrary. As one knows from elementary group theory, these 
transformations Θ~Ε form an invariant subgroup and its cosets 
correspond to the other elements §. If the group of all 0's is called Τ 
and the invariant subgroup of ω(//||/||) is called Ω, then the factor 
group Τ/Ω, i.e., the group whose elements are Ω and its cosets, is 
isomorphic to the group of the 0(y), and therefore to Γ itself. [Each 
coset may be represented by any one of its elements, but we cannot 
expect that if we select such elements, they will form a group.] 

We know now that two transformations which correspond to the 
same §, namely, 0X ~ 9, 02 ~ d can differ at most by an element of 
the invariant group Ω, i.e., by an arbitrary unimodular factor ω(//||/||): 

U1) =ω(//Ι/| )·«,(/). 

I t is then by fixing this factor ω(//||/||) that we must achieve that 0 
is unitary or antiunitary. That this is possible is not trivial. 

We shall now list some properties of the transformations and indi
cate briefly some of the proofs. 

(a) Complete orthonormal systems are transformed into such ones. 
That orthogonality is preserved follows at once from (D). Assume 
{φη} to complete but {θφη} not. Then there exists a ψ which is ortho
gonal to all θφη. Transforming back one sees that there is a 0 _ 1 y 
which is orthogonal on all φη against assumption. 

(b) The transformation of observables. We define the transformed 
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m g) = f 
I t has the property that (g, Jc) = 0 and Φ 0. 

From (I)) follows 

I W + Λ e*>l = l</ + ff, *>! = !</, *>l 
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observable A' by going to the spectral representation 

A = Σα\ψα><ψα\ 
and define 

I t is left to the reader to show that this definition uniquely deter
mines A' once 0 is given and that all expectation values of A' are 
also uniquely defined, no matter which of the possible choices of 0 
is taken. 

(c) Super selection subspaces are preserved. This follows from the 
fact that these spaces are defined by the set of all observables. By 
the symmetry operation the observables are mapped in a unique way 
on each other and from (D) follows that from (ψίΑΙψ} = 0 follows 
(φ' [Α' \ψ'} = 0. Hence 0 can at most induce a permutation of super-
selection subspaces. 

(d) Linear independence; restricted distributive law. (i) Linearly 
independent elements are transformed into such ones. Let jx · · · fn 

be linearly independent and assume the theorem to be proven for n. 
If / = fn+l is linearly independent of fx · · · /„, then there exists an h 
which is orthogonal on /r ' -/ n and not orthogonal on /: </, h} Φ 0. 
Prom (D) follows then that W is orthogonal on j[ - —j'n and not ortho
gonal on /'. Hence /' is linearly independent of f[- · -fn. Since the 
theorem is true for η = 1, it is proven for all n. 

(n) e(f+g) = o)(f,g)ef+<o(g,f)eg with | <*>(/, jr) | = 1. This is the 
restricted distributive law. It is trivial for / = Xg. 

Assume / and g linearly independent, f+g is then in the sub-
space spanned by / and g and 0(f+g) belongs to the subspace spanned 
by 0/ and Qg (prooff). 

Hence 

θ(ί + 9)=λ(ί,9)θί + μ(ί, g)0g. 

To determine λ and μ somewhat more, we define a vector 
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but also, 
I <»(/ + *) , ΘΚ>\ = \(λθί + μθ9, flt>| =|Α|·|</, *>|. 

Hence, j ) | = l . 
From interchanging / and g it follows that g) = /)· That 

proves the theorem. 

(e) There exists at least one continuous Θ. With continuity we 
mean here not continuity with respect to the group but with respect 
to the Hilbert space. That is, let the group element γ be fixed and 
consider all 0~§ ( y ) . Then there shall be at least one, which is con
tinuous within each superselection space in the sense that the images 
of neighbouring elements are again neighbouring elements. For any 
given ε > 0 one can find δ > 0 such that 

\\Θ1-Θ9\\<ε if \\f-g\\<d, 

We make this only plausible. 
First we define the distance of two unitrays φ and ψ by 

d = πύηω \\<p — ωψ\\, where φ Εφ and ψ Ε ψ , 

(that means, d is the « distance of the nearest elements » of φ and ψ 
respectively). Physical experience tells us then, that 9 transforms neigh
bouring unit rays again into such ones. Now we construct a conti
nuous θ (see Fig. 2). 

F IG . 2. 

In a crude way we draw rays by regions and elements by points. 
Then d determines a continuous mapping of rays (but not pointwise!). 
Let φ' = d<p etc., and take an arbitrary <ρ0Εφ&ηά an arbitrary φ^Εψ' 
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VI. Proof of the Main Theorem 

Take the 0 just constructed. Let /, g, h be three linearly inde
pendent elements. Using the restricted distributive law, we have 

0(f + g+h)=co(f + g, h) M/, g) 0/ + a>{gf) θρ] + ω(*, / + g)0h . 

Interchanging g and h and comparing coefficients leads to 

θ1 
eg 

+ *)ω(/, 0) = ω (/+ *, 0)·ω(/, Λ) , 

ω(/ + ff, Λ) ω(?, /) = ω(?, / + h), 

/ + ff) = ω(/ + Λ, tf) ·ω(Λ, /) . 

Dividing the first two equations and eliminating oj(f+h, g) with help 
of the third one yields 

ω(/, g) = ω(/, Λ)· 
ω(*, /) ω(ί, /+ Λ) 

From 
0(/ + 0) = ω(/, 0)0/ + ω(0, /)0Ο = 0/ 

follows co(f, 0) = 1, whereas ω(0, /) remains undetermined. 
Since in the above equation for oj(fg) the right-hand side cannot 

depend on h, we may go to h 0: 

„(/«,)= H m ^ M ± ^ . 
A-M> ω(Λ, /) 

This limit must exist independently of how h 0. One can prove 
that such an independent limit does not exist for numerator and de-
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Define then 0 by θφ0 = φ'0 and θλψ0 = λθφ0 for all A. Now let g be any 
element, then (sf/||flf||) belongs to some ray ψ. Find the elements φ0€ψ 
and ψ'0£ψ' which are nearest to φ0 and φ'0, respectively [i.e., take any 
ψβψ and find πύηω||φ>0 — ωψ\\ and call ωψ = ψ0 for that particular ω. 
The same for ψ'0] and define for them θψ0 = ψ'0, θλψ0 = λθψ0 for all A. 
Since g can be written as λ-ψ0, the transformation is defined now 
everywhere. I t is plausible, that this 0 is continuous, since § is and 
the construction of 0 is « continuous » too. Note that this 0 has the 
property 

0(A/) = A0/ for any A, 

but that it is therefore not yet linear, since it is not distributive. 
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nominator separately. Therefore ω(0, /) makes no sense. But the 
limit for fixed « direction» of h esists and we denote it by 

lim ω(λ, /) = \ . [where h0 = λ/IIΛ pis fixed] . 
ΙΙΛΙΙ—ο uho(f) '» 

Since the limit of the ratio does not depend on the « direction » h0 we 
have for two directions h0 and Jc0 

«,(/ „)- Wh'(i) - Uk'(J) 

( t , 9 ) %„(/ + .?) «.,(/ + ?) ' 
or 

y?Ag2 = ^ = *.) independent of /, g . 

That means %0(/) and uko(f) differ at most by a factor which is in
dependent of /. Disregarding this irrelevant factor we may write 
co(f, g) = [u(f)/u(f + g)] where u(f) is continuous, unimodular, and 
independent of ||/|| (proof*?). 
We have now 

and multiplying by u{f+g) we have 

**(/ + g)0(f + g)= u(f)Of + u(g)dg . 

Defining 0 ' = w(/)0 and omitting the dash, we see that the new 0 is 
distributive: 

β(/ + ϊ ) = 0/+00. 

Since w(/) is an element of Ω (the invariant subgroup corresponding 
to Ε] see above), the new and the old 0 correspond to the same 9. 
The new 0 may have lost now the property QXf =-- Xdf of the old one, 
since u(Xf) need not be =u(f), but it is distributive. This is sufficient 
for being either unitary or antiunitary as follows from (D): 

<Hf + 9), B(f + g)> = <f + g,f + g> = + | | s f + 2 Be </</>, 

but also 

<0(/ + 9), 0(f + g)> = ||/||« + | | s t + 2 Ee <flf, 0</> . 

Hence 

Ke<0/,0sr> =Re</,p-> 

2 0 8 
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and from (D) 

ι<β/,00>ι=κ/,0>ι. 
Therefore, 

Either <0/, 6g} = </, g} ; then 0 is unitary, 

or <0/, 0#> = </, g}* ; then 0 is antiunitary. 

VII. Representation up to a Factor 

To every 0 we have now a 0 which is uniquely determined but for 
a unimodular factor, which is constant over S but may depend ar
bitrarily on the group element y : 

y ->0 - >co ( y ) 0 ( s r ) . 

I t follows, therefore,that if 

y i y 2 = γ 
then 

θ(γ)1θ(γ2)=θ(γ) 
and 

% i ) % . ) = V r n flW = ω{^> v*WM' 
ω(7l)ω(y 2 ) 

This is called a representation up to a factor and it is quite another 
problem now to try to use the freedom in choosing ω(γ) such that 

— ω( ) Ί , y 2 ) = 1. 
fi>(yi)ft>(y8) 

This is not possible in general, but it might be in special cases. Then 
we have a true representation of Γ by either unitary or antiunitary 
transformations in H. 
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