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I. Introduction 

The extension of the methods of field theory to the problems of 
quantum statistical mechanics has recently received a great deal of 
attention. The starting point of these investigations is the great 
similarity of the statistical operator corresponding to the thermo
dynamic equilibrium with the time evolution operator of quantum 
mechanics. The main difference is the fact that the temperature 
appears as an imaginary time. 

The field of application of this theory is very wide, and can be, 
roughly speaking, divided into three parts: 

1. The statistical mechanics of atoms or molecules. Here, of 
course, most problems can be treated by classical statistical mecha
nics. The quantum effects are, in fact, only important for systems 
which remain liquid at such low temperatures that only the ground 
state and the few first excited states are important. There is only 
one (or rather two) such system, namely, liquid helium ( 3He and 4He). 

2. The electrons in a solid. The quantum effects are important 
at all practical temperatures but they become most important also 
at low temperature in the phenomenon of superconductivity. 

3. The nucleons in nuclear matter. For a nucleus, the concept 
of temperature is more difficult to define in a really physical way 
because it is impossible to put a nucleus in weak interaction with a 
thermostat. Thermodynamical considerations are nevertheless very 
useful in nuclear physics as a mean to obtain statistical information 
about nuclear levels. For instance, the partition function can con
veniently be considered as the Laplace transform of the level density, 
and be treated simply as a mathematical intermediate step in the 
calculation of this physical quantity. 
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In contradistinction with the field of elementary particles, the 
theory here rests on a firm basis. The computational problems are, 
of course, formidable due to the large number of particles of the 
systems, and the problem of finding suitable approximation methods 
is far from easy. I t is however important to know that the basic 
concepts do not contain any fundamental difficulty in themselves. 

I t is very likely that all methods of field theory (in addition to 
specific ones) will gradually be extended to quantum statistical mecha
nics. As an introduction to the subject, I shall however limit myself 
here mainly to the extension of perturbation theory and of the Feyn
man diagram technique. 

I shall also speak only of the calculation of the grand partition 
function of the system. This function is sufficient to determine the 
thermodynamic behaviour of the system as a whole (specific heat, 
compressibility...). I t does not, however, provide a description of the 
finer details of the system. For instance, the study of fluctuations of 
density, and of correlations requires the introduction of new physical 
concepts. Although these quantities can also be computed (at least 
in principle) by the techniques described here, I shall not consider 
them in these lectures.* 

II· Expansion of the Grand Partition Function ( 1 ) 

The grand partition function is defined by: 

(1) Ζ(*,β) = ΣεχνΙ-βΕ» +ocN] 

where Ε*Εζ... are the energy levels of the set of Ν particles enclosed 
in a given volume Ω, β is the inverse of the temperature, and α/β 
is the chemical potential. 

As an example, I shall consider here a system consisting of electrons 
and phonons in interaction. The hamiltonian reads then: 

(2) H = H0 + V 

where 

(3) H0 = J «r»r + 2 ω*Λ* 
r k 

* The material presented here has been published in more detail in the 
three articles by C. Bloch and C. De Dominicis, listed under references (2, 2, 3). 
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is the free particle hamiltonian and 

(4) V = 2 (sk\v\r}qk V*Vr + complex conjugate , 
rsk 

describes the interactions. The qk and q£ are the annihilation and 
creation operators for the phonons in the independent particle state k 
of energy ω*; r\r and η+ are the corresponding operators for the 
electrons in the state r of energy e r; NK and NR are the phonons and 
electrons number operators. 

The grand partition function (1) can be written as a trace: 

(5) Ζ(α, β) = Tr exp [ - βΗ + <XN] , 

which must be computed over a complete system of states of the 
doubly quantized system. 

We shall use the well known expansion of the exponential function: 

(6) exp [βΗο] exp [ - βΒ] = f ( - ) p f < ^ i dw2... d ^ F K ) 7 ( w 2 ) ... V(uv) 
P - 0 J 

P>ul>ut... >tt p>0 

where 

(7) V(u) = exp [uB0~]V exp [— uB0] = 

= J <sk I ν I r>#+ η+ ητ exp [— u ΔΕ(ν; sk)] + 
r, s, k. 

+ <j\v\*kiyrty9qk exip[iikE(8ky r)] . 

Here ΔΕ is the excitation energy corresponding to each interaction. 
For instance 

(8) ΔΕ(τ-, sk) = o)k + ss—er = — &E(sk; r) . 

Instead of (6), one might also start from the expansion: 

β 

(9) exp [βΒ0] exp [ - βΒ] = f f d^ - T i v ^ - V(u»»> 
ν-ο Ρ · J 

ο 

where Τ is the «time » ordering operator. These two expansions will, 
of course, yield very similar although not identical final expressions. 
Depending on the problem to be treated, one or the other expression 
may be more convenient. In what follows, we shall use (6). 

I t will be convenient to introduce the grand partition function for 
the free particle system 

(10) Ζ fa β) = Tr exp [ - βΒ. + <XN], 
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and the statistical operator for the free particle system 

(11) ρ = exp [ - Β Η 0 + ocN]. 
Ζ 0 (α, ρ) 

As 

(12) acN -ΒΒ9 = ^(Χ- ΒΕτ)η, + £ - Β*>* 

r k 

is a sum. of terms which commute with each other, the operator (11) 
can be written as a product of commuting factors 

(13) Q = IlQrUQ^ 
r k 

where 

<14> fr=iTi^f,3^T> e.= ( l - e x p [ - M e x p [ - ^ ] . l exp [α — per\ 

Here the relations 

1 

Tr exp [(α — βετ)ητ~\=-- 2 exp [ (a — j9er)nr] = 1 + exp [a — βετ] , 

Tr 

n r - 0 

1 
exp βω^ = 2 « ρ [ - ^ n j - j — — , 

have been used. From these relations, follows also the well known 
value of Z0(<x, β): 

(15) log Ζ 0(α, β) = 2 log (1 + exp [a - βετ~\) -
r 

— Σ 1 ο£ i 1 — e x P [— Ml) · 
For any operator A depending on the dynamical variables of the 

system, we shall define its expectation value for the independent par
ticle system by the relation 

(16) <A} = Tr (QA), 

where ρ is the statistical operator defined by (11). This expectation 
value is, of course, a function of the temperature and the chemical 
potential. By means of this definition, it is possible by substituting (6) 
into (5) to write the expansion of the grand partition function in the 
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form 

(17) S ( a , β) 

Ζ β ( α , β) 
p = o J 

fi>UL>UI...>UP>0 

άηχάη2... duP <Υ{ηχ)ν(η^ ...V(u9)y . 

We must now compute the expectation value for the independent 
particle system of the product V(ut) ... V(u9), that is of a sum of pro
ducts of creation and annihilation operators. This problem is very 
similar with that encountered in field theory in connection with the 
construction of the 8 matrix. The main difference is that instead of 
having to compute a vacuum expectation value, we have now to com
pute an expectation value for a system of particles at a given tem
perature. The problem can be treated in a very similar manner with 
the help >oi a generalized theorem of Wick. 

Following Wick, we shall define for two operators a, b, the con
traction a9 b* as the expectation value of the product ab. Of course, 
we shall use the definition (16) of the expectation value (instead of 
the vacuum expectation in the ordinary theorem of Wick), and write 
by definition: 

(18) ab* = {ab} . 

Let us first examine the value of these contractions. 
Clearly a'b* vanishes unless a and b are the creation and annihilation 

operators (or vice-versa) of a particle into the same state. 
It follows next from the commutation rules that 

By using now the expressions (14) ρ, and ρ*, and the relations (19), 
one finds for the values of all the non vanishing contractions the fol
lowing quantities which will be denoted, in what follows by f± and 

III. The Generalized Theorem of Wick ( 4 ) 

(19) 

because the expectation value of 1 is 1. 
Finally 

W = <*r> = Τ τ ( η Γ ρ Γ ) , 

«r«; = < " * > = T r (ι»*ρ*)· 
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</±, and called the statistical factors: 

1 

(20) 
gjcgV = gt 

ηΐ*ητ = fr 

βί ' ϊ ϊ = gk 

1 + e x p [a-0*] ' 
1 

1 — exp[— βω*] 9 

1 
exp [βετ — a] + 1 

1 
exp [/?ω J — 1 

= 1 - / / 

9l + 1, 

The / are related to the electrons, and the g to the phonons. 
A system of contractions in a product of several factors, will be 

defined exactly as in the ordinary theory of Wick. For instance, 

α ·6 · · ο · ί · · ν / β · · = (—)9{α·β·) ( & e V ) ( d " 7 " e ) > 

where ν is the number of permutations of fermion operators necessary 
to bring every pair of contracted operators near one another. 

As in the case of vacuum expectation values, we shall be concerned 
only with completely contracted products, that is with expressions 
where no operators remain uncontracted. 

The essential theorem is now the following: the expectation value 
(abc ...> of a product of creation and annihilation operators is equal 
to the sum of all systems of complete contractions of this product. 

Clearly factors related to different single particle states can be treated 
separately. This is because the corresponding operators commute and 
because the statistical operator ρ is a product of commuting factors 
related to the various independent particle states. 

Let us therefore consider a product of ρ creation and ρ annihilation 
boson operators all related to the same state. We shall then prove 
the theorem in two steps: 

1. We shall show that if the theorem is true for all products of 
2(p — 1) operators, and for one particular product of 2p operators, 
it is true for all products of 2p operators. 

2. We shall show that the theorem is true for some particular 
products of 2, 4, 6, ... operators. 

Clearly, it will then follow that the theorem is true for all products 
of operators. 
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Let us now prove 1. We suppose that the theorem is true for a 
particular product of 2p operators which we shall write as Aq+qB, 
where A and Β denote 2(p — 1) operators. We shall then show that 
if we assume the theorem to be true for all products of 2(p — 1) ope
rators, the same property follows for the product Aqq+B. From the 
eommutation relations we have 

Aqq+B = Aq+qB + AB . 

From what we have assumed, the theorem is true for AB and for 
Aq+qB. We see then that (Aqq+B} is the sum of all contractions 
of Aq+qB and of AB. The contractions of Aqq+B and of Aq+qB in 
which the operators q and q+ which are being permuted are not con
tracted together are obviously equal. The contractions in which these 
operators are contracted together are equal to the products of qmq+* 
and q+*q', respectively, by the contractions of the other factors, that 
is the contractions of AB. As we have 

q-q+- = j+- a - + 1, 

we see that (Aqq+B} is equal to the sum of the contractions of Aqq+B, 
which means that the theorem is true for this product. 

Finally, as any product of 2p operators can be deduced from a 
particular product by successive permutations of neighbouring factors, 
the proposition 1 is established. 

We shall now prove by a direct calculation that the theorem is 
true for the products 

q+*q» (p = l , 2 , · · · ) · 

From the commutation relations it follows that 

nq =q(n — 1 ) , 

nq* =g2(n-2), 

nqm = qm(n — m), etc. 
Therefore, 

q+pqp q+p-ingp-i q+p-iqp-i(n —ρ -f 1) = 

= q+p~2qp-2(n — p+2)(n — p + l) = n(n — l) ··· (n — p + 1). 
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On the other hand, all contractions are equal to 

(<Z +T) P = <*> p 

and their number is ρ! because the first q+ can be contracted with 
any of the ρ operators q, the second q+ can be contracted with any 
of the ρ — 1 remaining g, and so on. We must therefore prove the 
relation: 

(21) < „ ( „ _ ! ) . . . ( „ _ £ + ! ) > =V\(NY. 

Let us write for simplicity 
exp [— βω] = ζ . 

We have 

(N(N - 1). . . (N-p+ 1)> = (1 - z) f n(n - 1) . . . (n-p+ = 

Applying this relation for ρ = 1 we get 

<n> =*/(l-*) 
and (21) follows. 

The case of fermion operators can be treated in exactly the same 
manner. 

I should like to mention the existence of a converse theorem: if 
a statistical operator is such that (21) holds for all values of p, it is 
of the form of ρ* in (14) for some value of the constant βω*. 

If one uses (9) instead of (6), the definition of the contractions 
should be replaced by 

a'b* = <T{ab}> . 

The theorem can then be applied with no modification to the expecta
tion value for a system of independent particles of a « t ime» ordered 
product of operators. 

IV. The Gibbs Potential 

As in field theory, the application of the generalized Wick theorem 
to the expansion (17) leads to the introduction of Feynman diagrams. 

The diagrams to be considered here will all be of the vacuum-
vacuum type because we have had to introduce complete systems of 
contractions only. 
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To each contraction will be associated a line on the diagram and 
a statistical factor in the corresponding contribution according to 
Table I. 

TABLE I . 

Ί Χ = fr~ " r 

electron hole line 

«Γ0 ϊ = Κ f k 

phonon hole line 

electron particle line 

phonon particle line 

To each interaction is associated a matrix element of ν in the 
usual fashion and an exponential factor exp [u ΔΕ] given by (7) 
and (8). 

Finally, the contribution is as usual multiplied by (—) Λ + ί where h 
is the number of f ermion hole lines and I the number of f ermion closed 
loops. 

"2 

F I G . 1. 

For instance, the second-order diagram (Fig. 1) gives the following 
contribution: 

Σ 1r f~»9k I du^u/sk\v\r} exp [u^E^r\v\sk} exp [η2ΔΕ2] , 
rsk J 

fi>Ui>U%>0 

where 
ΔΕ2 = — ΔΕΧ = er — ε8 — ω* . 

I t should be noted that contrary to the situation in field theory 
we have here boson hole lines as well as fermion hole lines. This is 
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because the unperturbed system being at a non-zero temperature 
contains a certain number of bosons which can then be absorbed by 
an interaction. I t is this process which is described by the creation 
of a boson hole. 

The most general vacuum-vacuum diagram consists of several dis
connected parts. Let Γχ, JT2, · · · be the various possible connected 
vacuum-vacuum diagrams. The most general diagram is of the form 

(22) Γ = + η2Γζ + · · · (in, n% · · · = 0, 1, 2 · · · ) . 

Consider now a diagram consisting of two disconnected parts. We 
can associate with this diagram a family of diagrams obtained by 
changing in all possible manners the ordering of the « times » belonging 
to different disconnected parts. The «time » ordering within a con
nected part, must of course remain unchanged. Fig. 2 shows such 
a family of six. 

F I G . 2. 

If we consider now the sum of the contributions from all diagrams 
of the family, «time » ordering will remain within the connected parts 
only and the contribution will be simply the product of the contri
butions of the connected parts. Let us call ΖΓχ, and ΖΓχ the contributions 
to Ζ corresponding to the diagrams Γ1χ and Γ%. The contribution Zr 

corresponding to Γ = Γχ + Γ2 will be 

Zr = ΖΓχΖΓ^. 

The situation is a little different when some diagrams are repeated 
several times. Suppose that in the preceding figure we have two 
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V. Further Transformations of the Expansion 

I t is well known that the trace of a product of operators is in
variant under a cyclic permutation of the factors. I t is possible to 
take advantage of this property in order to transform the expres
sion (24). In order to express this invariance property in a simple 
way, it is convenient to plot the «times» of interaction on a circle 
whose circumference has a length equal to β (Fig. 3). I t can then be 
stated that the quantity 

(25) ( ψ Μ 7 Μ · · · % ) } ) 

is invariant when the points 1*1,··· up are all rotated by the same 
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identical boson lines instead of having a particle and a hole line. 
Then the diagrams 1 and 4, 2 and 5, 3 and 6 become identical, and 
by changing the « t ime» ordering as we did we count the same con
tribution twice. Therefore, for Γ=2ΓΧ, we have 

zr = \(Zry. 

More generally, for the diagram (22) we get 

z = ( z r i ) « j ( z r > . . . β 

Γ ηχ\n2! ... 

I t is now easy to perform the summation over nt, n2 and the result 
can be written 

(23) log Z = \ogZ0 + 2 ( - ) * ( d « ! d i * e . . . d^ P <7 ( % ) . . . V(u,)\, 
P-L J 

/3>u 1 >u t . . . >uP>0 

where the summation has to be extended now to the vacuum-vacuum 
connected diagrams only. 

I t is customary to introduce the Gibbs potential by the relation 

Ζ(α, β) = θ χ Ρ μ μ ( α , β)]. 

The expansion of the Gibbs potential is then directly given by (23) 
in the form 

(24) A = A0 - i I ( - ) * fdt*!du 2 . . . du^VM ... V(uv)}c. 
/S>M!... >ttJ,>0 
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angle on the circle. Indeed, this quantity can be written 

(1/Z0) Tr {exp [aJV] exp [ ( ^ - uP - β)Η0] V exp [(u2 - uJHo] · 

• F - ' - F e x p t ^ - ^ f f o i r } . 

I t depends therefore on the distance between successive points on the 
circle only, and a rotation will at most produce a circular permu
tation of the factors in the trace, leaving the expression unchanged. 

I t is further possible to show that the same invariance property 
holds for the sum of the connected diagrams alone, so that it can be 
applied to the expansion of the Gibbs potential. 

We can now write A as follows: 

(26) A=A,-~ J K—L dii ldih...di*,<T{F(tt 1) . . . 7 ( iO }> e , 

where D is the sum of the domains: 

β > ux > u2 > - - · > uv-x > uv > 0 

β > u2 >%>···> uv > ux > 0 
D 

β > uv > ux > · · · > u,p-2 > 11»-! > 0 . 

These ρ partial domains yield identical contributions to (26) (differing 
only by a change of notations). This is corrected by the factor 1/p. 

(0,j3> 

F IG . 3. 

D 
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Introducing now the variables νχ· · -?V-i by the relations 

Ui = Vi + U99 u2 = v2 + uP, · · · , w P_i= ν,-! + uP , 

the domain D becomes 

β > uP > 0 , fi>v1>vt--> v_x > 0 . 

According to the invariance property shown above, the integrand 
is independent of u9. The integration over u9 is therefore trivial and 
one obtains 

(27) A = A 0 - f H f i d ^ . . . d v - i O ^ i ) F(^_ 1 )F(0)> c . 

/8>v1 > ... >t> p . 1 >0 

One of the integrations has therefore been carried out. 
One further transformation which can be performed on (27) con

sists in going over to a « t ime» independent formulation. This can 
be achieved in very much the same way as in ordinary quantum me
chanics by introducing first new time variables 

wl=%\ — v2, w2 == v2 — vz, · · · , wv_x = ?Vi · 

The domain of integration is then defined by 

n?i > 0 , w2 > 0 , · · · , wP_x > 0, wx + w2 + · · · < β . 

The last inequality can be suppressed if (27) is multiplied by the step 
function 

- ίοο - α 

1 C de 
— / -?exp[e(w 1 + w 2 + . . . + wv^ — β)], 

ico - a 

which vanishes when the inequality is not satisfied and is equal to 
one when it is satisfied. Then, the integrations over w1, w2, · · ·, wP-.x 

can be performed from 0 to + o o independently from one another. 
The result is 

<28> S5?/t"pt"*•<"(ϊ^7 νΓ).' 
c 

where ^ denotes at every intermediate state the excitation energy, 
that is the sum of all the energies of the particles present on the 
diagram minus the sum of the energies of the holes. I t should be 
noted that this quantity may be positive or negative. The contour 
of integration c in (28) goes around the real axis. 
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The expansion (28) can still be simplified by a further use of the 
invariance of the trace. For a term of order ρ in V in the expan
sion (28), the integrand has usually ρ distinct poles, one of which is 
at ε = 0. For simplicity, we shall disregard here the contributions 
in which several £ are equal or vanish, which lead to multiple poles. 
Under this assumption, it can be shown that the ρ distinct poles give 
the same contribution. One can therefore suppress the factor ljp and 
retain only the contribution of one of the poles, ε=0 for instance. 
This gives 

(29) A=A0 + Σ ( - ) - ^ Γ ( ^ Ν ) Ν 1 \ + - > 

where the omitted terms are the contributions of the multiple poles 
which I shall not discuss here. 

The form (29) has a remarkable resemblance with the Goldstone 
expansion of the ground-state energy. The diagrams, the matrix ele
ments, the energy denominators are exactly the same. The only dif
ference is that in Goldstone's expansion, the fermion particle lines 
have to be summed over all states above the Fermi energy, and the 
hole lines over all states below the Fermi energy. Here they are summed 
over all states with a weighting factor given by /+ or /", respectively. 
These factors are almost equal to 1 at low temperature for a state, 
respectively, above or below the energy α//?, and almost zero other
wise (Fig. 4). In particular, if β - > + oo in such a way that α/β ε¥ 

the expansion (29) becomes identical with the Goldstone expansion 
of the ground-state energy. 

1 

1 r — \ ι y— Λ1/ 
IK y\ ' ι V 

Γ 

F I G . 4. 

For the boson line, in the same limit of zero temperature: 

-> 1 , j r - > 0 . 

Therefore the boson hole lines disappear in this limit, and as the re-
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maining lines are of one type only, the arrows on these lines can be 
dropped as in field theory. 

I t should not be forgotten that the expansions considered here 
refer to a grand canonical ensemble where the number of particles 
is undetermined, whereas the ground-state energy calculations refer 
to systems with a fixed number of particles. 

A rigorous derivation of the ground-state energy from the Gibbs 
potential by letting the temperature drop to zero requires therefore 
a more detailed discussion than I have given here. 

VI. A Second Method of Expanding the Grand Partition Function (2) 

The method which I shall describe now will lead to an expansion 
in powers of the « activity » e* as in statistical mechanics, whereas 
the various terms of the expansion described above had a more com
plicated dependence. For simplicity, we shall from now on consider 
a system of identical particles (bosons or fermions) interacting through 
a potential given by 

Γ = i 2 (rs\v\rrm)atatanam, 
remn 

where the am and αΓ
+ are annihilation and creation operators satisfying 

the commutation rules: 

« m « n — ea„am = 0 , ama+ — ea+am = dmn . 

Here 6 = 1 for bosons and e = — 1 for fermions. 
Again we shall start from the expansion (6) of the exponential 

function, but we shall compute the trace occurring in (5) in a dif
ferent manner with the idea of keeping track of the number of par
ticles occurring in the various states. More precisely, we shall use 
the following expression for the trace: 

(30) T r A = 2-L 2 <0|^ . . . a , H l A< . . . a : t J f |0> , 

where |0> is now the usual vacuum, that is the unperturbed state where 
there is no particle. The summations over m1- · -mN being performed 
independently, the same state is repeated several times, ΝI times 
when ml9 · · · mN are all different. This is corrected by the factor 1/Nl. 
If, for instance, mx = m.2 = · · · =mN, there is no repetition at all, but 
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(30) remains true because in the boson case 

^ ( e : , " i o > 

is precisely a normalized wave function. The formula can easily be 
checked in all other cases. 

In the calculation of 

Tr {exp [<xN - βΒο^Μ · · · V(u,)} 

with the help of (30), we shall now use the ordinary theorem of Wick, 
where the contractions are the vacuum expectation values: 

* = <01 a m < 10> = 6mn , 

aV< = <0|aX|0> = 0 . 

The corresponding diagrams take now the form of generalized ladders 
starting at time 0 and ending at time /5, with lines going all in the 
same direction (Fig. 5). The lines starting at 0 represent contractions 

m2 m3 - > m6 

m5 

m2 • m3 ; \m4 

1 2 3 4 5 6 

Fn;. 5. 

with the operators a+ introduced by (30) which can be described as 
creating the particles before the interactions. The lines ending at β 
represent contractions with the operators am annihilating all the par
ticles after the interactions. The correspondence between the an
nihilation and the creation operators in (30) is represented by the 
permutation 12 3 5 6 4. I t is more convenient to represent this per
mutation by closing the corresponding lines on a cylinder of circum
ference equal to β (Fig. 6). 

The rules for constructing the contribution associated with a dia
gram are the following: 

1. To each interaction is associated a matrix element \(rs \ ν \mn}. 
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2. To each line is associated a propagator exp [—we], where w 
is the length of the line measured on the cylinder and ε the energy 
of the particle. 

F IG . 6. 

3. The product of the above factors is multiplied by 

(31) e^ + I exp[a^]/iV!, 

where Ν is the number of lines of the ladder, that is, the total number 
of turns around the cylinder, and I the number of closed loops around 
the cylinder. 

The grand partition function is the sum of all such diagrams. 
I t can then be shown exactly as above that Log Z(oc, β) is obtained by 
retaining the connected diagrams only. By connected I mean here 
connected on the cylinder. I t may happen that a disconnected ladder 
diagram becomes connected when the lines are closed around the 
cylinder. Such a diagram should be retained in Log Z. 

As can be seen from (31) the only dependence in α of a term cor
responding to a diagram with Ν particles is the factor exp [ocN], The 
sum of all contributions from the -V-particle diagrams is therefore 
the quantum analog of the sum of the irreducible cluster integrals 
of classical statistical mechanics. It follows from the connectedness 
of the diagrams that as in the classical case the quantum expressions 
become independent of the volume for fixed V when the volume goes 
to infinity. 

VII. Relation between the Two Expansions 

We want to show here how the first expansion established above 
can be derived by a partial summation of certain class of diagrams 
on the cylinder. Consider in a diagram a line between two interactions 
on the cylinder (Fig. 7). There are also diagrams which differ from 
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the diagram of Fig. 7 only by the fact that the particular line which 
has been drawn contains 1, 2, 3, · · · additional turns going around the 
cylinder with no interaction (Fig. 8). The introduction of one addi-

F I G . 7. 

tional turn multiplies the corresponding contribution by € exp [α — βεΜ] 
because the length of the line is increased by β, and the number of 
turns by one unit.* If we consider the sum of the original diagram 

F IG . 8. 

and of the diagrams where 1, 2, · · · turns have been added, the ori
ginal contribution will be multiplied by 

i [, e*p [. - /fcJT _ j — i j — j - j _ r . . 

We get then a new form of the expansion in which a statistical factor 
/£ is associated with every line on the cylinder. The diagrams are of 
course fewer in number because a partial summation has been per
formed. They must now be such that the length of every line is less 
than β. 

There is a one to one correspondence between diagrams on the 
cylinder having this property, and the vacuum-vacuum diagrams on 
the plane. Every line of such a diagram either does not cut the gene-

* We shaU omit here the discussion of the modification of the ΝI in (31) 
due to the increase of N. It can be shown that this modification disappears 
from the final result. 
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rator of the cylinder corresponding to the «times» 0, β or it cuts it 
once. If it does not cut it, it will be represented by a particle line 
on the plane; if it does, it will be represented by a hole line. This 
clearly defines a one to one correspondence between the two types 
of diagrams. The Fig. 9 gives an example of this correspondence. 

To a line of length w on the cylinder cutting the generator 0, β will 
correspond a hole line on the plane of length wr = β — w. To such 
a line we can associate a factor * 

exp [a — wem] /£ = exp [a — βεγη + w'em] /+ = exp [w'em] f~ . 

This is exactly the factor which was associated with a hole line in 
the expansion obtained at the beginning. 

The contributions of all diagrams with no interaction can be sum
med easily and yield the term A0. 

We have thus shown that the partial summation of additional turns 
gives the expansion obtained above in a direct manner. This partial 
summation can be described as an improvement of the propagator. 
Indeed, the expansion obtained in such a way is more suitable at low 
temperature because it takes a better account of the exclusion prin
ciple. In particular the limiting case of zero temperature can be treated 
much more directly with the improved propagators than with the 
expansion in powers of the activity. 

VIII. The Shielded Potential and the Contribution 
of the Binary Collisions (3) 

So far we have always associated the statistical factors with the 
lines of the diagrams. If we consider the formulation in terms of 
diagrams on the cylinder after a partial summation of supplementary 

* Here we have split the factor exp [xN] in (31) and we have associated 
a factor exp [a] with every line cutting the generator 0, β. 

F IG . 9. 
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turns has been performed in every line, a factor /+ is associated with 
every line. I t is therefore also possible to associate a factor (/+)* with 
the end of every line. This leads to the introduction of a shielded 
potential defined by: 

(32) <T9\r\mri> = {fr+t:rJ:)Krs\v\mn} . 

This potential is weaker than the original potential because the Fourier 
components of energy lower than oc/β are damped by the statistical 
factors. 

In order to give an example of the use of the shielded potential 
I shall give some indications on the contribution of the binary col
lisions, without going into all the details of the calculation. The con
tribution of the binary collisions is the sum of the contributions of 
the diagrams with N= 2 and any number of interactions (Fig. 10). 

F IG . 10. 

This is the dominant contribution to the Gibbs potential whenever 
the three-body collisions are much less important than the two-body 
collisions. That happens essentially at low density. 

The sum of these contributions to Log Ζ(α, β) is usually written as 

(33) Qexp[2ot]b2, 

where b2 is now independent of the volume Ω in the limit of a large 
system. This coefficient can be expressed in terms of a reaction matrix 0 
describing the collision of two particles whose interaction is given 
by ΊΓ9 and which is defined by 

(34) e ( j B ) = ^ i _ _ Z _ T r 

where Ρ is the symbol of the Cauchy principal value. In terms of 
this matrix, b2 is now given by the expression 

(35) b2 = -L UE exp [ - βΕ] A Tr tan-* [π δ(Ε - i f , ) Θ(Ε)]. 
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This expression is essentially identical with the well-known expres
sion of Beth and Uhlenbeck of the second virial coefficient except 
for the fact that the shielded potential is used instead of the ordinary 
potential. In order to see this, one must first separate the motion of 
the center of mass in (35). By writing 

pi ρ 2 
Ε=±-+η, Β ° . Μ = — , 

4m m 

and defining a reduced reaction matrix Θ€Μ by the relation 

(36) e0Mw = r ( i ^CMA" 

one can put the expression (35) in the form 

+ CO + < » 4π Γ 1 Γ 
(37) 52 = - — Ρ 2 dP exp [— BP2/4m]- άη exp [ - βη] 

Λ3 J π) άη 
ο 

• Tr tan- 1 [π δ(η — Η°Μ)Θ€Μ {η)] . 

In order to give a more concrete form to this rather abstract expres
sion, let us consider the two-body wave equation 

(38) (Π°" + 'Τ-Η)Ψ(Ψ)=0 

describing the motion of two particles under the influence of the 
shielded potential. This equation may have some bound states 

Vzi η*>' " i Vv>" ' °* negative energy. For positive energies, the 
solutions correspond to scattering processes of the two particles which 
are described by the various phase shifts δμ(η). 

I t is well known that for each bound state ην, the diagonal matrix 
element of θ€Μ(η) for the bound-state wave function has a single pole, 
and jumps from + o o to — oo as η crosses the pole by increasing 
values. 

I t follows that the quantity 

(39) Tr tan- 1 [πδ(η — HC
0

M) θ0Μ(η)] 

undergoes a jump of amplitude —π when η crosses a pole. Each 
bound state gives therefore a contribution — π exp [— βην] to the 
expression (37). 

I t is well known (δ) also, that for positive energy, the eigenvalues 
of θ0Μ(η) on the energy shell are equal to — (l/π) tan δμ(η). I t follows 
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that for η > 0, the expression (39) is equal to 

Finally one obtains for the expression 

oo 

(40) P 2 dP exp [— £P2/4w]-
0 

oo 

• 2 ' e x p [ - / f y , ( P ) ] + -
V 

ο 

It should be noted that as the trace in (35) and (37) has to be com
puted over the symmetric or the antisymmetric functions only de
pending on whether one has to treat a system of bosons or fermions 
the summations in (40) should be extended to the bound states and 
phases shifts corresponding to wave functions having the proper sym
metry only. This is indicated by the symbol Σ'. 

The expression (40) is identical with that of Beth and Uhlenbeck 
if the shielded potential is replaced by the ordinary potential. Its 
generalization to the case of the shielded potential introduces some 
new complications. This comes from the fact that the potential oc-
curing in Eq. (38) describing the relative motion of two particles de
pends on the total momentum Ρ of the two particles, because the f+ 
which occur as shielding factors depend on P. For the two particles, 
they are indeed given by 

This has the consequence that the bound state energies ην(Ρ) and the 
phase shifts δμ(η, Ρ ) depend on P. Moreover, the potential Ψ* is not 
isotropic, it depends on the direction of rx~r2 with respect to the 
direction of the total momentum P. The usual partial waves are 
therefore mixed. The phase shifts can no longer be described as 
89 P, 2>, · ' ' phases. They are replaced by eigenphase shifts obtained 
by diagonalizing the scattering matrix describing the scattering of 
two particles due to the potential y . 
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Finally, I should like to describe briefly the behaviour of the con
tribution of the binary collisions in the limit of zero temperature, 
or more precisely when α and β become infinite in such a way that 

oc/β eF . 

Eeplacing α by βεΙ. we have to compute the limit of 
+ 0 0 

(41) exp [2βεΑ &2 = - -L |exp [/ϊ(2β, - Έ) ] A. 
— oo 

-Tr ism-1 [π δ(Ε - Η0)Θ(Ε)] . 

From this expression, it is obvious that in the limit β - > + oo the 
energies lower than 2eF only will contribute to the integral. On the 
other hand, as β - > oo 

/ r
+ - * 0 , if ε Γ < ε , , 

/ ~ -> 1, if er > eF . 

I t follows that the matrix elements of the shielded potential between 
states of which one at least has an energy lower than eF tend to zero. 
The same holds true for the matrix Θ(Ε), at least at all energies such 
that the equation * 

(42) 

has no solution other than | > = 0. 
We shall first assume that this condition is satisfied for all energies 

less than 2eF. This is true in particular in the case of repulsive po
tentials. Then tan- 1 in (41) can be replaced by its infinitely small 
argument and one gets, after a partial integration. 

2eF 

(43) Urn exp [2βε,] b2 = - t (exV[fi(2eF-E)] Tr [δ(Ε-Η,) θ {E)] = 
β->+00 U J 

ο 
ο 

= — -τ; Σ e x P Ιβ(2ε' — en)Km, η |fl(cm + εη) \m, η} . 
**** τη .τι 

* In the zero temperature limit, this equation reduces to the equation 
giving the bound state studied by Cooper (6). 
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This is identical with the Brueckner expression for the ground-state 
energy as can be seen by expanding θ in (43) and expressing Ψ* in 
terms of v. One obtains 

ο 

(44) lim exp [2/Je,] b2 = — ̂  2 <m> n I* I mi n> > 
P - * 3 0 m.n 

with 

£7,1 <C 6F , £ n <C , 

where ί is the reaction matrix of Brueckner defined by 

<ro'n'|*|ww> = <wV|t?|ww> + 2" 1 1 1 1 + ..., 

with 

£ r > f n e e > β, , etc. 

Let us now discuss the case where (42) has a solution for an energy 
η<2ε,. Usually, if the potential is not too strong, this energy will 
be positive and close to the Fermi energy. The existence of this solu
tion of (42) implies that one of the phase shifts becomes equal to π/2. 
I t is then easy to see that for Ε < η all phase shifts are near zero, 
and tan - 1 can be replaced by its arguments. Above 17, one of the 
phase shifts is close to π, and for that phase shift, tan - 1 must be 
replaced by its argument +π. This gives an additional contribution 
to (44) and the final result reads in that case 

(45) lim exp [2βε,] b2 = — 4 Ρ Y <mn\t\ mn> + 

+ co 

4π Γ 
+ — / Ρ* dP exp [β(2εΕ - η - Ρ 2/4m)]. 

ο 

The existence of a solution of (42) implies the existence of a pole 
of the ί-matrix. This is why one has to take the principal value of 
the first term in the right-hand side of (45). I t is seen that the second 
term in (45) increases indefinitely as β - » + oo. We get therefore an 
infinite negative contribution to the ground-state energy. This shows 
that the binary collision approximation in the case considered here 
fails at least in the calculation of the ground-state energy. 
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