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This is a simple presentation of some of the ideas of the new 
theory of superconductivity of Bardeen, Cooper, and Schrieffer (1). 
I t is based on a presentation given in a published paper (2), with some 
additional comments. 

In trying to understand the strange behaviour of certain metals 
at low temperature, one could start at different levels. The most basic 
starting point would be to describe the system of the ions of the me
tallic lattice in interaction with the electrons. In this case the forces 
are well known, but the mathematics of the problem is rather dif
ficult. A somewhat simpler approach is to replace the interaction of 
the electrons with the ions by an interaction with a phonon field, 
representing the motion of the ions about their equilibrium positions. 
This starting1 point is already somewhat less reliable as it is not easy 
to assess which part of the Coulomb interaction of the electrons has 
been included in the phonon interaction. The simplest starting point 
is to assume that there is an effective two-body interaction acting 
between the electrons, due to the effect of the interactions with the 
ions and to a screened Coulomb interaction, and to consider the be
haviour of such η system of electrons. This is somewhat analogous 
to the attitude generally taken in nuclear physics where the knowledge 
of a phenomenological two-body force is assumed. The problem of 
deriving these forces from the interaction with a meson field is a more 
difficult one. 

That the interaction with the motion of the ions plays an impor
tant part in superconductivity, has been known for some time from 
the isotope effect which exhibits a dependence on the mass of the 
ions. Bardeen, Cooper, and Schrieffer attribute superconductivity to 
an attractive two-body force between the electrons which is due to 
the interaction with the phonon field and dominates the repulsive 
screened Coulomb interactions. One can give an approximate deri
vation of such a force. The starting point taken here will be to assume 
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a phenomenological two-body interaction of such an origin and de
scribe the system of interacting electrons. 

The Hamiltonian of a system of electrons with two body interac
tions is the sum of the Bloch energy Τ of the individual electrons 
and of the interaction energy V, 

(la) H=T+V. 

These are expressed in terms of the creation operators ax and an
nihilation operators ax of the electrons. If one considers states with 
an undetermined numer of particles a term — λΝ should be included 
in T, but in counting the Bloch energy εχ of the electrons from the 
Fermi surface one obtains λ = 0. The interaction energy V includes 
the interaction of the electrons through the phonon field and a screened 
Coulomb interaction. Its terms contain a non-local factor Vxx, instead 
of the factor Vx_x, of an interaction depending only on the distance 
of the particles. In enumerating the one particle states, κ stands for 
a definite momentum h and a given spin direction. The notation 
— κ is used for the state with opposite momentum and opposite spin. 

A one particle state can be described accordingly by axr and the 
state of a pair of particles with opposite momenta and spin by axa_x. 
Bardeen, Cooper, and Schrieffer construct a state from linear com
binations of such pair states with the state in which there is no par
ticle present, that is from states of the form l+gxaxa_x, where gx is 
a numerical factor. The approximate form they assume for the ground-
state vector, is a product of such commuting factors l+gxaxa_H for 
all values of κ, and is apart from a normalization factor, 

(lb) Φ^Υ[(1 + 9καχα.χ). 
κ 

The coefficients gx are to be determined by minimizing the expectation 
value of the Hamiltonian (la) with respect to this ground-state vector. 

The state vector (lb) corresponds to an indeterminate number of 
particles. With the actual values of the parameters, however, the 
probability distribution for the particle number shows a sharp peak 
around the most probable value. The choice of such an approximate 
state vector means a great mathematical simplification in the calcu
lations. I t exploits the fact that in the case of a large number of 
particles systems with a slight difference in the particle number have 
very similar properties. I t might then be advantageous to emphasize 
the complementary matter field aspects of the description and con
sider states in which certain average field quantities, which would 
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vanish for definite values of the particle number, have non-vanishing 
values. As the product in (lb) is of the form exp [A], with A = ^gxaxa_x, 

X 

the expansion exp [A] = 2 (l/nl)An gives immediately that compo-
n 

nent of the state vector which corresponds to the presence of η pairs. 
In configuration space, this component of the wave function is given 
by a Pfaffian formed with factors </(#,·—#,) corresponding to the 
Fourier transform of gH. One could calculate the expectation value 
of the Hamiltonian with respect to a state of the form (1/η\)Αη, but 
the calculations would be much more involved. The difference in the 
results would vanish in the limit of a large number of particles. 

The calculations can be further simplified by introducing a new 
set of variables. Applying the annihilation operator ax or the creation 
operator a_x to one of the factors of (16), one has 

(2α) < Ι ( 1 + 0 Λ « - κ ) =9x<*-x, 

(2b) a_x\(l + gxaxa_x) = a_x. 

From these equations one can see immediately that on introducing 
the operators 

, 9 > t + _ ti—Qx<*>-x * _ α » — 9χα+* 

Vl + gl Vl + g2
x 

one has 

(2d) ξ+\φ0 = ο for all κ. 

(2c) is a canonical transformation, and the quasi-particle variables 
ξΗ, ξ+> satisfy the same anticommutation relations as α κ, axThe 
states 

(2«) U&o and U-x\&o 

represent the « single particle» and «real pair » excitations of Bar-
deen, Cooper, and Schrieffer. In this representation they appear on 
the same footing. The states 

(2/) £*· · ·£*|Φ. 

form a complete orthonormal set and describe the excited states of 
the system in the approximation of independent quasi-particle exci
tations. 

The expectation value of the Hamiltonian in the state Φ0 can be 
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obtained by expressing α κ, ακ, in terms of ξκ, ξχ, and ordering the 
terms of the Hamiltonian in sueb a way that creation operators ξκ 

act after the annihilation operators ξκ. in each term. Then the con
stant term of the expression represents, according to (2d), the required 
expectation value. There are two kinds of contractions that contribute 
to this expectation value, one resulting from the expectation value 
of the number operator ακακ , 

(3a) <αΗά*\=Κ^ 9κ 

and the other from the expectation value of the pair operators α κ α_ κ , 

9* (36) <a*«-*>o = <atH ai\ = χκ = -
+ A 

These expressions depend only on the particle momenta ifc, as one has 
for instance hk^ = hk]f = ft_fct = h-k]f = hk. The two quantities (3a, b) 
are not independent from each other, but one has 

(3c) ( 1 - 2 * * ) " + (2Xk)* = l. 

The expectation values hx, χΧ are the two basic quantities to de
scribe the approximation. Introducing their Fourier transforms, they 
give in #-space the expectation values of products of two field ope
rators, 

(3d) <Ψ*(χ)Ψ(χ')}0 = h(x-xf), 

(3c) (Ψ*(χ) Ψ*(χ')}0 = χ(χ - χ') . 

(3d) is the one-particle density matrix in a state of translational sym
metry, hk giving the number of particles with momentum in Φ 0. 
The pair field (3c) is obtained as a non-vanishing expectation value 
only by choosing Φ 0 with an indeterminate number of particles. I t 
describes the long range correlations between particles with opposite 
spin which is characteristic of the coherent collective motion of the 
superconducting state. In calculating the correlation function for par
ticles with opposite spin, one finds that it is given by \%(x — x')\2* 

For the expectation value W0 of the Hamiltonian (la) in the state 
(16), one obtains 

(±«0 W0 = E0 + 2 (ekhk + vkhk — μ^), 
k 

where E0 is the energy of the non-interacting Bloch electrons, ek the 

278 



THE THEORY OF SUPERCONDUCTIVITY 

Bloch energy counted from the Fermi level, and vk, μ* are given by 

1 

(4c) μ*=— 4 2^**'%*' · 

β is the volume of the system, and Vkk> differs from Vkk> because of 
exchange terms. One has 

m V*=-2-Wk> ^ = ~ 2 ^ T 
W0 as given by (4a) is a quadratic expression in hkJ Minimizing 
it with respect to hk, χ* under the supplementary condition (3c), one 
obtains with (4d) 

(5a) vk = Ek(l-2hk), 

(56) μ, = Ek(2Xk), 

in which the numbers Ek appear as Lagrangian multipliers. From the 
sum of the square of the two equations and (3c) one has 

(5c) E^Vvl+μΙ. 

For the expectation value of the Hamiltonian in the state £fc | Φ0 one 
obtains 

(8i) Εκ=-νΧ(1-2Κ)+μΧ2χκ. 

If Eqs. (5a, 6) are satisfied, this reduces to 

(8*) ΕΜ=£+φ=ΕΧ, 

and EM represents the excitation energy of the quasi-particles. The 
quantities vk, μ1ί are to be determined from the non-linear equations 
obtained by combining (5a, 6, c) and (46, c). Considering (1 — 2hk) 
and 2χΗ as the unknown quantities, with the supplementary condi
tion (3c), Eqs. (5a, 6), (46, c) are in an almost linear form and have 
a simple geometric interpretation. 

As presented here, the equations result from a variational prin
ciple and from the minimization of the ground-state energy W 0 . One 
might be inclined to think, therefore, that one can expect to obtain 
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a reasonable approximation for W 0 J but that one has no assurance 
about the conclusions concerning the excitation energies Ek-. I t should 
be stressed, however, that the assumed approximate form (lb) of the 
ground-state vector leads immediately to a simple system of excited 
states and to the resulting simple equations. The same equations can 
be obtained without referring to the variational principle from dia
grammatic arguments or from consistency requirements imposed on 
approximations to the Green function equations (methods by Bogo-
lubov and by Gorkov). A rigorous mathematical approach to estimate 
the errors involved in the approximations is at present missing. One 
knows, however, that large contributions have been neglected in the 
calculation of the ground-state energy W 0, and all that one can hope 
concerning W 0 is that the effects taken into account approximate 
correctly the energy difference between the normal state and the col
lective ground state. The excitation energies Ek, on the other hand, 
are themselves defined as energy differences, and the simple equa
tions obtained, by means of methods that amount to a simple lineari
sation of the quantum field equations, are approximations to the 
description of the low-lying excitations. I t may well be, in spite of 
the appearances, that it is the quantities Ek that are better approx
imated by this approach. 

Bardeen, Cooper, and Schrieffer consider the equations with a 
simple constant average interaction in an energy region near the Fermi 
surface, taking 

— V < 
(6a) Vkk.= 0 for Iβ*I hco, 

where ω is a characteristic phonon frequency. Writing vk & ek, 
Eqs. (4c), (5b, c) give for this potential 

(») μ, = \V JJ — = = = const = ε0, 

where the summation is over values of h for which |εΛ,|<#ω. From 
(6b) one has the equation 

(6c) 1 = \γΣ 1 
2 rvw+$' 

Replacing the sum by an integral, #(0)de denoting the number of 
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states in an interval de near the Fermi-surface, (6c) gives 

1 f de _ 

N w v - J ~8 

ο 

£ ° sinh[l/(^(0)T) ] * 

From (4a, 6, c), (5a, 6, c), (66), (6c) one can calculate the ground-state 
energy W 0, and one obtains an expression valid for all values of the 
coupling strength V. In the weak coupling limit, this expression be
comes 

The function exp [— (11%)] vanishes with all its derivatives at the 
point χ = 0. If one tries to expand (6/) in powers of V, one obtains 
therefore 0 + 0 + 0 + · · · . The results obtained correspond to a definitely 
non-perturbative approach and could not have been obtained by 
means of perturbation theory. This is one of the most interesting 
features of the method from the mathematical point of view. 

The main difference between the excitation spectrum JEk = 
= Vvl + μ\ and the energy spectrum ek of the Bloch electrons is that 
ek-+0 for Jc -+kF, whereas Έΐ0-^\μ1ί \ & ε0. There is an energy gap in 
the excitation spectrum corresponding to a minimum excitation energy. 
The existence of such an energy gap in superconductors has been 
postulated previously from experimental evidence. 

The simple potential (6a) leads to similarity rules between the data 
of superconductors in which only certain dimensionless quantities 
enter. It has been suggested (3) that deviations from these simi
larity rules might be accounted for by investigating the equations 
for different interactions Vkk>. Another interest of these equations 
lies in recent ideas of Bohr, Mottelson, and Pines on nuclear energy 
levels (4) according to which analogous equations would describe the 
collective behaviour of particles in nuclei. 

The temperature dependence of the behaviour of superconductors 
can be investigated by approximating the statistical operator 

(6/) W0 = — 2 # ( 0 ) ( M 2 e x p -
2 

N(0)V ' 

(Ία) 

(76) 

U = Z 1 exp [ - β(Η- λΝ)], 

Ζ = Tr exp [— β(Η— λΝ)] . 
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Bardeen, Cooper, and Schrieffer approximate the system by an en
semble of independent quasi-particles which themselves are defined in 
a temperature dependent way. Accordingly, (7a) is replaced by 

J - 0 « ! < · · · < Hj 

in which P K l... K i is the projection operator of the state |Φ0
 w i t t l 

j quasi-particles. The trace of the projection operator of a single 
state is equal to one, and one has 

(Id) £ 0 = T r | 2 ^1···^χΛι—ί
 = Π ( 1 + ^)· 

The expectation value of JfK = ΞΚΞΚ , the average number of quasi-
particles in state κ, is 

w 
(8α) <^„> = Tr ^ ί / β = = /„ 

1 + w x 

and it is assumed that / fct = = /_*t = = fk. For κ ̂  κΛ one ob
tains 

(86) <jrx^x,y=fjx,. 

The important elementary expectation values are now 

(8c) < α Λ
+ > = *J« and <α κ α. κ > = < α + _ Χ > = tf>, 

for which one finds 

(84) l - 2 C = ( l - 2 » J ( l - 2 / J , 

(8β) 2 ^ > = 2 ^ ( 1 - 2 / κ ) . 

By expressing the expectation value W{
0

T) = <ff> of the Hamiltonian 
in terms of these quantities, and adding — T80 with the entropy 8Q 

of independent quasi particles, one obtains an expression for the free 
energy W\T) — T80. The quantities gk /*, can be determined by mini
mizing the free energy. A minimization with respect to fk, for fixed 
9k, gives the fermion distribution, 
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This is the energy of the temperature dependent elementary excit
ations. The energy gap \μΤ\ decreases with increasing temperature 
and disappears at the transition point. The same is true for the long 
range correlations of particles with opposite spin determined by χ*". 

The approximation (7c) of the statistical operator is identical with 

(10α) V & Z-1 exp [— β#0], 

where J^0 is of the form 

(106) JT0 = const + 2 « ί Γ £ κ £ · 
κ 

I t represents a self-consistent linearization of the problem. 
The approximate expression Z0 of the partition function deter

mines all thermodyamic quantities, and the electromagnetic proper
ties of the system can also be calculated. The specific heat and its 
temperature dependence, the critical magnetic field, the Meissner effect, 
the penetration depth of electromagnetic fields and other quantities 
result in excellent agreement with experimental data of superconductors. 
The quantitative agreement with a large number of experimental facts 
can hardly be considered as accidental, and this very simple model 
describes correctly the behaviour of superconductors. 

In spite of this success of the theory, as already mentioned, a 
mathematical justification of the approximations and an estimate of 
the errors is still an unsolved problem. Several attempts have been 
made to introduce further corrections, and present the approximations 
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a minimization with respect to gk (or Afc, χ*), with fk fixed, gives 

(96) v? = ek - i I F*„ *ST = (1 ~ 2 » . ) , 

(9c) ^ = - 1 Σ r«, # = af>2». 

These equation are very similar to (46, c), (5a, b) into which they go 
over for Τ -> 0. Squaring and summing (96, c), one obtains with (3c) 
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in the framework of more general equations. The essential features 
to be described seem, however, to be reflected in the very simple 
mathematics of the original assumptions. Some further physical 
aspects related to the simple mathematical description will probably 
still come to light. 
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