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I» Introduction 

The Hamiltonian of the polaron model describes a non-relativistic 
particle which is coupled to a scalar field in the following way: 

(1.1) Η = + 2 « ω ( * ) « » . + 9 Σ /(*)[** exp [ikr] - bt exp [ - tfcr]]. zm k k 

bk, b£ are annihilation and creation operators for traveling waves 
with the wave number ft. The commutation relations are [bk, bk>] = dkk,. 
For the evaluation of the sums we always take the limit of infinite 
normalization volume. 

The interest in (1.1) arose from the fact that it gives the simplest 
description of the electron-lattice interaction in polar crystals. The 
pion-nucleon interaction is similar but more complicated because of 
spin and isospin. 

In these lectures we shall treat the calculation of the ground state 
energy and of the field contribution to the mass of the particle for 
intermediate values of the coupling strength. (1.1) is the only non-
trivial case where the transition from weak to strong coupling has 
been studied in a quantitative way and where recoil effects have been 
treated better than by perturbation methods. Other interesting 
problems are connected with the scattering of field quanta from the 
«dressed» particle and the decay of excited states. 

II. Pekar's Product Ansatz 

If some drastic simplifications are made the Hamiltonian (1.1) descr
ibes an electron interacting with the lattice of a polar crystal (1-8). 

* Present address: Institut fur Theoretische Kernphysik, Technische 
Hochschule Karlsruhe, Germany. 
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The lattice is treated in the continuum approximation («lattice field ») 
and only the electrostatic coupling to the longitudinal optical lattice 
mode is considered. The influence of a cut-off will be mentioned later. 
We replace the longitudinal reststrahlen frequency o>(fc) by a constant 

(2.1) co(fc) ω = const; = — i«o> | / ^ ; u = ]/^ )p > 

and introduce dimensionless variables in the following way 

rr Vr 

(2.2) r = — : k = k'ug2: V=-— : Ε = EWcog* . 

After omission of the prime, the Hamiltonian reads 

(2.3) Η = — Δ — i jr 1 |/γ Σ χ (6* e x P i i k r l ~ bt e x P t - **r]) + 

The first method to be treated here starts from an idea of Landau 
(1933). He pointed out that a conduction electron in a polar crystal 
polarizes the lattice and this displacement of the ions creates a po
tential well in which the electron might become trapped. Pekar cal
culated the ground state energy of this system using a classical 
approximation for the lattice and the assumption that the heavy 
ions see only the time averaged motion of the electron, which is treated 
quantum-mechanically. 

Later he found the same results from a variational ansatz for the 
ground state of the Hamiltonian (2.3). Following Landau's picture 
the electron and the lattice deformation are assumed to be localized 
around an arbitrary point of the lattice and the lattice state depends 
only on the state of the electron, but not on its position. 

Pekar's variational ansatz for the ground state is 

(2.4) Ψ = ψ(τ)Φ£, 

wliere 0L depends only on the lattice variables. First he determines 
the best 0L for a given real normalized function rp(r). This corresponds 
to the calculation of the ground state of the operator 

(2.5) (ψ, ΒΨ) = - (ψ, ΔΨ) - <r> 2 ^ r ( h - b t ^ + 0~4 Σ W»., 
where Q(TC) is given by 

(2.6) Q(JC) =jexp [— ikr] ψ2 d 3r. 
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A simple displacement of the oscillators gives the ground-state energy 
of (2.5) 

(2.7) Ε[ψ] = —jψ Δψ d3r — ^ J ρ2 ah. 

Now the variation with respect to ψ is made. The best ψ(τ) follows 
from the non-linear equation 

(2.8) — Δψ + V0(r)tp = εψ , 

where the « potential» is given by 

(2.9) r , (r) = - 1 J ψ exp [ - ikr] d'fc = - 2J d»r ' . 

The easiest way to find an approximate solution for ψ is to use a 
variational ansatz for ψ in (2.7). A Gaussian function gives 

(2.10) 
V>(r) 9π2) exp 

r2 

9π 
Q(JC)= exp 1.2 

= — — = — 0.1060 
3π 

The lattice part of the ground state, Φι, is given by the ground state 
of (2.5) 

(2.11) 0L = exp 2 Π
 Λ \?Q exp 

The results of Pekar's calculations are: 

(a) A variational upper limit for the ground-state energy is given 
by E0 = — 0,108 8 hcog* (variation of a function with 3 parameters). 

(b) Equations (2.8) and (2.9) allow to give the following picture 
for the polaron ground state. We start with the electron fixed at the 
origin and calculate the potential with (2.9). Then we solve (2.8) with 
this potential and calculate \ψ\2. This gives with (2.9) a new poten
tial and so on until we have a self-consistent solution. 

That Pekar's method really gives the strong coupling behaviour 
of E0(g) can be seen by constructing a Hamiltonian Ht which has the 
ground state (2.4) and treating S — Hx as a perturbation. All cor
rections are very small against the best energy value of the product 
ansatz if the coupling is very large (9). 
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Landau and Pekar have calculated the «mass» of the polaron in 
the classical approximation for the lattice field. If the self-consistent 
state moves with constant velocity v, there is an additional energy 
~ i ? 2 , belonging to the movement of the lattice deformation. The 
forced oscillation of the lattice field contributes Mv2/2, where 

Μ 2 Γ 

(2.12) _ = _ J E W . 

Pekar's best trial state and the Gaussian approximation give for the 
coefficient of g» the values 0.0208 and 16/81π2 = 0.0200 respectively. 
The coupling strength in polar crystals is not well known. For g2 = 8 
the large field contribution of 85 m to the electron mass is predicted 
from (2.12). 

The disturbing feature of Pekar's method is the fact that his 
ground state is localized around a certain point of the lattice, but the 
exact ground state cannot prefer any point, because all of them are 
equivalent physically. This symmetry property will be discussed in 
the next paragraph. 

III. Translational Invariance 

The Hamiltonian (2.3) commutes with the total wave number 
operator 

(3.1) W=P + 2M£K> 

(3.2) W] = 0 . 

This symmetry property is loosely called «translational invariance » and 

(3.3) T(R) = exp [ - IWR], 

«translation operator». I t is true that T(R) translates a product 
state (2.4) centered at the origin to a product state centered at R, 
but one should keep in mind that this translation is different from 
that of the whole system and therefore W is not the total momentum 
(which is conserved too, of course; cf. the discussion in Frohlich's 
review article). 

Let us consider simultaneous eigenstates ΨΠ> of Η and W. I t is 
readily verified that they have a simple dependence on r 

(3.4) S V ( r ) = S0W>; S = exp [I{W- Σ » Λ ) Γ ] . 
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Ow> is the «lattice deformation as seen from the position of the 
electron», it does not depend on r, because all the points of the 
crystal are equivalent. If <PW> is known, Ww, can be written down at 
once, therefore it is sufficient to study an eigenvalue problem for Φπ , 
where r does not occur any more. From 

(3.5) S-1WS = W' + P 

it follows that our subspace of eigenstates of W belonging to the 
eigenvalue W is transformed into the subspace of eigenstates of />, 
belonging to the eigenvalue zero. We are only interested in states 
of this subspace and therefore set ρ = 0 in 8~λΒ.8. The resulting 
new Hamiltonian * (10) 

(3.6) * > = (Wf-k2 W + Σ Kb* - ]/γ ο* Σ ι (»* -δ*) · 
describes a lattice field coupled to itself and shows explicitly the non-
linearity inherent in our model. Its eigenstates correspond to lattice 
deformations which are localized around the origin. The eigen
values E(g9 W) 

(3.7) ^ (W ' ) t fV = m W')0W., 
occur also in 

(3.8) J I S V = E(g, W)WW,; = W'WW,, 

but W has to be considered as a parameter in (3.7) and as a quantum 
number in (3.8). Therefore, the lowest eigenvalue in (3.7) E0(g, W) 
is discrete (for each W) and the lowest eigenvalue of Η is the begin
ning of a continuous spectrum. 

We assume that the ground state belongs to W'= 0 for all values 
of g. The first term of the expansion 

(3.9) E9{g, W) = E0(g, 0) + 
M(g)l<m 

is the self-energy of the polaron, the second its «kinetic energy» 
[(hW)2l2M in ordinary units]. In order to see, why Μ can be con
sidered as the mass of the polaron, we apply the well-known formula 
for the dependence of an eigenvalue on a parameter which occurs in 

* (3.6)-(3.11) are given in units, defined as in (2.2), but without the 
powers of g. This choice simplifies some of the following formulas. 
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the Hamiltonian 

and get 

(3.11) 

(3.10) 

If a constant electric field is present, W increases according to 
W'(t) = W(0) + (QF/hu)t and the time derivative of (3.11) expresses 
Newton's law. 

Our next problem is to justify the intuitive picture of Landan 
and Pekar from systematic considerations which take into account 
translational invariance from the beginning. 

IV· Adiabatic Approach of Bogoliubov and Tiablikov (11,12) 

The first question is that we expect the problem to be simpler 
in the strong coupling limit than at intermediate coupling, but it is not 
easy to say which terms can be treated as small for large coupling, 
if we look at the Hamiltonian (1.1). Pekar has calculated the expec
tation value of the three terms in the Hamiltonian using his state 
vector (2.4) and finds 

This shows that all three contributions are of equal order of magnitude 
g*) and it is not possible to treat one of them as small for large 

coupling.* 
We now use the picture of the ground state developed above from 

Pekar's ansatz. If the potential well is narrow and deep, the kinetic 
energy of the electron is large and the interaction energy too. The 
lattice energy can be divided into the kinetic energy and the large 
potential energy, which comes from the deformation belonging to the 
potential well. There is no reason why the kinetic energy should 

* In strong coupling meson theory the first step is to diagonalize the 
« large» interaction term with regard to its spin and isospin dependence. 
This is not in contradiction with our statement, because the recoil term, which 
is important in our case, does not occur in static meson theory and the field 
can be treated classically for very large coupling as mentioned in § 2. 

(4.1) - » , > : ^ : ^ = ι : 2 : ( - 4 ) . 
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increase for large coupling. I t is the zero-point motion of the lattice 
and if we say that it is unimportant in the strong coupling limit this 
is the same as the statement that the lattice field approximately 
behaves like a classical field. The arguments make it likely that it is 
the kinetic energy of the lattice which can be treated as a perturba
tion. Therefore we have to use other lattice coordinates showing the 
potential and kinetic lattice energy separately. We introduce the non-
Hermitian amplitudes of standing waves instead of traveling waves: 

(4.2) ^(bk-btk)=g*qk; ± (b_k + bt) = ^ , 

(4.3) [pk1 qk] = — idkk>; qk = q-k, Vk = P-u-

The new Hamiltonian is 

(4.4) Η = - Δ - | i e x p [ikr]qk (qkq-k + g-*PkP-k) . 

The possibility of finding a transformation which leads to (4.4) is of 
course no argument for the smallness of the last term. 

The second question is now to find a perturbation method which 
treats the last term in (4.4) as small. I t is not possible to use 
the Schrodinger perturbation theory, because we have to deal with 
a small kinetic energy, but similar problems are well known from mole
cular physics, where the Hamiltonian for the electrons and the nuclei 
can be approximated because of the large mass ratio nucleon: electron. 
The « adiabatic method» of Born and Oppenheimer has been invented 
just for this purpose. But it cannot be applied directly because our 
Hamiltonian has a new feature which never occurs in molecular phys
ics: the invariance property following from [JBT, W] = 0. (Here we 
see clearly that it must be distinguished from translational inva
riance.) In our new variables W is expressed as 

(4.5) W=-iV-i2,kpkqk 

k 

U= exp [iWX0] transforms the dynamical variables in the following 
way: 

(4.6) UpU-i = ρ ; Ur V'1 = r + X 0 ; 

(4.7) Ubi U-1 = bi exp [ikX0] ; Vqk If-1 - qk exp [— ikX0] . 

Bogoliubov's version of the adiabatic method takes into account 
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translational invariance by the following transformation of coordinates 

(4.8) qk exp [ ikR] = u(k) + g~*Qk , 

(4.9) r = R + ξ . 

Because we have introduced three additional variables, we need three 
subsidiary conditions which are chosen as 

(4.10) IkV*(h)Qk = 0. 
k 

I t is not essential but convenient to add the orthogonality condition 

(4.11) 2 hhV*(t)u(K) = (*, J = 1, 2, .3) . 
k 

u$) and V(k) being o-number functions, which will be fixed later. 
We now try to understand the physical meaning of Bogoliubov's 

transformation. We replace Qk in (4.10) by (4.8) and find 

(4.12) 2 kV*(Jc) qk exp [ikR] = 0 . 
k 

From this formula follows, that R is a collective coordinate for the 
lattice configuration. I t describes, loosely speaking, the position of the 
center of the potential well, if qk are the classical coordinates of the 
corresponding lattice deformation. 

The minimum of the polarization potential v(r), which is given by 
the interaction term in (4.4), is found from grad v(r) = 0at r = R . In 
(4.12) we have a similar expression, but Ar1 is replaced by V*(h). We 
shall see later that V(h) has to be chosen in such a way that it be
haves like AT 1 for small Tc but decreases faster for large fc. This was 
to be expected, because the coupling between the different lattice 
oscillators, which follows from the electron-lattice interaction, should 
become inefficient for values of 1c-1 comparable to or smaller than the 
diameter of the region over which the electron is spread. Therefore R 
is not exactly the center of the potential well but the large 1c com
ponents get a lower weight in (4.12). Nevertheless we shall speak of 
the « center». 

The transformation (4.8) shifts the center of the deformation to 
the origin and the c-number function u(Jc) describes the large part 
of the deformation, which corresponds- to the classical approximation 
for the lattice field. The operators Qk are the new lattice variables 
and g~* has been introduced because we want Qk and Pk = —-i(<)/^Q*) 
to have the same order of smallnessr as will appear later. Qh and Pk 

belong to the small oscillation of the lattice around its mean position 
( = zero point motion). 
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In (4.9) we expect that the electron will make only the small 
oscillation ξ around its mean position R. Its state should look like a 
bound state with respect to ξ. 

Equations (4.8) and (4.9) have been chosen in such a way that 
only R is affected, if we make a transformation (4.6)2 (4.7). The cal
culation of the corresponding momentum has the result: 

So JR and W are canonical conjugates to each other. The transformed 
Hamiltonian does not contain R and our simultaneous eigenvector 
of S and W has the R dependence: exp [IWR]. This takes account 
of the translational invariance, which does not disturb us any more. 

Wow we have two transformations for a similar purpose: (3.4) and 
(4.8), (4.9). In both cases the determination of simultaneous eigen-
states of Η and W is reduced to a bound state problem concerning 
the internal structure of a localized polaron. I t would be interesting 
to study the relation between these two methods and also the con
nection with the ideas of Feynman (13), who replaced the influence 
of the lattice field by a Active second particle for all values of the 
coupling constant. This might be taken as a hint that a better intro
duction of the collective variable possibly extends Bogoliubov's method 
to the weak coupling region in the sense that a perturbation term can 
be found which is small for all coupling strengths. 

Now the Hamiltonian (4.4) has to be transformed using (4.8)-(4.11) 
to the new variables. The calculations are straightforward but lengthy 
and have only been done in form of an expansion. 

(4.13) 

H0 + g-*Hl + g-*H2 + ... 

(4.14) 

E. = - Δξ - [/^ exp [Λξ ] + \Σ I « ( *> I2 

ίΓχ = Σ Qu (u(k) - ] / γ \ exp [ifc?]J 

H^^KQuQ-k+P'uP'-k) 

A k 

293 



G. HOHLER 

The oscillation-like terms in Hz show that Qk and Pk have now the 
same order of magnitude. 

P'k commutes with the subsidiary condition (4.10) and it can be 
shown that (4.10) commutes with the new Hamiltonian (4.14). This 
shows that the subsidiary condition is compatible with the Hamil
tonian. 

All the difficulties mentioned before are now removed and (4.14) 
allows the application of the usual stationary perturbation theory. 

We expand the state vector and the energy 

(4.15) Ψ = Ψ0 + ΰ~2Ψχ + r 4 ¥ V · · ; E = E0 + ( r 2 ^ i + r 4 ^r · · 

and find 

( f f 0 - ^ 0 ) ^ 0 = 0 

(Η0-Ε0)ΨΧ = -ΗΧΨ0 + ΕΧΨ0 

(Β0~Ε0)ΨΖ = - S2W0~ ΗΧΨΧ + Ε,Ψ0 + ΕΧΨΧ 

(4.16) 

The first equation has only the variable?. We set Ψ0=Ψ0(ξ)·Φ] 

and get 

Latt 0 

(4.17) ? Ρ β ( ξ ) = 2 « Ρ β ( ξ ) . 

This equation cannot be solved, because u(k) has not yet been chosen. 
The second equation is multiplied by ^ ( ξ ) and integrated 

(4.18) !Ρ?(ξ) ΗχΨ0(ξ) d 3f - Ex^ Φ™ = 0 . 

I t cannot be considered as an eigenvalue equation for the determi
nation of Φ^", because the-operator is linear in Qk and so we fulfil 
it by the choice of u(k): 

(4.19) u(k) =^y\J\Ψοϊξ)12 exp [ - ikg]ά*ξ = j / * * 
k 

Now (4.17) and (4.19) together define a self-consistent field problem 
and if we compare it with Pekar's equations for the determination of 
the electron wave function in his product ansatz we see, that it is 
exactly the same. We can use therefore Pekar's results. The only 
difference is that the electron coordinate has to be replaced by ξ. 
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Pekar was interested only in the solution for the ground state but 
we expect that there are other self-consistent solutions of (4.17) with 
(4.19) for certain discrete higher energy values. These are the excited 
states of the polaron in the strong coupling limit. Detailed calcula
tions have not been done yet but Schultz (7) made a variational esti
mate for the lowest p-state, which is easy to calculate because it is 
orthogonal to the ground state. He finds: —- 0.041 g*hw which should 
be compared to the ground state: — 0.109g*ftw. 

The treatment of the third Eq. (4.16) will not be given in detail. 
V(h) is determined to be equal to uQc) up to a constant factor which 
can be calculated if u(Jc) is known. Furthermore this equation allows 
the calculation of <PJ** 

As long as we only use fl*0, H1, Sz as defined in (4.14) the vari
ables of the electron and of the lattice field are separated. The state 
vector has the form 

(4.20) exp [IWR] 5Ρ(ξ) · Φ 1*" . 

Ψ can be any of the solutions of the self-consistent field problem and 
0UAT is the corresponding lattice state. The life-time of the excited 
states is infinite in this approximation. 

If we now write 

(4.21) 3f0 = S0 + Bl + B2 

we have found a separation of the total Hamiltonian 

(4.22) #=34*0 + ^1 

which corresponds to the basic assumption of Zumino's treatment of 
decay problems. Jf0 has discrete eigenvalues, corresponding to the 
excited states and it also has an overlapping continuous spectrum 
from the (modified) phonons in Hz. contains all the higher terms 
in (4.14) and corresponds to the perturbation which is responsible for 
the decay transitions. Whereas Zumino's version of the damping 
theory (14) * is probably well suited for the investigation of all types 
of decay problems in non-relativistic field theory, the treatment is 
more complicated than in the simple case of the Lee-model. 

* The perturbation theory for the resolvent, which has been developed 
by Van Hove (15) has not been applied yet to decay problems. It is more 
general than Zumino's method, but probably equivalent for the simple model 
considered here. 
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jff4 contains among other terms the contribution (W'yftM with 

The evaluation with Pekar's best solution gives 

Μ 
(4.24) — = 0.0208 £ 8. 

m 

Landau and Pekar have found exactly the same result in their clas
sical treatment of the lattice field (2.12). 

The second order correction to the energy is given by 

(4 25) a'E 1 y fld'W l f g ?y , exp [ - ikQa'W 3 
K ' f y 2 2π2

 8fo e 8 - e 0 2 ' 

The evaluation is possible if one takes the Gaussian approximation 
and the result is together with the zero-th order 

(4.26) E=-i-{^2+iy, 

Ψ0, €o = -270; Ψ,, ε, are eigenfunctions and eigenvalues of (4.17), but it 
is important to notice that we have to take now the eigenvalue problem 
for a fixed potential. I t is the same potential which resulted from the 
self-consistent field problem belonging to the ground state. 

Pekar has found a way to interpret the second correction term f 
as the zero point energy of three lattice oscillators, which has to be 
subtracted because the electron lattice coupling reduces the number 
of degrees of freedom of the lattice (5). The perturbation expansion 
for strong coupling mentioned before (9) gives only the first correction 
term of (4.26) in second order. 

The article of Allcock (2) contains an interesting discussion of the 
second order effects. 

V. A Variational Method Connecting the Strong 
and Weak Coupling Limits 

There exists another possibility to improve on Pekar's product 
ansatz which has the advantage that it leads to a variational ansatz 
which is general enough to contain also the best ansatz which has 
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been used for weak coupling {16).* A disadvantage is that the spe
cial cases studied up to now do not give the full second order cor
rection of Bogoliubov and that a variational ansatz is always less 
useful for applications than a good approximation to the Hamiltonian. 

The method starts from the observation that Pekar's solution, 
which corresponds to the classical treatment of the lattice field (no 
kinetic energy of the lattice), does not have «translational»invariance. 
But the solution is highly degenerated, because the center of the 
potential well can be at any point in space. What we have to do is 
to construct a zero order approximation with the correct symmetry 
properties. 

We easily get this state vector, if we apply a projection operator, 
which selects an eigenstate of the total wave number W 

(5.1) Ψψ. = (2n)*d(W- W) == exp [i(Wr- ίΤ)Χ]ά*ΧΨ{*\ 

ψ(
ρ
Ζ) is Pekar's product state, centered at the point Z. In order to show 

that (5.1) is an eigenstate of W we apply the «translation» operator 
exp [— iWY] for the displacement Y: 

,5 . 2 , ,xp [-.rrnv - « , [ -«r ry„, pyr- w){x + r » 
• ά*ΧΨ? = exp [ - iW Υ]Ψψ' · 

A different way of writing (5.1) is 

This means that we have taken a linear combination of product states. 
Pekar's localized state can be considered as a wave packet of the 
states Ww. (which are not normalized) 

(5.3) 

(5.4) 

In order to evaluate 

(5.5) Έ = K~ 
( ¥ V , f f ¥ V ) 
(¥V '7 tfVO 

* A special case has been found independently by Tiablikov (17). 
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we define 

(5.6) Vw = 8-z 
and instead of (5.5) we have to calculate 

(5.7) JE(Tn = % ^ r 

χ follows from (5.1), (3.4), (2.11): 

(5.8) χ = [βχν[ιΨ'Χ]Ψ(Χ)· 

ρ(Κ) 
e x p [ - t K X ] 6 i d 3 X 0 o . 

If we use the formula 

(5.9) [bK, exp[2 X)bij\ = F(K, X) exp W ] 

we can eliminate all δ£ contained in 3tf (3.6) by pulling them 
through to the vacuum Φ 0 and the evaluation of (5.7) is reduced to 
some c-number integrations (16). The same is true for the more ge
neral ansatz (we consider only W = 0) 

and even for more general cases containing several integrations. But 
the calculation of the expectation value is of reasonable length only 
if all integrations but one can be done analytically. 

The mathematical aspects of Fourier-like integral representations 
of functions of the operators b^ have not been studied yet, as far as 
I know. Similar representations might be of interest in other appli
cations. 

VI. Special Cases of the Variational Ansatz (5.10) 

(a) One special case has been mentioned in Section V. I t is 
given by (TV' = 0) 

If we take for ρ and Ψ the Gaussian approximation for Pekar's product 

(5.10) 

(6.1) &{X) = Ψ(Χ) . 
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state, the expectation value of tff gives the energy 

Ε 1 3 27 

If the mass is calculated using (5.8) and (3.9), it turns out to be 
exactly half the value (2.12) following from the considerations of 
Landau and Pekar. Yamazaki has shown that (2.12) results if an 
appropriate choice for the ΤΓ'-dependence of F is made {18). 

For weak coupling (6.1) gives a bad result, it is improved much 
if a scale factor is varied, but not enough to give the correct weak 
coupling limit. 

(b) Lee, Low, and Pines (10) have studied the ansatz: 

(6.3) F(K,X)=f(K) ; 

If we expand the exponential 

(6.4) exp [2 / ( * ) « ] Φο = ( ΐ + Σ +^τΣ Λ * ι ) * t · · . ) * . 

we see that, instead of the most general case which has a function 
g(Klf K2) in the two-particle contribution, we have a «Hartree-ansatz » 
in K-space. All phonons are in the same state f(K). This shows the 
relation to Tomonaga's previous work. 

The best function f(K) is 

(6.5) f^—^wr^y 
and the expectation value of the energy 

(6.6) Ε = — g^fko . 

The same result follows, if the recoil term is split into two parts 
(Haga (19)), 

(6.7) (2 KbtbKy = Σ &*&κ + Σ (*n * * W i M h * . > 

and if the second part is neglected. The displacement 
/4π 9 (6.8) eK=bK+%Y-V K(l + JP ) 

makes the Hamiltonian diagonal and we again find for the ground 
state (6.4) with (6.5) and for the energy (6.6). 
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Several perturbation methods can be used to improve the varia
tional result. Lee, Low, and Pines got in second order (after a 
factor 2 has been corrected), 

(6.9) Ε = — g* — 0.016 g*. 

I t is interesting to note that the usual perturbation theory up 
to the fourth order gives exactly the same result (9). 

(o) The method of Lee and Pines (20) corresponds to the choice 

(6.10) F(K, X) = f(K) + i (K-X) h(K) G(X) = exp [ - σΧ%]. 

The state vector is 

(6.11) exp {2 f(K)bi K') h(K) h(Kf)bibi} Φ 0 . 

If we expand it, we have still the Hartree-like products of one particle 
states in K-space, but now there are two kinds of states available: 
s-states and ^-states. 

The expectation value for the best state of this type gives an im
provement for small coupling 

(6.12) = - α ' - 0 . 0 1 2 3 α 4 , 

but for large coupling the result (16) is still very bad (Ε ~ g*f* instead 
of </*). 

If we introduce creation and annihilation operators for spherical 
wave packets instead of the operators for plane waves, 

(6.13) Btlm =jvhl(K)Tlm(0, ψ)bi d*#, 

where Vhl is a complete and orthonormal set of real functions 

(6.14) jVUK)VKl(K)K2άΚ = δ* ; 2 T7,(JT') Vhl(K) = , 

the Lee-Low-Pines method corresponds to the use of JBo
+
o0 only and 

the Lee-Pines-method uses also # 0
+

l m . If we introduce 

(6.15) 
α + = # 0 0 0 ; βχ = ( # o i i — # o i - i ) ; 

βν = ( # o i i + # o i - l ) ; βζ = # o i o ι 
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and take only that part of the polaron Hamiltonian, which contains 
these operators, there results 

(6.16) ω ^ α + g(W<x + Wo*) + ω 2 £ β+β< + 

i - X 

i-X 

α)!, W, ω 2 , Μ being constants which depend on V00(K) and V01(K). Lee 
and Pines arrive at this Hamiltonian and solve it by replacing the 
a's by c-numbers in the products of four operators. I t is an interesting 
but unsolved question whether the strong coupling behavior is im
proved if these terms are treated in a better way. V00 and Vol have 
to be determined afterwards by variation. 

I t is easy to write down an ansatz which contains (6.1) and (6.3) 
as special cases and therefore shows the correct behavior in both 
limiting cases of strong and weak coupling. But, unfortunately, it 
turns out that in this simple way a real improvement for intermediate 
coupling is not reached (16). 

The corresponding generalization of (6.10) 
(6.17) F(K, X) = f(K) exp [ιΚ·Χζ] + iK-Xg(K) exp [%Κ-Χη], 
has a better chance to represent a simple trial state which connects 
the weak and strong coupling regions in a natural way and to give 
a ground state energy which is not higher than Feynman's result. 
I t reminds us of the idea of Lee and Pines that an ansatz containing 
s- and p-waves should be sufficient for all values of the coupling 
strength, but in (6.17) the spherical wave expansion is made in a 
different way. 

VII. Influence of a Cutoff 

In (2.1) we have made a simplification which is very convenient 
for the study of strong coupling effects, but not always allowed if 
the result are to be applied to real crystals. Because of the atomic 
structure of the lattice, the continuum approximation breaks down 
for high values of Tc. The most important change occurs in the 
interaction term which has to be supplemented by a cutoff 
function. 
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If the cutoff is effective only for very large values of k, four dif
ferent regions of the coupling strength can be distinguished: 

(a) Weak coupling region: g2 < 2. Second order perturbation 
theory and the method of Lee, Low and Pines lead to a good approx
imation, the cutoff gives only a small correction. 

(b) Intermediate coupling region: 2<<7 2 <20. Only Feynman's 
theory, the variational method discussed in § 6 and the expansions 
from the weak and strong coupling limits using at least two terms 
give some information. The cutoff is unimportant. 

(c) Strong coupling region: the adiabatic theory is a good approx
imation, the natural cutoff by the recoil effect dominates. 

(d) Gutof] region: g2 larger than the value for which Pekar's 
localized polaron has the same size as the characteristic length of the 
cutoff in the interaction. Now the recoil term becomes unimportant 
and, if a simple square cutoff at k0 is used, the ground state energy 
approaches again a behavior linear in g2 

This energy is a lower limit for all g, because the neglected contri
bution is always positive. 

When the cutoff value k0 decreases, region (d) extends to smaller 
values of the coupling constant and it might even be that (a) goes 
directly over into (d). This case corresponds to the strong coupling 
calculation of Lee and Pines. 

A « static » approximation is only reasonable in region (d), because 
the recoil term is important at smaller values of the coupling strength. 

VIII. Final Remarks 

In these lectures we have treated the calculation of the ground 
state energy and the field contribution to the mass for a simple model 
and our main interest has been to study methods which allow us to 
reach the intermediate coupling region from the limiting cases of 
weak and strong coupling. Several interesting contributions [for in
stance (21), (22)] and especially the important theory of Feynman (13) 
have not been discussed, because it would not have been possible 
to do it adequately during these short lectures. 
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At present the best numerical results at intermediate coupling 
strength have been calculated using Feynman's approach (7) which 
has not yet been formulated in the language of conventional field 
theory. Maybe the following fact is an indication that the behavior 
of the system in the intermediate coupling region is not too different 
from the usual ideas derived from perturbation theory (23). 

If we take the first two terms of a systematic expansion of E0(g) 
in powers of g2 and <jr* respectively, the curves almost meet at g2 = 8 
(the difference being only 10% of E0) and Feynman's curve is a smooth 
interpolation from one to the other. Even for the mass which usually 
is much more sensitive to the approximation method, the first two 
terms of an expansion of E0(g, W) in powers of g2 almost coincide 
with Feynman's curve up to g2 = 6.5. In most cases this region of 
the coupling strength should be sufficient for applications to polar 
crystals. Unfortunately the second term of the expansion in powers 
of j r 4 has not yet been calculated. 
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