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I. Introduction
The presence of electric charges on particles, either in suspension or in
solution, imposes certain energetic restrictions on the relative positions of
the particles in addition to the usual requirement that one particle cannot
occupy the effective volume taken up by another particle. When a fluid
containing particles distinct from those comprising the fluid itself, is subjected to shear, there is an extra dissipation of energy in proportion to the
rate of shear and to the volume fraction of suspended or dissolved particles,
1
such that the relative viscosity 77/770 can be written, according to Einstein,
as
77/770 =

1 +

2.5φ

(1)

where φ is the ratio of volume* of solute particles to the total volume of the
solution, 77 is the viscosity of the solution, and 770 that of the pure solvent
1

A. Einstein, Ann. Physik 19, 289 (1906); 34, 591 (1911).
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84

Β.

Ε. CONWAY AND Α . DOBRY-DUCLAUX

at the same temperature. It is useful to recall the assumptions on which
equation (1) is based, as this equation forms the basis of other equations in
which electrical effects are considered.
In equation (1) it is assumed that (a) the suspended particles are large
compared with solvent molecules but small compared with the dimensions
of the measuring apparatus; (b) the suspended particles are spherical,
rigid, and wetted by the solvent; (c) the suspension is sufficiently dilute
that no particle causes disturbance to the hydrodynamic flow of solvent
past another particle; (d) the effects of gravitation, and inertia and turbulence of solvent are negligible. Experimental tests of equation (1) have
2 3
been performed by Eirich et ai., ' using glass spheres and certain spherical
spores and fungi and the validity of the concentration dependence coefficient of 2.5 has been demonstrated. The analysis for the case of finite con4
centrations has been made theoretically by Guth and by Guth and Simha
5
and later by Vand who allowed for increments to the viscosity due to
hydrodynamic interaction and to doublets formed by shear-induced twobody collisions.
The following type of equation was derived
(v ~ νο)/ηοΦ = «ο + οίχφ
αο is the Einstein coefficient, and the interaction coefficient oti is found to
be 7.35. In the derivation of this equation Vand assumed that the spheres
participating in two-body collisions, rolled over each other along an arc of
a great circle on each sphere and separated when the line joining their centers was perpendicular to the direction of flow. From this mechanism, the
collision frequency, the mean life of the doublet, and hence the steady
state concentration of doublets were calculated, and allowance was made
for their contribution to the viscosity of the suspension. Direct experi6
mental measurements of this effect by Manly and Mason with pyrex glass
microspheres showed, however, that the doublet lifetime and hence the
steady state concentration were exactly twice that calculated by Vand.
This discrepancy arises since it is found experimentally that the spheres
forming doublets do not roll over one another but rotate as a unit. Allowance for this in the theory gives αχ = 10.05. Later experiments by Manly
2

F. R. Eirich, Repts. Progr. Phys. 7, 329 (1940).
F . Eirich, M. Bunzl, and H. Margaretha, Kolloid-Z. 74, 276 (1936); F. Eirich,
and O. Goldschmidt, ibid. 81, 7 (1937).
« E. Guth, Kolloid-Z. 74, 147 (1936); E. Guth and R. Simha, ibid. 74, 266 (1936);
see also H. C. Frisch and R. Simha, in "Rheology: Theory and Applications" (F. R .
Eirich, ed.), Vol. 1, Chapter 14. Academic Press, New York, 1956.
6
V. Vand, J. Phys. & Colloid Chem. 52, 277,300 (1948) ; see also T. Duclaux, Compt.
rend. 223, 836 (1946).
β R. S. J. Manley and S. G. Mason, Can. J. Chem. 32, 763 (1954).
3
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and Mason with smaller spheres than those used in their previous work
gave values of αχ = 12.7, the Einstein coefficient being in all cases close
to 2.5.
Deviation from the behaviour represented by equation (1) occurs when
4 ,8
the particles (a) are nonspherical and assymmetric, (b) interfere with
one another at high concentrations, (c) bear electric charges. Effects due
to (c) in relation to both (a) and (b) are the focus of attention in this review.
II.

S i m p l e

S t r o n g

E l e c t r o l y t e s

9

Poiseuille was the first to observe in 1847 that the viscosity of electrolytic solutions differed from that of the solvent. Further work was carried out by Arrhenius, Gruneisen, and Schneider and, more recently, ac10
curate data of Jones and Dole were shown to be represented by an equation
of the form

η = o[l + AVc + (A - B)c + · · ·]
2

V

(2)

where A is zero for nonelectrolytes and positive for all strong electrolytes,
and Β can be positive or negative but is negative for most salts.
Rearranging equation (2) gives the reduced specific viscosity
( η / η ο)

c

~

1

= constant + A/Vc,

(3)

so that, at low concentrations, the relative contribution of the ions to the
viscosity of the solution decreases with increasing concentration, as shown
in Fig. 1.
The theory of viscosity of simple electrolytes was first considered by
11
12
Falkenhagen and Falkenhagen and Dole and developed in a general form
13
by Onsager and Fuoss. It is convenient to summarize the basis of this
theory, since the factors giving rise to a concentration-dependent reduced
viscosity for simple electrolytes are essentially similar to those which determine the electrical contribution to the viscosity of electrically charged
particles of colloidal dimensions.
In any solution of charged particles there are nonuniform zones of distribution of charges, and in an ionic solution each ion is surrounded by
an atmosphere of ions having a net charge of opposite sign to that of the
7

R. S. J. Manley, antd S. G. Mason, J . Colloid Sei. 1 , 354 (1952).
Η. B. Bull, Trans. Faraday Soc. 3 6 , 80 (1940).
J. L. M. Poiseuille, / . chim. phys. 2 1 , [3], 76 (1847).
10
G. Jones and M. Dole, J . Am. Chem. Soc. 5 1 , 2950 (1929).
11
H. Falkenhagen, Physik Ζ. 3 0 , 611 (1929).
12
Η. Falkenhagen and M . Dole, Ζ. physik. Chem. (Leipzig) B 6 , 159 (1929).
13
L. Onsager and R. M. Fuoss, / . Phys. Chem. 3 6 , 2689 (1932).

8

9
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FIG. 1 . Reduced viscosity of electrolyte solutions as a function of concentration
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solution gives rise to dissipation of extra energy in the solution.
unperturbed fluid, the ionic atmosphere has spherical symmetry
effective radius of l/κ where
\lO0OekT V

%%

)

and e is the electronic charge, NA Avogadro's number, e the dielectric constant of the solution, and other terms have their usual significance. In a
velocity gradient of dvr/dy, where vx is a velocity in the direction of the
z-coordinate and y is the direction across which the gradient exists, a stationary net deformation of the ionic atmosphere will prevail depending
on the rates of deformation and relaxation. If the relaxation time of the
ionic atmosphere is r, a stationary deformation r(dvx/dy) will prevail.
2
Now r = pi/K kT where p 4 is the frictional coefficient of an ion i, so that
the average deformation will be
Pi(dvx/dy)
2
K kT *
The forces between two ions of charge β at a distance l/κ are e V / e and
the total transfer of force between the ion and its atmosphere is l/κ times
this force, that is, A / T h e order of magnitude of the stress transferred
between the ion and its atmosphere is then this transfer of force multiplied
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by the displacement of the ionic atmosphere, that is,
epi
s t r e ss

(dvx\

- 5br

\dj)

which gives, upon substituting the value of κ, the electrostatic contribution to the stress as
stress ~ Kpi

(4)

or from the more rigorous general treatment,
S t r e S

(5)

=48^ (ί)
ΚΡί

Defining viscosity as stress transferred per unit velocity gradient leads to
the electrostatic contribution to viscosity of the solution as
Ve

=

/ φ ; / 4 8 0 7 Γ

(6)

10

which is the behavior found experimentally at low concentrations, since
κ is proportional to the square root of the ionic strength. The above is
essentially the simplest case of an electroviscous effect.
III.

E l e c t r o v i s c o u s

Effects

w i t h

I m p e r m e a b l e

M a c r o m o l e c u l a r

Particles

The hydrodynamic behavior of spherical particles of colloidal dimensions
has been discussed with reference to equation (1). When the colloidal particles carry electrical charges, as is usually the case in practice, there is a
distribution of gegen-ions about the particle in the same way as with simple
electrolytes. The distortion of this ionic atmosphere gives rise to an electrostatic contribution to the viscosity of the suspension having, in principle, the same origin as in the case of simple electrolyte solutions.
The electrostatic contribution to viscosity (the so-called electroviscous
effect) of charged colloidal particles was first examined by von Smoluchow14
sky in 1916, who extended the Einstein equation to allow for electrical
effects in a flowing solution of charged spherical particles and gave the
following equation, without derivation, for the viscosity η of such a suspension
η = ηο
where ηο is the viscosity of the solvent, e its dielectric constant, λ the specific
14
conductivity of the suspension, * a the radius of the particles (assumed
" M. von Smoluchowsky, Kolloid-Z. 1 8 , 190 (1916).
Ha T û e relevant conductivity to be used here is somewhat obscure. Near the col-
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spherical), ξ the electrokinetic potential, and φ the volume fraction of
solute in the suspension. The derivation of the above equation, except for
2
a numerical factor of 1.5 in the numerator of the coefficient of (fe/27r) ,
15
was first given by Krasny-Ergen in 1936. Both equations are derived on
the assumption that the particles are sufficiently far away from one another, i.e., in dilute solutions, so that no mutual interaction of double layers
occurs.
By comparison with equation (1), it is seen from equation (7) that the
increase of viscosity over that of the solvent, on account of electrical forces,
is
2.5φ
2
λα

2

Since the f-potential at an interface diminishes with increase of ionic
strength, whilst λ increases, the electrical contribution to the viscosity of
the suspension must decrease with added salts. The qualitative observation of this behaviour originally gave rise to the term "electroviscous effect"
in work on colloidal solutions of natural substances, such as that of Kruyt
1β
in 1921 and later in a series of researches by Bungenberg de Jong et αΖ.,
17
18
Loeb, and Hammarsten. However, it is doubtful if the class of substances examined in their work was that to which the classical theory of
von Smoluchowsky could be applied.
The electroviscous effect of von Smoluchowsky arises on account of displacement in a velocity gradient, of the effective center of gravity of the
gegen-ions in the double layer from a point coincident with the center of
gravity of the spherical colloidal particle. During flow, the equilibrium
spherical symmetry of the double layer is distorted and gives rise to extra
dissipation of energy because of the disturbance of the electrical interaction
between the ions in the double layer and charges on the surface of the
colloidal particle. The displacement of the ionic atmosphere can be regarded
as giving rise to local electric currents of an electrophoretic type, leading
loidal particles the conductivity may not have the same value as the mean over the
whole solution, because of the nonuniform ionic concentration in the double layers
of the particles; see also p. 95.
15
W. Krasny-Ergen, Kolloid-Z. 74, 172 (1936).
16

H. R. Kruyt and H. G. Bungenberg de Jong, Ζ. physik Chem. (Leipzig) 100, 250

(1921); Kolloidchem. Beih. 27, 1(1928); for gum arabic see H. R. Kruyt and H. J. C.
Tendeloo, Kolloidchem. Beih. 29, 396 (1929); for starch see H. G. Bungenberg de
Jong, Ree. trav. chim. 43,189 (1924) ; for sodium thymonucleate see ibid. 31, 89 (1930) ;
H. G. Bungenberg de Jong and N . F. De Vries, ibid. 49, 658 (1950).
17
J. Loeb, "Proteins and the theory of colloidal behaviour," McGraw-Hill, New
York, 1922.
18
E. Hammarsten, Biochem. Z. 144, 383 (1924).
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to extra dissipation of energy and hence to an augmentation of viscosity
of the solution. Examination of equation (7) shows that a measurable electroviscous effect would not be expected unless the particles were very
6
small, of the order of 5 X 10~ cm. in radius. This limitation necessarily
conflicts with the assumption made in the derivation of the equation, that
the effective thickness of the double layer is small compared with the radius
of the central colloidal particle. With particles of this size, the assumptions
of the theory are only met if the ionic strength is greater than approximately 0.01, which imposes severe experimental limitations. The limitations of particle size were for a long time an obstacle to the verification of
the classical equations for the electroviscous effect. Particles of 500 A
could not, at that time, be seen directly, and independent knowledge of
their dimensions and symmetry was not available. Use of concentrated
solutions, where the electroviscous effects might more easily be examined,
is excluded by the requirements in the development of the theory that no
overlapping or interaction of double-layers of neighboring particles should
occur.
A number of improvements on the von Smoluchowsky-Krasny-Ergen theory have been made in more recent years. The classical theory was limited in
that calculations were made for a relatively noncurved double layer, and
also no account was taken of the reciprocal action of the cataphoretic
13
potential upon the macroscopic flow of the liquid, which approximation
19
is valid only if the solution is a good conductor. Finkelstein and Cursin
developed the theory of the first electroviscous effect by allowing for (i)
the diffuse distribution of ions in the ionic atmosphere of the colloidal
particle, (ii) the curvature of the double layer, and (iii) the reciprocal
effect of the cataphoretic potential on the flow of the liquid. The disturbance
of ideal flow behaviour on account of Brownian motion of the particle was
not considered. Other assumptions common to the Einstein and von Smoluchowsky treatments were accepted. By integration of the Poisson-Boltzmann equation by a method of successive approximations, the following
essential result for the viscosity of the charged suspension was obtained:
(8)
where ρ is the mean frictional coefficient of the ions, κ the Debye-Hückel
reciprocal thickness of the double layer, and ze the charge on the colloidal
particle. Substituting the value
2

f = ze/etcd"
19

Β. N. Finkelstein and M. P. Cursin, Acta Physicochim. U.R.S.S. 17, 1 (1942).
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gives
V = Voll + 2.5φ 1 +1 n—·
oc
25

2

11

τ(κα) Μη0])

(9)

Numerical comparison between the predictions of equations (9) and (7)
under the same conditions of ionic concentration, temperature, and ξ
potential, indicates that equation (9) gives an electroviscous contribution
about five times that given by equation (7).
The most useful and satisfactory calculations of the first electroviscous
20
effect have been made by Booth without the limiting assumption made by
von Smoluchowsky that the double layer is thin compared with the radius
of the central particle. The Einstein equation is developed as a power
series of the charge Q on the particle as

and an is the coefficient of the nth term in Q. Since Q can be expressed in
terms of f, the following general equation is obtained
(11)
where bn is now the coefficient of the nth term in eÇ/kT. Evaluation of the
general equation (11) in terms of ionic and solution parameters was made
21
using the method of Fröhlich and Sack in which is determined the coefficient of viscosity which a volume of uniform fluid would have, if it exhibited the same stress-strain relationships at the surface of a representative
spherical volume of solution (much greater in radius than that of the colloidal particle) as would a similar volume of the actual suspension.
2 1a
The usual hydrodynamic assumptions are made: inertia terms are
neglected and there is no turbulence; also it is assumed that there is no
slip and the liquid is incompressible. The following assumptions are made
about conditions at the solid-solution interface, (i) The thickness of the
2 1b
surface phase containing the surface charge is very much less than the
radius of the particle, (ii) Ions or charges in the surface phase are immobile,
i.e., cannot move laterally across the surface. This assumption is probably
only valid for proteins where there is definite localization of ionogenic
20

F. Booth, Proc. Roy. Soc. A203, 533 (1950).
H. Fröhlich and R. Sack, Proc. Roy. Soc. A185, 415 (1946).
2 1a
Compare D. C. Henry, ibid. A133, 106 (1931).
2 1b
The term "surface phase" is denned here as the region near the interface of
the particle, which contains the charge. It must presumably be identified with that
part of the particle contained in the region corresponding to the outermost 2-3 Â
of the radius of the particle.
21
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sites, or for particles where surface heterogeneity leads to localisation of
adsorption of ions at certain sites, (iii) The surface charge density at any
point remains fixed and unchanged when the electrolyte solution moves,
(iv) The potential difference across the surface phase is also unaffected by
motion in the liquid, (v) The average distance between the colloidal particles is much greater than the double layer thickness, so that no interaction
of double layers (cf. Section V) can occur. No restrictions are placed, however, on the effective radius of the double layer compared with that of the
colloidal particle, (vi) The particles are nonconducting spheres. Mathe20
matical development of equation (11) leads to
η = ηο{1 + 2.5φ[1 + q*{et/kT)Z(]b).(l

2

+ b) ]}

(12)

where
i

q* = ekT Σ
ι

§
n

x

i
2

i zïu~l / η0β Σ n&i
/
ι

in which u% is the ionic mobility of the ions of type i, and b = κα, where κ
is the reciprocal double layer thickness as defined previously and a is the
radius of the colloidal particle. Ζ(b) is a function of b evaluated numerically
and two useful limiting conditions can be formulated: when b is small
200ττ6
4

3200TT

and when b is large Z(b) = |π6 . For a given charge or potential, when b
is small, the electrostatic contribution to the viscosity increases approxi_1
mately as 6 . The more diffuse the double layer (that is, l/κ is large) the
more is the expected distortion since the double layer then extends into
relatively faster flowing regions of the solution; the electroviscous effect is
then larger. When b is large (thin double layer), the electrostatic contribution to the overall viscosity tends to zero, since the double layer charge is
concentrated near the ion and suffers little distortion because the relative
velocity of the flowing fluid near the ions is small. Booth points out that
this situation is in contradiction to the classical theories since they apply
specifically to thin double layers and predict considerable electroviscous
effects for this case. The discrepancy arises from two inadequate assumptions in Krasny-Ergen's theory: (i) The distortion of the initially spherically
symmetric double-layer field by the flow of solution causes local electric
currents in the electrolyte. In the calculation of the electric energy dissipated in this process the contribution from diffusion due to gradients of
chemical potential in addition to those of electrical potential, was neglected,
(ii) There is an inconsistency between the equation for the distortion ( Δ ^ )
of the potential corresponding to the distortion of the initially spherically
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symmetric field, and the boundary conditions for the derivative of
with
respect to distance from the center of the colloidal particle. The important
difference between Booth's theory and earlier theories is that a much
lower magnitude of the electroviscous effect is predicted, which is more in
accord with experiment (see below).
IV. Comparison of Theory and Experiment for the First Electroviscous Effect
The first attempt at a direct comparison between theoretical predictions
of the von Smoluchowsky-Krasny-Ergen theory and experimental data
8
was made by Bull who attributed the change of viscosity of protein solutions with degree of ionization of the protein, to electroviscous effects.
Using ovalbumin, Bull found an electroviscous effect whicf varied with
the apparent f-potential at concentrations of less than 1% protein in
aqueous solution, but its magnitude was some 90 times less than that predicted by the theory. The protein used by Bull did not completely fulfill
the requirements of the classical theory of the electroviscous effect. For
example, ovalbumin is not spherical but ellipsoidal with an axial ratio of
about 3.5:1; and the Einstein equation does not hold, as is experimentally
observed; also, only in the presence of a considerable concentration of
neutral salt, will the double layer thickness be less than the "radius" of
the protein molecule, as required theoretically. Despite these limitations,
the discrepancy between experiment and theory is probably significant.
Comparison with the behavior predicted by Booth's theory is more relevant,
since here the limitation due to relative double layer thickness is absent.
Again, direct comparison is not possible since Bull's data are given in
terms of specific conductivity of the whole solution whereas Booth's equation requires knowledge of the individual mobilities of all ions present.
However, if all mobilities are assumed equal, as an approximation, a comparison is possible. Booth's equation then becomes
, - „ { l + 5.2* [ l + X-L

(g)*

+ byZ(b)]}

(13)

which differs from that given by the classical theories by the factor

||Λ ·(Ι
2

+bfZ(b)

in the electroviscosity term. The numerical term (5.2/2.5) arises since Bull
found at the isoelectric point that η = ηο (1 + 5.2φ) instead of the Einstein
form η = 77o (1 + 2.5φ). The difference in the coefficient of φ arises because
ovalbumin is anisometric. Table I gives the electrostatic contributions to
viscosity of the albumin solution calculated from the equations of Booth
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TABLE

I

CALCULATED AND OBSERVED VALUES OF THE ELECTROVISCOUS
EFFECT (17«) WITH OVALBUMIN

pH
No NaCl
5.25
6.62
7.72
9.65
10.20
10.85
11.16
With 0.01 Ν NaCl
5.71
7.38
8.82
10.60

Parameter "b»

0

^

0.0186
0.00135
0.00594
0.0504
0.1661
0.3570
0.501

0.6
2.9
3.9
4.6
4.3
3.2
2.5

0.7892
0.7892
0.7892
0.8333

0.4
0.6
0.5
0.3

Krasny'-Ergen
60
543
934
1299
1126
645
424
1.44
37.3
103.5
90.8

ßZh
0.01
0.02
0.02
0.2
0.8
1.4
1.55
0.1
0.3
0.75
0.7

and Krasny-Ergen, and compared with experiment. It is seen from Table I
that the agreement between experimental results and the figures predicted
by Booth's equation is much better than that obtained when comparison
is made with the results from the classical theory, particularly at higher pH
or in the presence of salt. Some errors in the " 6 " values used in the equation occur on account of uncertainties in the ionic composition and concentration of Bull's suspensions. If allowance could be made for the un20
certain factors better agreement with experiment would be obtained.
Thus, in the salt-containing solutions, where the ionic composition and
concentration are more exactly defined, better agreement is obtained.
Allowance must also be made for the fact that the protein is asymmetric.
The theory is a striking improvement over the classical theories.
The second attempt at verification of the von Smoluchowsky-Krasny22
2 3 , 24
Ergen theory was made by Briggs and Briggs et α Ζ .
using gum arabic,
sodium caseinate, and 0-lactoglobulin. If, in equation (7), f, ηο, and λ are
made to vary, whereas φ and a are kept constant, it should be possible
from measured values of f, η and λ to test the accuracy of equation (7) by
2
plotting Ι/η against ζ /λ(η — ηο). If equation (7) is correct in form, a
straight line will be obtained, whose intercept on the l/η axis will give
l/Κφ (where Κ is the constant 2.5 in the Einstein equation) and from whose
slope the radius of the particle can be calculated if a value of the effective
22
23
24

D. R. Briggs, / . Phys. Chem. 4 5 , 866 (1941).
C. R. Hankinson and D . R. Briggs, J. Phys. Chem. 4 5 , 943 (1941).
D. R. Briggs and M. Hanig,
Phys. Chem. 4 8 , 1 (1941).
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24

dielectric constant * of the solution is assumed. The treatment here assumes that the volume fraction of solute is constant with varying salt
content. Experimentally, with gum arabic, approximately straight lines
are obtained for the above plots at zero or low salt content of the solution,
but at higher concentrations deviations from linearity occur. Values of
l/Κφ vary, however, with concentration of colloid and with salt concentration and the apparent radius decreases as the colloid and/or salt concentration increases.
Similar effects are found with sodium caseinate. With ß-lactoglobulin,
Κφ is constant with varying pH and salt content indicating, for this substance, a relatively constant effective volume compared with that exhibited
by gum arabic or sodium caseinate. The change in viscosity of ß-lactoglobulin is thus primarily due to the first electroviscous effect and not due to
change in effective volume of the colloid. Qualitatively, therefore, for proteins which approximately meet the conditions for applicability of the
classical theories, agreement between the form of the experimental and
theoretical results is found ; but, numerically, predictions from the classical
theories are much larger than those found experimentally. Tests of the
theories using gum arabic or sodium caseinate (which exhibits non-Newtonian viscosity at relatively low concentrations) are probably without any
justification as the morphology of colloids of this kind in solution does not
approach that assumed in the theories being examined. Gum arabic and
sodium caseinate are more related to the thread-like polyelectrolytes discussed in a subsequent section. It is of interest that the qualitative con26
clusions of Brigg's work anticipated those given later by Fuoss et al.
using well characterized synthetic polyelectrolytes, although salt effects
on the viscosity of sodium polyacrylate had been observed previously by
27
Kern.
The limitations of the use of hydrophilic colloids illustrate a general
difficulty in testing the theories of the electroviscous effect. It is difficult to
find an aqueous suspension which satisfies simultaneously all the conditions
required by the present theories, viz., that the particles must be (i) spher2 4a

Allowance for field effects on the dielectric constant of the solution in the electric double layer at an interface, due to dielectric saturation have been calculated by
25
Conway et al. for a number of conditions of interfacial potential difference and
ionic strength.
25

Β. E. Conway, J. O'M. Bokris and I. A. Ammar, Trans. Faraday Soc. 47, 756

(1951).
26

R. M. Fuoss and U. P. Strauss, Ann. Ν. Y. Acad. Sei. 51, 836, (1949) ; / . Polymer

Sei. 3, 602 (1948).
27

W. Kern, Z. physik. Chem. (Leipzig) A181, 249 (1938); A181, 283 (1938); Angew.
Chem. 51, 566 (1938).
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2 7a

ical, (ii) insulating, (iii) insoluble, (iv) rigid, (v) unable to swell, (vi)
stable over a period of time and in the presence of electrolytes, (vii) with a
5
radius less than 1 X 10~ cm., and also meet the other conditions listed on
pp. 84 and 90.
The first attempt to examine the applicability of the von SmoluchowskyKrasny-Ergen theory with suspensions designed to meet the above re28
quirements more satisfactorily was made by Dobry, using a suspension of
6
spherical nitrocellulose particles of average diameter 3 X 10~ cm. in water.
The particles were charged only because of adsorption of ions. Dobry was
unable to verify the von Smoluchowsky effect and suggested possible
causes for the discrepancy, e.g., the uncertainty in calculation of the
f-potential from electrophoretic mobilities using the macroscopic value of
the dielectric constant of water (cf. reference 25 and p. 94) and the fact
that it is not clear in the classical theory exactly to what part of the solution
the specific conductivitx term (cf. p. 87) should refer, i.e., to the whole sus28
pension or the liquid immediately surrounding the particles. Dobry has
also pointed out the limited validity of Stokes' law for charged particles
bearing double layers.
29
Further work has been carried out by Dobry using silicon carbide particles and, although a decrease of viscosity of the suspension by added KCl
was observed, the classical equation was not found to be applicable. Work
on an aged sample 13 years old and of high purity gave a diminished electroviscous effect. However, when carrying an adsorbed monolayer of silicic
acid, the suspension exhibited an electroviscous effect which, contrary to
22 2
the von Smoluchowsky theory and the findings of Briggs et al. - * with
0-lactoglobulin, depended on the logarithm of the solution conductivity and
not on the conductivity. Such a system is complex and probably does not
meet the assumptions of the theory. Further work has been carried out
30
with hydrophobic suspensions of carbon-black by Donnet and with Agi
l
by Overbeek et aÜ The dependence of the "constant" Κ in the Einstein
equation upon dielectric constant of the medium has been examined by
32
Donnet and Marquier by addition of ethanol to aqueous suspensions and
by raising the temperature. Experiments such as these are not definitive
2 7a

Modern electron-micrographic techniques enable experiments to be made in
order to examine if particles in suspensions fulfill this condition, particularly in the
case of inorganic hydrophobic sols.
28
A. Dobry, / . Chim. Phys. 4 7 , 402 (1950); 5 2 , 814 (1955).
29
A. Dobry,
chim. phys. 4 8 , 28 (1951).
30
J. B. Donnet, Compt. rend. 2 4 2 , 1169 (1956).
31
G. J. Harmsen, J. V. Schooten and J. Th. G. Overbeek,
Colloid Sei. 8 , 64, 72
(1953).
32
J. B. Donnet and P. Marquier, Compt. rend. 2 4 2 , 771, 1042 (1956).
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of a direct relationship to the dielectric constant of the suspension, since
3 3 , 34
simultaneous alterations of the microscopic structure of water
by
ethanol addition or increase of temperature, although related to change of
the dielectric constant, are unavoidable.
35
Later work by Dobry with five suspensions of spherical ionized particles
indicated apparent applicability of the classical theory only when the thickness of the double layer was of the same order as the radius of the particle.
15
Since this is not the condition assumed in the derivation of the equation,
the results of Dobry again throw doubt on the validity of equation (7).
36
Other work has been done using hydrated thorium oxide.
V. The Second Electroviscous Effect
In the derivation of equations to represent the first electroviscous effect,
it has been assumed that the particles are on the average much further
apart than twice the effective radius of the ionic atmospheres of the particles. When this condition is not fulfilled and overlapping of double layers
occurs at relatively high concentrations of colloid, an enhancement of viscosity due to electrical repulsion of the double layers occurs and was first
31
examined by Harmsen and co-workers using Agi sols and also observed
35
by Dobry in suspensions of ferric hydroxide, gamboge, and particles of a
copolymer of crotonic acid and vinyl acetate. This effect, designated as the
second electroviscous effect, increases in proportion to the square of the
particle concentration, thereby confirming its origin as due to particle
interaction, and increases, at constant colloid concentration, with decrease
of ionic strength, since under these conditions the effective radius of the
double layers increases and interaction by overlapping of double layers is
therefore more probable.
The effect arises as follows: in the range of high concentrations of colloid,
the particles in the flowing liquid, e.g., A and Β in Fig. 2, have to pass one
another. This is only possible if the particles are also displaced in a direction
perpendicular to the lines of flow of the liquid. The displacement has been
37
calculated in the case of uncharged particles by Vand and Duclaux and
causes an extra dissipation of energy. Since the effect depends on the frequency of near encounters between particles, the extra viscosity is proportional to the second and higher powers of the concentration, i.e., the Einstein
constant apparently varies with concentration, Fig. 3. When the particles
33

J. D . Bernai and R. H. Fowler, J. Chem. Phys. 1, 515 (1933).
Β. E. Conway and J. O'M. Bockris, "Modern Aspects of Electrochemistry''
(J. O'M. Bockris, ed.), Chapter 2. Academic Press, New York, 1954.
36
A. Dobry,
chim. phys. 5 2 , 809 (1955).
36
A. Dobry, / . chim. phys. 5 0 , 507 (1953).
37
V. Vand, J. Phys. & Colloid Chem. 5 2 , 277, 300 (1948); T. Duclaux, Compt. rend.
2 2 3 , 836 (1946).
34
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FIG. 2 . Approach of two spheres, illustrating origin of the second electroviscous effect

φ (in % )
FIG. 3. Apparent dependence of the Einstein coefficient Κ upon volume fraction φ
of Agi in dilute nitric acid. Key: 1, 0.035 mg. ion per liter of hydrogen ions; 2, 0.12;
91
8 0.49; 4, 2.3; 5, 15.0; 6, 39.0. From Harmsen et al.

are charged, the extra displacements will occur over a distance of the
order of the radius of the ionic atmosphere of the particles. The electroviscous effect due to the double layer interaction will thus be relatively
greater and more easily observed when the double layer thickness is greater
than or equal to the particle radius. The effect is thus particularly strong
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35

with small particles, and low ionic strengths will therefore favor the près
ence of the second electroviscous effect.
With Agi sols exhibiting the second electroviscous effect, non-Newtonian
31
31
behavior is also observed. This is explained as follows: the displacement
of the particles in passing one another is due to repulsion and the total
displacement will be less, the more rapidly the particles pass. Consequently,
at high rates of shear the extra dissipation of energy, and hence the enhanced viscosity, will be smaller.
VI. Electroviscous Effects in the Close Approach of Macroscopic
Bodies and in Sedimentation
A number of phenomena arise when macroscopic bodies approach each
6
other closely (i.e., to within about 5 X 10~ cm.), e.g., two parallel plates,
or a sphere and a plate. Also in narrow capillaries hydrodynamic properties
38
of liquids, particularly if they are ionic solutions, are anomalous.
The rate of approach of a sphere under gravity towards a plate or the
rate of approach of two parallel plates is very slow at the above distances
of separation and is experimentally found to be much slower in electrolyte
solutions, an effect which diminishes with increasing ionic strength. These
effects are due to the electrical contributions to the viscosity of the medium
between the plates. These contributions become greater when bodies approach each other more closely and interaction of their double layers occurs.
The origin of the effect is thus, in principle, similar to that giving the second
electroviscous effect.
39
For the close approach of two parallel plates at a separation of 21, Elton
has calculated the apparent viscosity ηα of the medium between the plates,
which differs from the normal macroscopic viscosity of the medium on
account of electrical interaction between the double layers of the surfaces
in close proximity.
Denoting by η the normal viscosity of the medium, by f the zeta potential at the phase boundary and by κ the reciprocal radius of the double layer,
the apparent viscosity between the plates is
^
or, when

=

"

+

a

3 l a

- '

C

+

K e

Î

" "

)

)( 1 4

κ,
η

α

=

ν

+

Μ τ >

)

where e is the dielectric constant and λ the specific conductance of the
38 M. Terzaghi,
Rheology 2, 253 (1931); J. Macaulay, Nature 138, 587 (1936).
39
G. A. H. Elton, Proc. Roy. Soc. A194, 239, 275 (1948).
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solution. Equation (14) is derived by obtaining the distribution of potential
between the plates for a uni-uni valent electrolyte and integrating the
Poisson-Boltzmann equation for the boundary conditions appropriate to
the model.
Similar effects are operative in sedimentation of charged particles. Elton
40
has calculated the apparent viscosity ηα of a suspension of spherical particles of radius a and finds that
(16)
which, at small values of f, reduces to
2 ,.2 3
Va

=

V

+

M ^

)

where Ci is the ionic concentration, e the dielectric constant, η is the number
of particles per c c , and other symbols have their previous significance.
Use of equations (16) or (17) to obtain rates of sedimentation of colloidal
carborundum at various ionic strengths gives moderate agreement with
40
experiment.
VII. The Third Electroviscous Effect
1.

E L E C T R I C A L F R E E E N E R G Y A N D V I S C O S I T Y OF P O L Y E L E C T R O L Y T E S

The third electroviscous effect arises on account of the change of shape
of polymeric colloidal particles in solution when their electrical free energy
is changed by ionization and the presence of neutral salts. The problem of
the form of nonelectrolytic polymers in solution can be treated in terms of
a statistical model in which there is an almost random distribution of seg41
ments of a size characteristic of the polymer molecule. Such a treatment
leads to the concept of a statistical coil as representing the configuration of
the polymer in solution, the average dimensions of the coil being dependent
on the polymer-solvent interaction, the size of the statistical links, or segments and their number in the whole molecule and any specific intramolecular interactions (e.g. hydrogen-bonds) in the polymer.
If the polymeric molecule can undergo ionization, e.g., by reaction with
a base or by reaction with some other ion-producing substance—as in the
quaternization of polyvinylpyridine by butyl bromide—electrostatic repulsion between the like charges introduced on the polymer chain modifies
the partial molar free energy of the polymer in solution.
If the average radius of the charged statistical coil (assumed approxi40 G. A. H. Elton, Proc. Roy. Soc. A197, 568 (1949).
« W. Kuhn, Kolloid-Z. 68, 2 (1934); 76, 258 (1936).
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mately spherical at low degrees of ionization of the polymer) is R, and h
is the mean end-to-end distance in the coil,
2

Ä = V^NA\\

2

+

2

(h /NA )}

which can be written as
2

Ä = Hah

2

2

+ h)

2

where h0 is the square of the end-to-end distance in the uncharged polymer
2
coil and is equal to ΝA , and Ν is the number of statistical elements of
length A. The probability of finding an end-to-end distance between the
values h and h + dh in the statistical coil when h « ΝΑ, the maximum
42
extension, is then given in the theory of Hermans and Overbeek in terms
of the electrical free energy Ge of the molecule, as a distribution function

and the mean square end-to-end distance in the charged polymer is then
/ h* exp
Jo
/

2

h exp

"

2

3Λ

Ge"
•dh
RT

2NA

'

2

3Λ

L

2NA

2

RT_

(19)

•dh

This function indicates a higher average of h as the electrical free energy
change in going from the uncharged to the charged form of the polymer
becomes numerically larger. The average extension of the polymer therefore increases as the electrical repulsion energy becomes larger, i.e., as the
degree of ionization increases at constant ionic strength. Ge is calculated by
42
Hermans and Overbeek using the Poisson-Boltzmann equation and has
the form
Ge = (3zV/5eÄ)(l + 0.6

KR +

0.4

2 2

K R )~\

(20)

where κ is the Debye-Hückel reciprocal radius of the ionic atmosphere, and
ze is the charge on the polyion. The calculation for Ge is based on either a
spherically symmetric continuous uniform charge distribution or a Gaussian
one in the statistical coil but either assumption leads to essentially the
same result. The spatial redistribution of small gegen ions in the polyion
coil which necessarily occurs in the charging of the polyion is assumed not
to contribute to the free energy term.
Introduction of the average end-to-end length, in terms of Ge, into the
2
expression for R leads to
42

J. J. Hermans and J. Th. G. Overbeek, Ree. trav. chim. 67, 761 (1948).
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2

3 (y* - 2) = β (1 + 1.2KR + 1.2K R )
2
2
2 2
3 (1 + 0.6/cÄ + 0.4/c Ä )
* (y - 1)

k ;

where 2/ is a dimensionless parameter equal to 6R/ho\/5 and
18
ii_
3 2
5 ' ' deTK
ο
Two limiting results arise from equation (21): (i) At high ionic strength
2
2
2
ho , that is, the value for the uncharged coil, (ii) At
j / = 2 and R =
ionic strength approaching zero
β

Ay*-2)
2

z

when t/ > 2, that is, h > ho, the equation can be written y = 0/3. In
43
other words, it becomes identical with that given by Katchalsky and Gillis.
By solving equation (21) (e.g., graphically), R can be obtained and related to the viscosity of the polymer solution using the theory of Debye
44
and Bueche which gives for the intrinsic viscosity [η] of the solution
[η] = VT*-#f/mn*,

(22)

where m is the mass of the monomer, / its frictional constant and ηο, the
viscosity of the solvent.
The above treatment by Hermans and Overbeek is limited to small
degrees of ionization for which the increase of extension relative to that
of the uncharged polymer is small, and also because the Debye-Hückel
approximation is used, so that values of electric potential inside or outside
the polymer coil must be small.
At high degrees of charging (and hence extension) the assumptions of
spherical symmetry and of the Debye-Hückel approximation break down
and the above result becomes invalid. The statistics of the stretched flexible
45
chain were considered by Kuhn and co-workers who derived Ge for less
limiting conditions, obtaining
2

Ge = ( Λ Μ ) [ 1 + In (h*/NA*)]

(23)

at infinite dilution of the polymeric ions and for the absence of added salts.
46
For finite ion concentrations, equation (23) becomes approximately
Ge = (zV/eh)[l

2

+ In (Μ/κΝΑ )]

(24)

A. Katchalsky and J. Gillis, Proc. Intern. Conf. Macromolecules, Amsterdam,
p. 277 (1949).
44
P. Debye and A. M. Bueche, / . Chem. Phys. 16, 573 (1948).
46
W. Kuhn, Ο. Künzle, and A. Katchalsky, Helv. Chim. Acta 31, 1994 (1948).
46
0 . Künzle, Ree. trav. chim. 68, 699 (1949).
48
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2

from which h follows from equation ( 1 9 ) . Thus, the essential result follows
that the extension is determined both by the net charge and the ionic
strength (through the term in κ). Since the viscosity of a suspension of
particles is determined in part by the anisometry of the particles, a new
electroviscous effect will appear on account of the dependence of dimensions of the particles on ze (the net charge) and on κ, and hence on degree
of ionization of the polymer and on neutral salt concentration. Other
4 7 - 51
more detailed treatments of the above problem have been given
(cf.
52
also reference ) and consist in refinements of the general theory.

200

C

g.m.
100

FIG. 4. Reduced specific viscosity of sodium polyacrylate and apparent degree of
27
dissociation a . From Kern.
2.

E X P E R I M E N T A L B A S I S OF T H E T H I R D ELECTROVISCOUS E F F E C T

Experimental demonstration of an electroviscous effect with substances
apparently having the nature of polyelectrolytes was first made in the
16
work of Kruyt and Bungenberg de Jong though the effect was not recognized as a special property of polyelectrolytes, as the materials used by
these workers had not been well characterized. The first observation of
the third type of electroviscous effect with well defined material was by
53
Staudinger, using polyacrylic acid. This type was later studied in more
47
48
49
60
61
52
53

S. Lifson and A. Katchalsky, J. Polymer Sei. 13, 43 (1954).
Κ. Susuki, Busseiron Kenkyu 25, 77 (1950).
T. L. Hill, J. Chem. Phys. 20, 1173 (1952).
G. Kimball, M. Cutler, and H. Samelson, J. Phys. Chem. 56, 57 (1952).
T. Osawa and N. Imai, J. Polymer Sei. 13, 93 (1954).
P. J. Flory, J. Phys. Chem. 58, 653 (1954).
H. Staudinger, Ber. 64 , 2095 (1931).
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FIG. 5. Intrinsic viscosity [η] of polymethacrylic acid in hydrochloric acid solu3
tion (2·10~ M) as a function of degree of polymerization [D.P,]. From Katchal55
sky.
2 7 , 54

detail by K e r n ,
who showed that the viscosity depended both on the
degree of polymerization and on the apparent degree of dissociation (α')
of the carboxylic groups in the polymer, as shown in Fig. 4. The uncoiling
due to ionization predicted by the theories discussed above was indirectly
55
demonstrated in experimental work by Katchalsky. For unionized polymethacrylic acid the relation between intrinsic viscosity [η] and molecular
a
weight is [η] = KM , where Κ is a constant and a is approximately 0.5,
corresponding to unstretched statistical coils. The demonstration of this
relation is given in Fig. 5. When the degree of ionization (a) exceeds 0.2,
the exponent a increases progressively until at pH = 6 (a = 0.4) it reaches
a limiting value of 2, and the condition 0.5 < a < 2 when 2.7 < pH <
6.0 is found for polymethacrylic acid (see Fig. 6). Thus, for a sample of
given molecular weight, a increases with a, and hence [τ;] and the average
molecular extension increase. This conclusion is substantiated by measurements on streaming birefringence, e.g., of poly-4-vinyl-V-butylpyridinium
56
bromide, which is greatly in excess of the very small birefringence of
the uncharged poly-4-vinyl pyridine, presumably because the polyion is more
extended than the neutral polymer. Addition of neutral salt (for example,
1% KBr to a 0.2% polybromide solution) completely suppresses the
birefringence and markedly lowers the reduced specific viscosity to values
M

W. Kern, Z. physik. Chem. (Leipzig) A184, 197, 304 (1939); Biochem. Z. 301, 338

(1939).
65
A. Katchalsky, J. Polymer Sei. 7, 393 (1951).
66
R. M. Fuoss and R. Signer, J. Am. Chem. Soc. 73, 1901 (1951).
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FIG. 6. Dependence of intrinsic viscosity [η] on degree of polymerization [D.P.]
65
of polymethacrylic acid at pH 2.7 and pH 6. From Katchalsky.

comparable with those of the uncharged polymer of the same molecular
weight. Analogous results were obtained with organic polyacid salts by
57
58
Arnold and Overbeek, Markowitz and Kimball, and Wiederhorn and
59
60
61
Brown, and with polyphosphates by Strauss and Smith and Saini.
55
Similar birefringence results are found with polymethacrylic acid; the
limiting value of (άφ/άα)^,
the gradient of orientation angle φ with
respect to rate of shear q as q —> 0, varies in a parallel way (see Fig. 7)
with the reduced specific viscosity as the degree of ionization increases.
Analogous results are obtained for poly-4-vinyl -iV-butylpyridinium bro62
mide. With polyampholytes, e.g., copolymers of vinylpyridine and
methacrylic acid, the viscosity increases rapidly upon addition of either
5 5 63
acid or base. ' Similar effects occur with chainlike proteins, e.g., myosin
or sodium caseinate, where the viscosity is a minimum at the iso-electric
point. Analogous effects occur with albumins. (See Fig. 8.)
67

68

R. Arnold and J. Th. G. Overbeek, Ree. trav. chim. 69, 192 (1950).

H. Markowitz and G. Kimball, J. Colloid Sei. 5, 115 (1950).
Ν. M. Wiederhorn and A. R. Brown, J. Polymer Sei. 8, 651 (1952).
*° U. P. Strauss and E. H. Smith, J. Am. Chem. Soc. 75, 6186 (1953).
69

81

62

G. Saini, Ann. chim. (Rome) 41, 340 (1951).

P. Kamath, B. Rosen, and F. R. Eirich, Phys. Rev. 86, 657 (1956); B. Rosen,

P. Kamath, and F. R. Eirich, Discussions Faraday Soc. 11, 135 (1951).
63

Turner Alfrey, Jr. and H. Morawetz, J. Am. Chem. Soc. 74, 436 (1952).
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FIG. 7. Limiting rate of change of orientation angle ψ for polymethacrylic acid
with shear rate q in streaming birefringence, as a function of degree of ionization a.
Dotted curve shows corresponding relation between reduced viscosity and a. From
66
Katchalsky,

PH
FIG. 8. Dependence of reduced specific viscosity (in terms of volume fraction φ)
of ovalbumin upon pH. Key: 1 , in absence of NaCl; 2 , in 0.01 Ν NaCl above pH 7,
8
and in 0.02 Ν NaCl below pH 7.
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Pals and Hermans have made an experimental examination of the
42
theory of Hermans and Overbeek using carboxymethylcellulose and
sodium pectinate; moderate agreement between the observed viscosity
behavior and that predicted by the theory is obtained at intermediate
values of ionic strength. Experimental test of the theory is impossible at
high salt concentrations as the polymer is salted out. An extrapolated
2
value of y = 1.55 (see p. 101) instead of 2.0, as required theoretically, is
obtained. For low salt concentrations the theory requires KR < 1. In the
absence of added neutral salts the minimum value of KR is about 0.5 but,
in the presence of the least concentration of NaCl used (viz., 0.375 X
3
10~ N), KR is equal to 5. Use of equation (22) requires caution since it
gives anomalously low values for the volume occupied by the monomer.
Thus, Pals and Hermans have calculated the Stokes radius of the main8
chain monomer (glucose) in carboxymethyl cellulose as 0.4 X 10~ cm.,
that is, a value some five times smaller than the radius deduced from
molecular dimensions in the glucose molecule. Similar disagreement occurs
65
with nonionized polymers.
3.

C O N C E N T R A T I O N E F F E C T S IN T H E VISCOSITY OF POLYELECTROLYTES

The first systematic work on the concentration dependence of reduced
specific viscosity (η^/c) of polyelectrolytes and the effect of added salts
27
26,
66 68
thereon was carried out by Kern and later by Fuoss et al.
The
experimental behavior of poly-4-vinyl-iV-butylpyridinium bromide (PVPBr)
with respect to concentration dependence of vap/c and effect of salts is
shown in Fig. 9. The shapes of the T ; 8 P/ C versus c plots in Fig. 9 are repro6 1, 6 4
6 9 - 79
duced by many other widely differing polyelectrolytes '
including
72 79
those in nonaqueous solution, ' so that the behavior observed appears
64

D. T. F. Pals and J. J. Hermans, Ree. trav. chim. 7 1 , 433 (1952).
Ε. D . Kunst, Thesis, University of Groningen, The Netherlands, p. 43, 1950;
J. M. Wilson, J. Chem. Phys. 1 7 , 217 (1949).
66
R. M. Fuoss, J. Polymer Sei. 3 , 603 (1948); 4 , 96 (1949).
67
R. M. Fuoss and G. Cathers,
Polymer Sei. 4 , 97 (1949).
8
« R. M. Fuoss and W. N. Maclay, J. Polymer Set. 6 , 511 (1951).
69
M. Heidelberger and F. E. Kendall, J. Biol. Chem. 9 5 , 127 (1932).
™ S. Basu, Nature 1 6 8 , 341 (1951); J. Colloid Sei. 6 , 539 (1950).
71
Ε. H. Balazs and T. C. Laurent, J. Polymer Sco. 6 , 665 (1951).
72
J. Schaefgen, J. Am. Chem. Soc. 7 3 , 4580 (1951); 7 4 , 2715 (1952).
78
S. Basu, J. Colloid Sei. 7 , 53 (1952).
74
T. Hekker, Chem. Weekblad. 4 6 , 625 (1950).
78
J. Kagawa,
Soc. Chem. Ind. Japan 4 7 , 544 (1944).
76
H. Fujita and T. Homma, J. Colloid Sei. 9 , 591 (1954).
77
A. Katchalsky and M. Eisenberg, J. Polymer Sei. 6 , 145 (1951).
78
A. Oth and P. Doty, J. Phys. Chem. 5 6 , 43 (1952).
79
J. Schaefgen, Abstracts of American Chemical Society Meeting, Chicago, p. 11J,
1950.
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FIG. 9. Dependence of reduced specific viscosity of poly-4-vinyl iV-butylpyridinium bromide upon polysalt concentration in solutions containing various concentrations of simple electrolyte. Key: 1, in water; 2, in water (upper scale of abscis26
sas) ; 8, in 0.001 Ν KBr solution; 4 , in 0.0335 Ν KBr. From Fuoss and Strauss.

to be a fundamental property. In the work of Fuoss ' " it appeared
that in pure aqueous solution vap/c increased steadily with dilution and
7 9a
very rapidly at high dilutions. In the presence of added salts the viscosity was much lower but at low concentrations of salt vsp/c still increased
with dilution until the ionic concentration due to the salt was comparable
with that due to the polysalt, when vaP/c went through a maximum and
then decreased with further dilution. The effects are similar at lower degrees of ionization of the polymeric electrolyte, but less pronounced, and
the viscosities obtained are not so high. In excess of added salt, T / S P/ C
increases with a small uniform slope with increasing concentration of
polymer, as in the case of uncharged polymers.
On the assumption that the variation of
with c was connected with
66
a property of the ionic atmosphere around the particle, Fuoss proposed
79a γ Eirich [Discussions Faraday Soc. 1 1 , 153 ( 1 9 5 1 ) ] was the first to point out
that a continuous increase of η^/c to infinite dilution could not occur but that a maximum should also be observed in the curve for salt-free solution, as later found.
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the following empirical relation for the behavior in the absence of salts:
a

— = 7 +

c

—r-

1+

(2-

bVc

or, when γ <3C r? s P/c,
c

1+

b\Tc

(26)

and in the presence of salts at an ionic strength μ,
(27)
where A, B, a, b} and y are constants. A is the intrinsic viscosity in the
62,80
limit of infinite ionic strength and is equal to (or less t h a n
) the intrinsic
viscosity of the uncharged polymer; α is a constant depending on the nature
and molecular weight of the polymer at infinite dilution; i> is related to
the influence of the electrostatic repulsion and depends on the net charge
of the polyion and increases with decrease of the dielectric constant of
the solvent. Equations (25) and (26) apply to a number of polyelectrolytes
over certain concentration ranges, as shown in Fig. 10 (see also below);
72
functions of c, and not y/c, apply in some other cases.
The increase of T ; 8 P/ C with dilution has been explained by Fuoss and
26
Strauss as due to the variation of the degree of ionic association between
the polyion and its counter ions with concentration of the polysalt. Polymeric electrolytes at moderate or high degrees of ionization behave like
simple strong electrolytes in solvents of low dielectric constant on account
of the high field of the polyion and its consequent effect in pulling counterions into close proximity to the polyion chain. With increasing dilution
the degree of counter-ion association becomes smaller by a mass action
effect and the effective net charge on the polymer increases. The extension
and hence ηΒρ/ο increase with dilution. This effect was first recognized by
27
22 24
Kern with sodium polyacrylate and by Briggs " with certain natural
polyelectrolytes, but a detailed interpretation of the effect was not made.
In the presence of a constant salt concentration, the dilution effect operates
until the concentration of simple ions from the added salt is greater than
that from the polysalt; whereupon the i | e p/ c decreases with further dilution of polysalt, and the plot of rçap/c shows the familiar maximum which
shifts to higher polysalt concentration, the higher the concentration of
added simple electrolyte.
80

R. M. Fuoss, Discussions Faraday Soc. 11,125 (1951) ; cf. P. Doty and G. Ehrlich,
Ann. Rev. Phys. Chem. 3, 81 (1952).
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ν/γ
FIG. 10. Test of equation (26) for polyvinyl iV-butylpyridinium bromide at q —
-1
26
2000 s e c . From Fuoss and Strauss.

The expansion of the polymer coil with dilution can be eliminated if
the ionic strength is kept constant (isoionic dilution) during the dilution,
6 4 , 81
as was demonstrated by Hermans,
whereupon the reduced viscosityconcentration plot becomes linear, as shown in Fig. 11. Direct evidence
26
for strong ionic association, as suggested by Fuoss and Strauss, has been
82
given in transport measurements by Wall using radioactively labeled
7 8 , 83 8 5
86
ions; conductance studies
and measurements of the Wien effect
indicate a similar result. The relative birefringence of PVPBr. increases
56
with dilution of the polymer again indicating an increase of extension
87
of the polyion with dilution. Anomalous heats of dilution of PVPBr. are
also explained by the decrease of ionic association with dilution.
2 6, 6 6
The results of Fuoss et αΖ.
indicate a large change of [η] from the
salt-free solution to one containing excess salt, as well as an increase of the
81

D . T . F. Pals and J. J. Hermans, J. Polymer Sei. 6, 733 (1950).
F. T. Wall, J. R. Huizenga, and P. F. Grieger, / . Am. Chem. Soc. 72, 2636, 4228
(1950).
83
R. M. Fuoss and U. P. Strauss, J. Polymer Sei. 3, 246 (1948).
84
D . Edelson and R. M. Fuoss, J. Am. Chem. Soc. 70, 2832 (1948).
86
A. Veis, J. Phys. Chem. 57, 189 (1953).
86
F. G. Bailey, L. A. Patterson, and R. M. Fuoss, J. Am. Chem. Soc. 74, 1845 (1952) ;
J. Polymer Set. 9, 285 (1952).
87
W. Schultz, Ζ. Elecktrochem. 58, 165 (1954).
82
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FIG. 11. Dependence of reduced specific viscosity (η — ηο)/ηοβ upon concentration of sodium pectinate in NaCl solution at various isoionic dilutions. Index figures
denote the NaCl concentration in millimoles per liter at the limit of zero polysalt
81
concentration. From Pals and Hermans.

salt effect (ΑηΒρ)/ο, with dilution of the polysalt, caused by addition of neutral salts to the salt-free solution. In investigations of the viscosity behavior
of thymus sodium deoxyribonucleate (DNA) at low rates of shear and very
88
low concentrations in sensitive Couette viscometers, Pouyet and Conway
89
-4
and Butler found that η3Ρ/ο decreased at high dilutions ( 1 0 to 2.5 X
6
10~ gm./ml.) and that in the limit of zero polymer concentration the effect
of added salt on [η] was very small or zero, the lines of ηβρ/ο for the saltfree and salt-containing solutions converging to a common intercept at
infinite dilution of polymer, as shown in Fig. 12a and 12b. The convergence
indicates a small or zero change of extension and shape of this polymer
with added salt. This result is consistent with the stiffness inherent in the
1 0 4
structure (see reference ) of the molecule, as indicated by the electron
micrographs of apparently individual D N A molecules, recently obtained
89a
by Hall and Litt . Confirmation of this effect was obtained by observ88

J. Pouyet, Compt. rend. 234, 152 (1952).
Β. E. Conway and J. Α. V. Butler, J. Polymer Sei. 12, 199 (1954).
8 9 a
C . E. Hall and M. Litt, J. Biochem. Biophys. Cytol. 4, 1 (1958).
8 9b
J. Α. V. Butler, Β. E. Conway and D. W. F. James, Trans. Faraday Soc. 5 0 , 612
(1954).
89
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FIG. 12a. Dependence of reduced specific viscosity of three DNA preparations
in pure water and in excess 0.1 M sodium chloride solution. (From Conway and
89 89b
Butler - ) Key: Δ thymus DNA in water, # in 0.1 M NaCl; Ο herring sperm DNA
in water, X in 0.1 M NaCl; • herring sperm DNA (lower molecular weight) in water,
A in 0.1 M NaCl.
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FIG. 12b. Dependence of reduced specific viscosity on concentration of DNA showing reproducibility of points obtained in different experiments with different solutions, and coincidence of [η] in water and 0.1 Ν NaCl solutions, within experimental
8 9 , 8b9
error. From Conway and Butler.
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FIG. 13. Change of reduced specific viscosity as a function of DNA concentration
observed upon direct addition of a small volume of strong salt solution to constant
volumes of DNA solutions initially in pure water. Lower line ( Δ points) shows effect
8 9b
with lower molecular weight herring sperm preparation .

ing the drop of viscosity of D N A solution at various dilutions, upon
addition of 0.1 ml. of a saturated salt solution. The reduced decrease
of viscosity caused by the salt addition tended to zero at zero D N A
concentration, as shown in Fig. 13. The same conclusion was reached
90
by Signer and Schwander, who found the birefringence curves for D N A
were identical within experimental error in the presence or absence of
added salt. The effect of salt on the viscosity of D N A solutions is, however, large at higher concentrations of the polymer and of the same magnitude as that found with other polyelectrolytes. The change of viscosity of D N A with various added salts of different valence types is linear
8 91
9 1
in ionic strength at low salt concentration (cf. also reference ) . The
results with D N A indicated the possibility that at high dilutions of other
polyelectrolytes ηΒΡ/ο might increase with increasing c and pass through a
maximum as occurs in the presence of salts. Using very low concentrations
92
of PVPBr. and sodium polymethacrylate Conway and Pouyet and Eisen93
berg showed that such an effect occurred in pure water solutions, as
shown in Fig. 14. The maximum in η^/c versus c was demonstrated using
a Couette viscometer and eliminating loss of material from the solutions
on account of adsorption on the walls of vessels by washing all vessels out
90

R. Signer and H. Schwander, Helv. Chim. Acta. 34, 1344 (1951); H. Schwander
and H. Cerf, ibid. 34, 436 (1951).
91
J. Creeth, J. M. Gulland, and D . O. Jordan, J. Chem. Soc. p. 1141 (1947).
92
Β. E. Conway, J. Polymer Sei. 18, 257 (1955).
93
J. Pouyet and M. Eisenberg, J. Polymer Sei. 13, 85 (1954).
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FIG. 14. Curves for reduced viscosity versus concentration of sodium polymethacrylate (60% sodium salt) at low concentrations. Key : 0 in water; • 0.0001 M NaCl;
92
Δ 0.01 M NaCl; Φ 0.1 Μ NaCl. From Conway.

several times with the solution of a given concentration and then making
up the solution to the required strength again. The maximum arises on
account of two competing factors, viz., the second and third electroviscous
6 2 , 92
2
effects: molecular interaction which increases
in proportion to [η] and
2
c and molecular contraction as suggested by Fuoss which increases as
the polymer concentration increases. The first effect tends to increase
Vav/c with increase of c whereas the second effect tends to decrease ηΒρ/ο.
There is thus a maximum in the curve of ηΒΡ/ο versus c beyond which one
effect overcomes the other.
With samples of sodium polymethacrylate of various molecular weights,
92
Conway demonstrated the increase of vap/c with c at zero shear rate in
the absence of added salts and showed that the slopes in the low concen2
tration region of the ηβρ/ο versus c lines were proportional to [τ;] , thus
indicating the initial increase of ηΒΡ/ο with c as due to mechanical or elec64
trical interactions. Similar observations were made by Pals and Hermans
for finite salt concentrations, using sodium pectinate. By using the observed linear dependence of ηΒρ/ο upon c at high dilutions and the equilib94
+
rium constant for Na -ion association with 60 % neutralized polymetha92
cryclic acid, Conway showed that the shape of the curve of ηβρ/ο versus
c could be predicted in quite good agreement with experiment over a wide
range of polymer concentrations, as shown in Fig. 15.
The concentration at which the maximum value of ηΒΡ/ο occurs, depends
94

P. Lawley, Ph.D. Thesis, The University, Nottingham, England, 1953.
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FIG. 15. Curve of reduced specific viscosity versus concentration of sodium (60%)
polymethacrylate (PMA) calculated from experimental polymer interaction con92
stant and sodium ion polyion association equilibrium constant. (From Conway )

on the intrinsic flexibility of the molecule. Deoxyribonucleic acid, which
appears to be a rather stiff molecule since [η] is almost unchanged by added
8 9 a
salt (cf. réf. ) shows no maximum when ηΒΡ/ο is plotted against c if values
of viscosity extrapolated to zero rate of shear are used. Degraded samples
95
exhibit the maximum, and a finite effect of added salts on fo]g=o, is found.
The rapid decrease of vsp/c with c at high dilutions raises an important
question concerning the determination of intrinsic viscosities. In a Fuosstype plot, the intrinsic viscosity and salt effect on [η] will be much larger
than that which is found if the measurements are extended to low concentrations. Under the conditions where the change of sign of the slope of
the ηβν/c lines occurs it is difficult to obtain viscosity measurements which
give accurate differences of the viscosity of the solution compared with
that of the solvent, owing to the low concentrations involved. Also traces
of electrolytic impurities may have a strong effect on the results. However,
96
in the purest solutions Butler et al. have shown that the maximum is
still observed, although it appears at lower concentrations as the solution
is more purified. In aqueous solutions at the high dilutions examined, the
presence of ions arising from the dissociation of water may effect the
52
results. Further work in nonaqueous polar solvents, where this difficulty
would be absent or reduced, is required. Hydrolysis cannot account for
the effect in D N A or sodium polymethacrylate, as may be verified by
95
96

Β. E. Conway, J. Polymer Set. 20, 299 (1956).
J. A. V. Butler, private communication (1957).
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92

calculation using the known pK's; also the effect is observed with PVPBr,
a strong polyelectrolyte, where hydrolysis could not occur. If the rapid
decrease of ηΒΡ/ο with c at high dilutions is a real effect, the relative change
of intrinsic viscosity of polyelectrolytes with excess added salt is much
less than has hitherto been supposed, and much of the high viscosity of
polyelectrolytes at higher concentrations must be attributed to electrostatic and mechanical interaction.
This view has been suggested and examined by Butler, Conway and
8 9b
who showed that an attractive electrostatic interaction could
James,
9 7
arise by various polyions sharing counter ions (cf. references ' " ) in their
ionic atmospheres. Excess salt would destroy the attractive effect and the
viscosity will decrease. Such an attractive effect appears to account for
97
the gels formed, for example, with Ca polymethacrylate, where the ionic
98
interaction forces are stronger than with the monovalent Na salt. Deuel
has argued against such a view in the case of pectinates but Conway has
99
supported it by experiments with magnetic models of polyelectrolytes.
However, qualitatively similar predictions follow if the high viscosity at
higher concentrations were due to overlapping and repulsion of the double
layers of the extended polyions, i.e., to the second electroviscous effect.
The latter effect is proportional to the square of the concentration and
31
could account for the interaction effect observed; it is also known to give
rise to non-Newtonian viscosity even with particles of low asymmetry, so
that the strong non-Newtonian viscosity of polyelectrolytes, which is
90
much diminished by the presence of salts, may arise from the second
electroviscous effect. Contributions from the first electroviscous effect are
42
considered to be small in polyelectrolyte solutions, but no direct evidence
for this has been offered.
4. M O L E C U L A R S T R U C T U R E A N D D E G R E E O F E X T E N S I O N O F P O L Y E L E C TROLYTES

The equilibrium average extension depends on the intramolecular cohesion and on steric hindrance to rotation. These factors determine the dimensions of the statistical chain element and hence the average radius of the
statistical coil. It is doubtful if fully ionized polymeric ions reach the
7 8 , 1 0 1 03
configuration of straight r o d s .
Special effects due to intramolecular
97

F. T. Wall and J. W. Drennan, J. Polymer Sei. 7 , 83 (1951).
H. Deuel, G. Huber, and L. Anyas-Weiss, Helv. Chim. Acta 3 3 , 563 (1950).
Β. E. Conway, / . Chem. Educ. 3 1 , 477 (1954).
1 00
J. D . Ferry, D . C. Udy, F. C. Wu, G. E. Heckler, and D . B. Fordyze,
Colloid
Sei. 6 , 429 (1951).
1 01
A. Dobry, / . chim. phys., to be published.
1 02
H. Deuel and H. Neukom, J. Polymer Set. 4, 759 (1949).
1 03
J. V. Kubal and N. Gralen, J. Colloid Sei. 3 , 457 (1948).
98

99
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H-bonding, e.g., in polymethacrylic acid, restrict the degree of uncoiling
of the molecule with ionization. In D N A the probable existence of a double
104
helical chain structure makes this molecule particularly rigid and the
degree of coiling appears to be much smaller than with some synthetic
polymers. Urea denaturation of D N A apparently causes the molecule to
change to a more flexible form, where the effect of added salt on [η] becomes
95
measurable. When the degree of coiling is large, the viscosity can become
1 05
almost independent of molecular weight. The effect of urea on the viscosity of D N A has been attributed to a process similar to the denaturation
of proteins. Evidence for a scission of the molecule by urea denaturation
1 06
1 07
has been given by Alexander and Stacey but has not been confirmed.
The differences of behaviour of D N A observed by various authors, appear
to be attributable, in part, to the different biological sources of the polymers
used, viz., from thymus gland or herring sperm.
5. V A R I A T I O N O F R E D U C E D S P E C I F I C V I S C O S I T Y W I T H R A T E O F S H E A R

Influence of shear rate on the viscosity has not been observed in cases
where the first electroviscous effect exists alone, e.g., in dilute suspensions
of spherical particles. A viscosity dependent on shear rate has, however,
31
been found at higher concentrations of colloid where the second electroviscous effect is operative. With polymeric electrolytes, the non-Newtonian
viscosity is considerable, particularly at low salt concentrations or high
polyion concentrations; the effect increases with degree of ionization. At
high polyion concentrations in the presence of excess added salt, nonNewtonian behavior is still observed. However, at concentrations of
polyion less than 0.01% there is little non-Newtonian behavior up to
1
gradients of 1000 sec."" In the absence of salts, the dependence of ηΒρ/ο
5
on rate of shear is observable down to 10~ gm./ml. with fully neutralized
polymethacrylic acid, and [η] values must be obtained by extrapolation of
Vap/c with respect both to c and q to c — 0, q — 0. For extrapolation,
9 0 , 1 0 81 09
measurements are best made in a Couette apparatus.
'
1 10
111
From the theory of Kuhn and Kuhn,
Katchalsky and Sternberg
1 04

J. D . Watson and F. H. C. Crick, Nature 1 7 1 , 737 (1953).
C. Sadron and R. Kocher, Makromol. Chem. 1 0 , 172 (1953).
1 08
P. Alexander and K. Stacey, Trans. Faraday Soc. 5 0 , 303 (1954); Biochem. J.
6 0 , 194 (1955); Nature 1 7 6 , 162 (1955).
1 07
P. Doty and S. A. Rice, Biochim. et Biophys. Acta 1 6 , 446 (1955) ; J. Am. Chem.
Soc. 7 9 , 3937 (1957).
1 08
A. G. Ogston and J. Stanier, Biochem. J. 5 4 , 4 (1953).
1 09
A precision Couette viscometer with an electrostatic restoring device so that
it can be used as a null instrument, has recently been described by Ε. H. Frei, D .
Treves, and H. Eisenberg, J. Polymer Sei. 2 5 , 273 (1957).
" β W. Kuhn and Η . Kuhn, Helv. Chim. Acta 2 8 , 1533 (1945).
1 11
A. Katchalsky and N. Sternberg, J. Polymer Sei. 1 0 , 253 (1953).
1 05
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calculated the viscosity at zero shear. They assumed that the particles
approximate to rigid rods, for which they obtained

( * P ) « = (W*=o(l ~ aq + bq* - cq« + ··-)
2

(29)

where (ηβρ)α is the specific viscosity at a gradient q and (r7sp)g=o is the
corresponding value at zero rate of shear. For small gradients

( * P ) « = (*7e )*=o(l - aq )

(30)

2

P

which gives for the efflux time (from an Ostwald viscometer) of the solution (t8) and of the solvent (to)
to

(31)

2 2

*?o V

3T/O J /

where η8 is the viscosity of the solution at a gradient q = 0 , ηο the viscosity
of the solvent, ρ the hydrostatic pressure, r the radius of the capillary,
and I its length.
In a series of measurements with the same solution but in viscometers
2
with different capillary radii, the ratio t8/t0 is a linear function of r at constant pressure, as shown in Fig. 1 6 . The intercept of this line on the ordinate
axis (Fig. 1 6 ) gives the viscosity at zero gradient. This procedure was
theoretically developed and applied experimentally by Weissenberg and
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FIG. 16. Plot of U/t versus r in cm. , from viscosity measurements on sodium
polymethacrylate (a = 0.5) in three viscometers of different radii and at two base
mole concentrations, η»/ηο is the reciprocal of the relative viscosity at q = 0 and
2
2
1 10
tan θ = α(Ρ Α /3ΐ7ΟΦ). From Katchalsky and Sternberg.
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FIG. 17. Effect of rate of shear on the relative viscosity of DNA solutions in water
90
and NaCl solution. From Signer and Schwander.
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associates in 1929. A more general and complex relation between viscosity and rate of shear than that derived by Kuhn was obtained.
1 13
Ackermann and co-workers studied the effect of velocity gradient on
the viscosity of solutions of carboxymethyl cellulose and showed that the
-1
decrease of viscosity over the shear rate range 0-800 s e c . was 12%. The
magnitude of the effect depends on polymer concentration, degree of ionization, and salt concentration. For DNA, for example, at 0.1% in pure
aqueous solution η3ρ decreases by 90% over the range q = 0.5 to 116
-1
s e c . The Kuhn theory predicts a much smaller effect of shear than that observed; also the effect should be quadratic in q. The behavior only approximates to this at low concentrations and in salt-containing solutions, as
shown in Fig. 17 for D N A under various conditions. In dilute solutions,
1 1 1 , 1 41
the conditions are more close to those assumed in the theory
(viz.,
orientation of noninteracting rods) and better agreement between theory
and experiment is found. The line of η against q should have a zero slope
as q —> 0 and, consequently, linear extrapolations of τ/9 to q = 0 are probably invalid and are due to lack of data at very low gradients. Confirmation of a zero slope of nq versus q at very low shear rates has been obtained
1 12

K. Weissenberg, B. Rabinowitz, and R. Eisenschitz, Mitt. deut. Materialprufungsanstalt. Sonderhefte 9 , 21 (1929).
1 13
F. Ackerman, D . T. F. Pals, and J. J. Hermans, Ree. trav. chim. 71, 56 (1952).
1 14
See also F. R. Eirich, ed., "Rheology: Theory and Applications," Vol. 1, Chapter 14. Academic Press, New York, 1956.
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1 09

recently using a precision viscometer. At higher concentrations the
90
shear effect must be due to strong ionic interaction since, for example,
for DNA, [η] is almost independent of ionic strength (so that changes of
polymer dimensions can be neglected), yet the non-Newtonian viscosity
is much diminished by addition of excess of simple electrolytes. Similar
9 1 , 92
effects occur with other polyelectrolytes.
Part of the effect of shear
rate may be on the first electroviscous effect, but little information is
available.
1 16
Strauss and Fuoss have made a careful study of the shear dependence
of reduced viscosity of PVPBr and represented their results by an empirical function
(W<0« = (W<0e-o{l -

KISP/C)H'21I

(32)

where q is the velocity gradient, and α is a constant depending on the
polymer and its degree of ionization. The relative effect of shear rate increases upon dilution since ηΒΡ/β increases upon dilution (except at the lowest concentrations).
Equation (32) is not satisfactory for all polymers over a wide range of
q values since ηΒΡ/ο is not usually linear in q. At high concentrations the
function is concave, approximating to an hyperbola between the axes of
Vsp/c and q. At low concentrations a bend over of ηΒρ/ο with decreasing q
90,15
1
-1
occurs,
and at very low shear rates (5-0.5 sec. ) the behavior approxi1 10
mates to that predicted by Kuhn and Kuhn. In the presence of considerable salt concentrations (>0.01 N) the relation (32) holds over a wider
range of shear rates.
VIII. General Expression for the Electroviscous Effects
The general expression for viscosity of a suspension is (cf. equation 1)
η=

2

T7o(l + Κφ + Κ'φ + . · . ) ,

(33)

where only the first term in φ is usually taken and Κ depends on the form
of the particle and on electrical effects. Κ can be subdivided into three
terms Κι, K2, Kz, corresponding to each of the electroviscous effects:
η = 77o(l + [Κ, + K2 + Κζ]φ).

(34)

As each factor is a function of φ, a power series
η = T7o(l + αιφ

1 /2

2

+ (Ι2Φ + αζφ + · · ·)

(35)

may be written. Separation of the constituent effects is difficult but has been
1 15
1 16

H. Eisenberg, J. Polymer Sei. 25, 257 (1957).
U. P. Strauss and R. M. Fuoss, J. Polymer Sei. 8, 593 (1952).
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36

attempted by Dobry for suspensions of thorium hydroxide obtained from
ThCl 4 by hydrolysis. This colloid is positively charged with C P gegen ions.
The hydrolysis forms free aqueous HCl which is in equilibrium with the colloidal hydroxide. The hydrochloric acid can be removed by dialysis but
this also affects the net charge of the colloidal particles. During dialysis
of the hydrated oxide, the constant Κ increases from 16 to 193 on account
4
4
of change of electrolyte concentration from 16 X 10~ to 1 X 10~ mol./
liter. Dobry showed that the reduced viscosity was independent of concentration, of the shape of the particles, and of the velocity gradient, thus
apparently indicating the occurrence of only the first electroviscous effect.
However, light-scattering and electron microscopy showed that the particles are in fact chainlike, and the degree of coiling varies with the colloid
and with the HCl concentration. Quantitative differentiation of the three
electroviscous effects was therefore not possible.
Nomenclature
a

Exponent in [η] versus molecular
weight relationship; radius of a
(spherical) particle
A
Length of a statistical segment in a
polymer coil
c
Concentration of a solute in moles
per liter or base moles per liter
e
Electronic charge
G
Electrical free energy contribution
h
Mean end-to-end distance in a
statistical coil
k
Boltzmann's constant
Ν
Number of statistical segments in
a coil
Ν A Avogadro's number
q
Shear rate
R
Average radius of a statistical coil
/
Time (of flow in a viscometer)
Τ
Absolute temperature

ζ
a
a'
e
f
hi
η
770
i7ep

κ
λ
μ
Pi
φ
ψ

Valence of an ion, i.e., formal
charge on the ion
Degree of ionization of a polymer
Apparent degree of ionization of a
polymer
Static dielectric constant of a solution or solvent
Zeta potential
Intrinsic viscosity
Viscosity of a solution
Viscosity of the solvent
Specific viscosity of a solution
Reciprocal radius of the ionic atmosphere
Specific conductivity
Ionic strength
Frictional coefficient of an ion
Volume fraction of a solute in a
solution
Orientation angle (in birefringence)

