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The recent experiments on the nuclear structure by Hofstadter 
and collaborators at Stanford have been analyzed using various distri
butions of charge and magnetic moment of the nucleon in the con
figuration space (2). Since many different distributions exist which 
fit quite well the experimental data, it seems worthwhile to inves
tigate if from the theoretical point of view some criteria can be found 
for the choice of the distribution functions. 

From the theoretical point of view the most promising attack on 
the problem is based on the spectral representation of the nucleon 
form factors, about which much has been discussed at the 1958 Ge
neva Conference. Almost all the results are resumed in DrelPs report 
on the nucleon structure (2). 

For sake of completeness, let us recall how the nucleon form factors 
are defined. It is well known that in one virtual quantum exchange 
between the electron and the nucleon the only matrix element of 
interest is Ιμ = (PoPolm>2)(p' \]μ\ρ}, where j/t is the nucleon current 
operator, and \p}9 \p'} are physical nucleoli states. From relativistic 
and gauge invariance I can be expressed in terms of the two functions 
of the momentum transfer q[ = p' — p, F^q2), and F2(([2), as follows: 

Ιμ = ΰ(ρ'){Ε1(α2)ΐγμ + F2(q2)iaMvqy}u(p) . 

Fx(q2) and F 2(g 2) are, respectively, the electric and magnetic form 
factors. Their q ->· 0 limit is 

where the suffixes Ρ and Ν denote proton or neutron. 

* This talk is based on a paper published in Nuovo Cimento, 13, 154 (1959). 

a(0) = e , 

(0) = μΡ 

'(0) = 0 , 

(0) = μ, , 
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I t is more convenient to consider the isotopic scalar and vector 
form factors defined by 

(1) 

FlA<L>) = 2 

n.*(<z2)= 

Our discussion is based on the following spectral representation for 
the form factors 

v1 

where F(q2) is any of the four functions defined in (1). Clearly g(a2) 
has the same labels as F(q2). 

The lower limit of integration is different for the vector and the 
scalar form factors. Indeed it is known (3) that the intermediate states 
with and even number of π-mesons contribute only to the vector part, 
while the states with an odd number of pions contribute to the scalar 
form factor. It follows from this that γ = 2μ for Έ[2(α*\ and 3μ for 
Fi,z(i2)- μ is the pion mass. 

The spectral representation (2) has been derived on the basis of 
perturbation theory, and in particular Nambu (4) has shown that it 
is valid to all finite orders in perturbation theory. On this represen
tation are based the more recent papers on the nucleon structure 
problem (5). 

After these preliminary remarks let us go to investigate what can 
be said about the possible distributions of charge and magnetic mo
ment in the configuration space. These distributions are connected 
to the form factors by a Fourier transform: 

(3) f(r) = — d*q exp [ - *r« ] W 
Here f(r) denotes any of the four functions ρ8 , ρ(ρ), μ*,ν(ν), where ρ 
and μ roughly correspond to the charge and magnetic moment den
sities, respectively. 

From (5) and (3) one gets 
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PQlm 

where M(— a2) is the pion form factor. The Α^ν, —σ2) and #2(v, — a2) 
are the isotopic spin flip amplitudes as defined in Chew, Low, Gold
berger and Nambu (6). 

213 

or performing the substitution, a = y+t, 

CO 

( 4 ) / ( r ) = έ e X V [ ~ Y r ] f (7 + <) 9 ((y + <)2) exp [ - tr] cU. 
0 

This equation shows that 2n2rf(r) exp [yr\ is simply the Laplace trans
form of the function 

(5) 0(t) = (y + t)g((y+t)2) . 

This elementary observation enables us to determine the asympto
tic behaviour of f(r) for large r once the behaviour of g(a2) near the 
threshold is known, by means of the theorems on Laplace transform. 

We are thus interested in the study of the behaviour of the spectral 
function near the threshold. 

The first thing one can observe is that all the calculations per
formed until now (6) show that the spectral functions vanish at the 
lower limit, and, what is more interesting, they vanish following a 
power law. 

In the case of the isovector part of the form factor we can support 
these results by a threshold theorem. In fact FGT and CKGZ have 
shown that in this case the spectral functions are connected with the 
pion-nucleon scattering amplitudes in the non-physical region. The 
explicit formulas they give are 
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The structure of these formulas allows quite easy derivation of the 
threshold limit, and the result is (M(— Αμ2) = 1, P 0 = (μ2 — m 2 )*): 

(6) 81((2μ + t)2) ~ ^ Ee {B2(0, - V) + 4 ( 0 , - V)} , 

(7) ff!((2£+ *)") » e { P e 4 ( 0 , -V)} , 

where use has been made of the hypothesis that A'2(v, — a2) = 
= (3/θι>142(ν, — σ 2), and Β2(ι>, — <r2) exist and are regular for ν -> 0, 
σ· 2-^4μ 2 (if some of them vanish the power will be increased). This 
hypothesis is probably verified in the case of no pion-pion inter
action (*). 

At this point let us see the consequences of this threshold behaviour 
for the spectral functions. Let us recall now the theorem which we 
shall apply in what follows. 

If for * ->0 the function G(t) ~ ct\X> 0), then for r -> oo its 
Laplace transform &r{G(t)} ~ [<?Γ(λ+1)/*·λ+1], where Γ is the Euler-
f unction. 

This theorem is a generalization of the so-called Watson Lemma 
and can be found in Deutsch's book on Laplace transforms (7). 

If we apply this theorem to our function 0(t) defined by (5), taking 
into account our results on the behaviour of g\(a2) and gv

2(a2) for 
a2 -> Αμ2, it is clearly deduced from (4) that 

(8) θΛτ)~€ΐΤ^ζχνΙ--2μτ}, 
r —>co ι 

( » ) ^ ( r ) ~ ^ ^ - ) e x p [ - 2 / a r ] , 
r —> co ' 

where 0\ and C\ are given by 

01 = μί  R e { l y o ' ~ 4 ^ 2 ) + A'*{0' ~4/i2)}' 

* This could be seen, for example, by S. Mandelstam's representation 
[Phys. Rev., 112, 1344 (1958)] in which all the lower integration limits are 4m2. 
At the present time it is difficult to predict how the pion-pion interaction 
would affect the spectral functions at σ2-+Αμ2. 
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* From formulas (3.55), (3.56) in FGT (see reference (5)), one sees that 
if the quantities α, β, Η*, satisfy reasonable properties, such a behaviour 
could be deduced. 
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In a similar way, if #ί((3μ+ί) 2) and </ί((3μ+ί)*) behave for t -> 0 
like Clt*1 and C^t*1 *, respectively, we obtain 

( 1 0 ) ^ ^ o i ^ l ^ c x p i - a ^ ] , 

Concluding we wish to summarize our results in the following two 
points: 

1. Our discussion allows to deduce a necessary asymptotical con
dition which the distributions in the configuration space have to fulfill. 

2. From formulas (8), (9), (10), (11) one sees that the experi
mental determination of C\KS

2 gives, by means of the relation (7), direct 
information about the threshold behaviour of the spectral functions 
and, in the case of the vector part, this is directly connected to quan
tities which represent the pion nucleon scattering amplitude in the 
non-physical region. 




