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These two lectures on bosons and fermions describe an approach 
to the collective behaviour of a system of particles which is essen
tially non-perturbative, even though it is a rather special type of 
approach. Starting with bosons, first an old method of Bogoliubov (1) 
will be sketched. To the phonon variables of this approach there cor
respond analogous fermion variables, the introduction of which greatly 
simplifies the new theory of superconductivity of Bardeen, Cooper, 
and Schrieffer. The analogy can be further exploited, by applying 
the methods of this fermion theory to a boson system, generalizing 
in this way Bogolubov's original approach. This has been worked 
out in collaboration with D. Butler (2) and will be reviewed here. 

The equations and expressions that are obtained for bosons and 
for fermions show a close formal analogy and differ only through signs. 
Their physical content is, however, rather different. The advantage 
of a method that can be applied both for bosons and for fermions is 
that it might throw some light on the common features of superfluidity 
and superconductivity, and on the differences reflected in the dif
ferent behaviour of 4He and 3He. 

The Hamiltonian of the system to be investigated is the sum of 
the kinetic energy and of the interaction energy of the particles. As 
states with an undetermined number of particles will be considered, 
it is convenient to start instead of the Hamiltonian Η with the quan
tity i f — λΝ, where Ν is the number of particles and λ a parameter 
to be determined from the prescribed average value of N. The term 
λΝ can be combined with the kinetic energy. 

(la) 

(lb) 

Η λΝ=Τ+ν, 

Τ Y(ek — X)akat, ek = 
2m k 

(le) V 2Q Σ V*-k'akaQ-kaq-k'0>k' · 
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Here ak stands for the creation operator, ak for the annihilation ope
rator of a boson with momentum Α;; Ω is the volume of the system, 
Vk-h, the Fourier transform of the interaction potential of two par
ticles. 

Bogolubov's 1947 approximation contains essentially two steps. In 
the ground state of the system of non-interacting particles all par
ticles occupy the zero momentum state a0 and it is assumed that for 
weak interactions the ground state of the interacting system will 
contain only a relatively small number of excited particles. One can 
show that the matrix elements of the different terms of the inter
action energy V, between the unperturbed ground state and neigh
bouring states, are for large IV of a different order of magnitude ac
cording to the number of factors a0, contained (3). The first ap
proximation consists of neglecting all terms in the expression (le) 
of V which do not contain at least two factors a0, a<J" referring to the 
zero momentum state. The second step consists in considering a0, a* 
as c-numbers which is justified for states in which there is a large 
number of particles in the zero momentum state. 

With these two approximations, the interaction energy V is re
placed by an operator V which is quadratic in the creation and an
nihilation operators referring to the states of non-zero momentum. 
The operator T+ V can be brought to a diagonal form 

(2a) const + £ J5*f*& 
k 

by means of a canonical transformation 

/ 0 1 Λ t «* —0*«ifc t + at—gka-k 

V I —Ji V I — β 

With gk = g-k1 this transformation leaves the boson commutation re
lations unchanged, and one has for the phonon variables ξk , ξΗ, 

(2c) , £,] = dkk., [ffc, ξν] = 0 , β ] = 0 . 

The coefficients gk are determined by the condition that the approx
imate Hamiltonian should attain the diagonal form (2a). For the 
phonon excitation energies Ek one obtains 

(2d) Ek= Vek(ek + 2QoVk) , 

where ρ0 = Λ0/β is the density of particles in the zero momentum 
state. From the calculated distribution of particles with momentum h 
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in the approximate ground state one can show that the original as
sumption that only relatively few particles are excited is satisfied in 
the limit Vk -> 0. The approximation is a weak coupling approxima
tion, and one can make this statement more quantitative. 

An improved approximation, the equations of which are in a one-to-
one correspondence with those of the theory of superconductivity, 
can be based on the remark that the approximate ground state cor
responding to T+Vr is of an exponential form 

(3α) Φ 0 = G exp [A], 

with 

(3b) A = Σ^α*α_* , 
k 

where in the summation each pair term aka-k occurs only once, h Φ 0 
and a0, a£ are treated as o-numbers.* The state Φ 0 is a product of com
muting exponential factors exp [gkaka_k\ and one has 

(3c) at I exp [gkaka_k] = gka_k exp [gkaka_k] . 

With (26), one has accordingly 

(3d) ! * Ί Φ 0 = ο 
for all 1c. 

The form (3a, b) of the ground state vector can be maintained 
without neglecting the terms of V which represent interactions between 
excited particles. The number of particles in state a0 can still be 
assumed large, and a0 treated as a e-number, but it will not be as
sumed that this number is large in comparison with the number of 
excited particles. The coefficients gk can then be determined by mi
nimizing the energy with this form of the ground-state vector, or by 
some equivalent approach. 

Introducing the variables | f c
f one can express the operators 

ak1 ak from (2b) as 

(3e) ak= , a f c
+ = . 

Vl-gl Vl-g* 

•From eA = ^ (Vn s>)An, the part of the state vector corresponding to 
η 

η pairs of excited particles is given by (\jn\)An. In configuration space, this 
corresponds to a wave function represented by a Hafnian. A comment made 
in honour of the discoverer of Hafnians. 
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Expectation values of operators in the state Φ 0 can be obtained by-
expressing the operators in terms of ξΐ6, ξ+ with the help of (3e), and 
ordering the operator factors in each term in such a way that creation 
operators ξ1ύ act after the annihilation operators f j . The constant 
term of the operator in this well-ordered form gives, according to (3d), 
the required expectation value. 

In calculating the expectation value of the Hamiltonian (Ια, δ, c) 
there are essentially two types of contractions that contribute: the 
expectation value of the number operator akak 

(4α) Ο*αί>ο = h = τ ^ ~ 2 ? 
1 — 9k 

and the expectation values of the pair operators a fca_ fc, a+_kal, 

(4δ) <a*.a-fc>o = O^a*\ = Xk = 1
 fc ^ 2 · 

These two quantities are not independent from each other but satisfy 
the relationship 

(4*) (1 + 2 * 0 Ι - ( 2 χ » ) β = 1. 

The expectation value W 0 of ( la) is a quadratic expression in hk, %k. 
Considering it as a function of gk and minimizing it with respect to gk 

one obtains the equation 

(5α) μ*9ΐ — 2ν^* +μ* = 0, 

where 

(56) vk = ek - λ + (1/Ω) Σ (Vk-k> + V0)hk,, 
k' 

(5c) A < * = - ( l / f l ) 2 F M , j f r . 
k' 

Solving the quadratic Eq. (5a) for gk, one obtains 

(6a) gk = —(vk — Ek) , 
μk 

with 

(6») Ek = + Vvl^Jl , 

which gives for (4a, b) 
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(6(ϊ) 1 + 2hk = VkjEk , 

(fie) 2Xk = μ^Ε* . 

For vk> 0, the sign of the square root in (66) follows from the requi
rement hk>0. The quantities vk, fik are to be determined from the 
non-linear equations obtained by combining (56, c) and (6c, e). The 
quantity Ek can be shown to represent the excitation energy of the 
state £*|Φ0. 

Writing (66) in the form 

(7a) Ek = ^/(vk + μ ^ — μ^ , 

Bogolubov's 1947 energy spectrum, given by (2d), results by writing 

(76) hk ^ 0, %k & 0 for fc Φ 0, χ0 & h0 

in (56, c), which gives 

(7c) vk ~ ek + (1/£>)7A , - - (±IQ)(Vkh0) 

and reduces (7a) to (2d). The choice of λ will be explained later. 
The relationships (4a, 6, c), (5a, 6, c), (6a, 6,0, a*, e) differ from those 

in the fermion case only through signs. Instead of (66), for fermions 
one has Ek = Vvl + μΙ in which μ1ί corresponds to the energy gap of 
the excitation. 

Eeplacing Vk-k, by a factorizable potential Vkk, = vkvk, which with 
vk of a definite sign represents a predominantly repulsive interaction, 
and writing (6e) in (5c) for all Tc, including Tc = 0, one obtains 

/ o x 1 

(8α) = — τ>Ζ ν*ν*"ΈΓ = — °Wk, 

(86) a = - 2 ^ ^ - = — 
Ω f 2Ek, Ω f 2Ek, ' 

Assuming Ek> 0 for all Jr, the sum in (86) is positive, and (8a, 6) has 
no solution apart from the trivial solution α = 0, μ10 = 0. This is well 
known in the fermion case for which exactly the same equations hold. 

For bosons, however, one has from general arguments E0 = 0, and 
the state Tc = 0 has to be treated separately. This has been done in 
assuming that a0 can be treated as a c-number, and minimizing the 
energy with respect to gk with Tc Φ 0 only. If one wants to satisfy 
the condition JE0 = 0 one has to superimpose this condition, and de
termine h0 from it. I t is stressed that the approximations used would 
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not lead to E0 = 0 by themselves, but one can introduce this physical 
condition in a consistent way. The chemical potential λ is to be de
termined from the equation 

(8c) β = β .+ (1/β)Γ*ο 
together with 
(80) # 0 = 0 . 

These are two equations to determine ρ0 = Ki& and λ. I t is con
venient to determine λ from E0 = 0, and ρ0 from (So). If in the 
limit Ω —> oo, ρ0 remains finite, there will be a non-trivial solution 
of the equations replacing (8a, 6), due to the inhomogeneity intro
duced by the term h = 0 of μΐ6. In the definition (5c) of μ* one can 
write χ0 Λ* h0. 

The collective solutions of the equations for bosons with a pre
dominantly repulsive interaction result from this inhomogeneity due 
to the condensation of a large number of particles in a single state. 
For fermions there is no such Bose-Einstein condensation, and the 
equations reflect in this way the different behaviour of 4He and 3He. 

From the form (7a) of Ek and E0 = 0, one can conclude for small 1c 

(9a) JBt = o|*|, 

where the square of the sound velocity c is proportional to 

(96) " 2μ°=I ? v-kXk=
2Sv(r) x(r) d3r' 

and χ(ν) is the Fourier transform of %k. In the case of the energy 
spectrum (2d), one has (9a) for small ft, with c2 proportional to 

§n*o = 2£0j*7(r)d*r. 

This value is very sensitive to the actual strength of a repulsive hard 
core at small distances. In (96), the correlation function factor χ(τ) 
can compensate this dependence. 

The solutions of the equations can be investigated explicitly for 
the simple factorizable potential 

(10a) r t t , = for 

|*|, \V\<x, 

1*1, | * ' | > * . 
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This is the repulsive analogue of the attractive potential with constant 
matrix elements investigated by Bardeen, Cooper, and Schrieffer in 
the theory of superconductivity. One obtains 

(10b) μ, -
μ l * l < * > 

for 

o l * l > « , 

and the constant μ can be determined from the equation 

(loo μ { 1 + Σ . ζ ± ^ = ν β Λ , 

in which the summation is over | k | < κ, k Φ 0. 
Integrating the equation, one finds that for sufficiently large posi

tive V, for which μ < 7 ρ , μ and the sound velocity are independent 
of the actual strength of the repulsive potential. In order to obtain 
a comparison with data of liquid helium, one would have to inves
tigate more realistic potentials. 

The temperature dependence of the behaviour of the system can 
be investigated by making analogous approximations for the statis
tical operator as for fermions in the theory of superconductivity. The 
equations are similar to those obtained at T=0. The density ρ(

0
Τ) of 

particles in the zero momentum state decreases with increasing tem
perature. The λ-point can be characterized by the disappearance of 
the partial Bose-Einstein condensation, and of the corresponding in-
homogeneity in the equations. In the case of the simple potential 
(10a), one can show that the value 3.2 °K for a free boson gas is an 
upper bound for the transition temperature. 
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