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I. Density Fluctuation Excitations: Collective Modes in 
Fermion Systems 

A. INTRODUCTORY CONSIDERATIONS 

The quasi-particle spectrum of a many-body system is not easily 
measured. Its direct measurement requires that one have a source of 
particles, since the quasi-particle properties derive from the behavior 
of the system with one additional particle [or hole]. Thus while in prin
ciple one can learn about quasi-particle spectra in metals through a 
positron annihilation experiment [one thereby creates a hole in the elec
tron system], in general, experiments which create or destroy a single 
particle in an energy range of interest are not easily devised. The usual 
measurement of microscopic system properties by means of an external 
probe involves rather the scattering of a quasi particle from one state 
to another or what is equivalent, the creation of a quasi-particle, quasi-
hole pair. 

The present lectures are intended as an introduction to the study of 
such pair excitations. As a prototype, we consider that class of pair 
excitations which correspond to a density fluctuation of the system par
ticles. The elementary excitations associated with the density fluctuations 
may be measured by means of an inelastic particle-scattering experiment. 
We describe such an experiment, and show that what is measured cor
responds to a spectral density for the density fluctuation excitation 
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spectrum; that spectral density is known as the dynamic form factor. 
The elementary excitations which contribute to the dynamic form factor 
are shown to be of two kinds. The first consist of configurations which 
involve a single quasi-particle, quasi-hole pair, two quasi-particle, 
quasi-hole pairs, etc., all of which add incoherently. The second, a 
collective mode of the system, represent a coherent, correlated motion 
of a large number of system particles. 

In this first lecture we shall consider the dynamic form factor for fer-
mion systems. Following a somewhat general discussion of the pair ex
citations, the random phase approximation is used to describe briefly 
the collective modes of three systems: quantum plasmas, classical plas
mas, and neutral fermions. 

In the second part of these lectures we consider, from a somewhat 
formal point of view, the overall system response to an external probe 
which is coupled to the density fluctuations of the system particles. Where 
that coupling is weak, the system response may be characterized by a 
certain generalized susceptibility, the density-density response function. 
For a system in its ground state, the dynamic form factor serves as the 
spectral density for that response function. In the limit of long wave
lengths, this relation enables one to derive a sum rule for the dynamic 
form factor, one which involves the compressibility of the many-particle 
system. There is, in addition, an " / - sum rule" for the dynamic form fac
tors which is valid for arbitrary wavelengths. Such sum rules are im
portant in determining the consistency of a given theory. In addition, 
in the case of certain superfluid systems, the sum rules enable one to 
write down the exact form of the dynamic form factor in the limiting 
case of very long wavelengths. The systems in question are liquid H e 4 

(or any system of interacting bosons) and a neutral fermion system 
with Ύ ' state attractive interactions. For these systems, application of 
the sum rules shows that the dominant long-wavelength density fluctua
tions are phonons, with a speed of sound which is equal to the macro
scopic sound velocity. 

The above concepts are first developed for a system in its ground state. 
The generalization to finite temperatures is straightforward. The princi
pal difference is that the spectral density which measures the system 
response is no longer equal to the dynamic form factor. The latter of
fers a measure of the fluctuations in the system density. In thermal equi-
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librium the two spectral densities are simply related; the relation is the 
well-known fluctuation-dissipation theorem. 

In the third part of the lectures we discuss the dielectric response 
functions for homogeneous electron systems. We shall derive the fol
lowing exact relation between the long-wavelength static dielectric con
stant and the macroscopic isothermal sound velocity: 

lim e(q9 0) = 1 + . 

Here ω 2 is the electron plasma frequency, s the isothermal sound velocity. 
This relation serves to specify the screening action of the electrons for 
both quantum and classical plasmas, and, as well, for superconductors, 
in the long-wavelength limit. Moreover, application of the sum rules 
for the spectral density of the density-density response function shows 
that in this limit plasma oscillations at frequency cop represent a well-
defined excitation mode for any spatially homogeneous electron system, 
be it a classical plasma, a quantum plasma at arbitrary temperature 
and density, or a superconductor. 

The reader should be warned that the level of the three parts of the 
lectures shifts abruptly between the first and second part. Those lectures 
dealing with correlation and response for neutral and charged particle 
systems involve much more in the way of formal relationships, and less 
in the way of physical discussion, than the first group concerning the 
density fluctuation excitation spectrum. Nonetheless it seems useful to 
go into the formal relationships in some detail, in view of the utility of 
the results one thereby obtains for the limiting behavior of the dynamic 
form factor. 

B . INELASTIC PARTICLE SCATTERING 

As a typical microscopic probe of system behavior, we consider the 
measurement of the energy and angular distribution of a beam of inelas-
tically scattered particles. Examples of such probes are the scattering of 
fast electrons in solids or of slow neutrons in liquid helium or solids. 
We assume that initially the many-particle system is in its ground state 
with momentum zero and energy. £ 0 , while the particle under study 
possesses a momentum Pn energy Ee = Pe

2/2Me. Let Pe — q be the mo-
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mentum of the particle after the scattering act; by conservation of mo
mentum and energy the system (which we take to be translationally 
invariant) will then possess a momentum q and an energy 

q-Pe q2 

Ε=Ε0 + ^—^ — . (1.1) 

It is convenient to characterize the scattering act by the momentum 
transfer q and an energy transfer ο  to the system; from (1.1), we have 
then 

ω = En — E0 = — . (1.2) 

One sees directly that a measurement of the scattering angle 0  and the 
final energy of the scattered particle is equivalent to a measurement of 
the momentum and energy transferred to the system. 

The coupling between the probe and the system may be described 
by a potential energy term 

H€= £ ^ ( r , - R r ) (1.3) 
i 

where r, and Re are the system particle and probe positions, respectively. 
For the further analysis of the experiment, it is convenient to Fourier-
analyze (1.3) as follows: 

Η € = Σ ~  R e) = Σ ^  e x P 1%' (r< - R ^ 

9 (1.4) 
= 2 ^ 6 / e x P (*i'R<>-

Q 

In (1.4), 9^ is the Fourier transform of °J^(r\ while qq is the Fourier 
transform of the particle density: 

Qir) = Σ δ(γ — r<) = Σ^ ε χρ( / (ΐ· Γ ) = Σ e x P [ήτΟ·— Γ / ) ] · Ο · 5 ) 
i Q  i 

In (1.5), we have assumed that we deal with a system of point particles, 
for which qq is given by 

QQ = Σ e x P ( — ^ · Γ Ι " ) · Ο · 6 ) 
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The qq describe the fluctuations in the system density about its average 
value 

Qo = N. 

(Note that because we are working with a system of unit volume, there 
is no distinction between the particle density, «, and the total number 
of particles, N.) 

We assume that the Born approximation describes the scattering act. 
The probability for particle scattering is then proportional to the square 
of the matrix element of (1.4) taken between the appropriate unperturbed 
states of the system and the external particle. We thys see that when the 
probe particle makes a transition from a plane-wave state to another 
state Fe — q, it does so via a direct coupling to the density fluctuation 
Q + of the many-body system. 

The matrix element for the scattering act is 

K < n \ ^ + \ ° y = ^(Q^no (1.7) 

where the state | «> is an exact many-particle state of momentum q, 
energy En9 which is coupled to the ground state (with wave function 
I 0>, energy E0) by the density fluctuation QQ

+. According to the "golden 
rule" of second-order perturbation theory the probability per unit time, 
^(qw), that the particle transfer momentum q, energy ω , to the system 
in given by 

^(ςω) = 2π9ς*Σ\  (Q+)M |* δ(ω - con0). (1.8) 
η 

In (1.8), ω η 0 = En — E0, the <5-function expresses the conservation of 
energy (1.2), and the summation is over all states | ri) coupled to the 
ground state | 0> by the density fluctuation QQ+. 

The properties of the many-particle system are embodied in the dy
namic form factor 

S(qco) = £ I (QQ

+)no | 2 δ(ω - ωη0) (1.9) 
η 

which depends only on the system properties in the absence of the probe. 
S(qw) represents the maximum information one can obtain about the 
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system behavior in a particle-scattering experiment. It furnishes a direct 
measure of the excitation spectrum of the density fluctuations, being 
proportional to the squared matrix element for each permissible excita
tion energy. Note that S(qw) is real, and that it vanishes for ω < 0, 
since at Τ = 0 all the excitation frequencies, ω Λ θ , must necessarily be 
positive. 

C . DYNAMIC FORM FACTOR FOR A FERMION SYSTEM 

1. Νoninteracting Fermions 

Let us consider a fermion system for which we may write 

Ρ 

in the representation of second quantization. The density fluctuation is 
thus seen to be a superposition of electron-hole creation operators of 
net momentum q. Suppose we neglect the interaction between the fer
mions; the ground state wavefunction, φ0, then corresponds to a filled 
Fermi sphere, of radius pF in which all the particle states, p, are doubly 
occupied. Acting on φ0, ρ?+ gives rise to transitions in which a particle 
is destroyed in some momentum state p, created in another state ρ + q. 
Because of the Pauli principle, the state ρ must lie within the Fermi 
sphere, while the state ρ + q lies outside it. The energy of the particle-
hole pair is 

, , (P + q) 2 P2 p-q , Φ N Ί Ί Λ 

ω0(ρ, q) = — — = + - Γ — . (l.ii) 
2m 2m m 2m 

We may label the states | n) which enter in (1.9) by the momentum ρ 
of the hole; the summation over | n) becomes a sum over states ρ such 
that 

P<PF (1.12) 

I ρ + q I >PF-

We find therefore 

Sob, ω ) = Σ η%σ (1 - nl+qa) δ[ω - w0(q9 ρ)] (1.13) 
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where n%0 is the unperturbed zero-temperature single-particle distri
bution function, defined by 

p<pF (1.14) 

1 ° nia = 0> P>PF-

Without any detailed calculation, it is clear from (1.11) and (1.13) that 4 

the excitation spectrum of particle-hole pairs will form a continuum 
which lies between the following limits: 

apjp φ 
0 < coQ(q,p) < + - f - (q< 2pF) 

m 2m 

:u0(q,p)< [--—— (q>2pF). 

(1.15) 

m 2m m 2m 

The calculation of S0(q, ω) is straightforward, but somewhat lengthy 
because of the Pauli principle restrictions. The corresponding limit 
on the number of states within the Fermi sphere which contribute to 
(1.13) may be seen to be strongest for small values of q; it is nonexistent 
for q > 2qF. One finds 

N(0)(w/qvF) if 0 < ω < qvF - Φ 

S0(q, ω) = 

2m 

wwf-M—-f-)'} ο··» 
2q { \qvF 2pFJ J 

Φ ^ ^ , Φ if qvF — < ω < qvF + 
2m 2m 

Φ 
0 if qvF Η < ω 

2m 
where N(0) is the density of states per unit energy at the Fermi surface 
for particles of one kind of spin 

3W 

ΛΓ(0) = _ (1.17) 

and vF is the free-particle Fermi velocity, pF/m. 
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2. Interacting Fermion Systems 

Let us next consider S(q, ω) for an interacting fermion system. The 
excited states | «> which enter in the definition (1.9) of S (q, ω) will 
now involve configurations of quasi particles and quasi holes. On the 
other hand, the expansion (1.10) of the density fluctuation Qq

+ refers to 
the simultaneous creation of a bare particle-hole pair. We are thus led 
to decompose a bare particle state as a sum of configurations containing 
one quasi particle, or two quasi particles and one quasi hole, etc. As 
a consequence, the density fluctuation QQ

+ will couple the ground state 
I 0> to excited eigenstates containing an arbitrary number of quasi-
particle, quasi-hole pairs (in contrast to the noninteracting system, 
for which ρ ς

+ excited only a single pair of excitations). In order to main
tain momentum conservation, the excited state | n) must have a total 
momentum equal to q. 

The simplest such excited configuration consists in a single pair, 
involving a quasi hole with momentum ρ < pF, a quasi particle with 
momentum (p + q) > pF. The amount of "phase space" available for 
such a pair is the same as for the noninteracting system. The correspond
ing contribution to S(q9 ω) may be written as 

= 2 \(Qg

+)no\2 δ(ω-ερ^+ερ) (1.18) 
Ρ >p F 

\P+<l\<PF 

where ερ is the quasi-particle energy. In contrast to the noninteracting 
system, the matrix element (Qq

+)\0 is unknown, and will generally pepend 
on q and ω: this precludes an explicit calculation of S{1). For small q, 
however, the behavior of Sn)(q, ω) will resemble that for the non-
interacting system: in this limit, the structure of Sa)(q9 ω) is essentially 
a consequence of the Pauli principle, and hence is unaffected by the in
teraction. Thus one expects Sa) to extend over a range of energies from 
0 to qvF, corresponding to the possible quasi-particle energies. Moreover, 
for small ω, S{1) should be proportional to ω. To see this, remark that 
both the quasi particle and quasi hole must lie within a range ω of 
the Fermi surface. Hence the density of single-pair configurations per 
unit energy varies as ω , and Sa)(q, ω) displays a comparable variation. 
As ω increases, that linear variation is not, in general, followed, since 
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the frequency dependence of | (og

+)n0 | 2 will play a role even in the 
long-wavelength limit. 

In addition to Sa), we expect to find additional contributions to S, 
which arise from the coupling of the ground state | 0> to configurations 
of η quasi particles and η quasi holes (n > 1). Since momentum conser
vation involves only the total momentum, there is essentially no limita
tion on the momentum of any single component (quasi particle or quasi 
hole) of these higher order configurations. As a result the excitation 
energy of the (n > 1) pair configurations may be expected to vary over 
a broad range of the order of the Fermi energy sF. The corresponding 
contribution to S will in general, form a broad background, extending 
over a range of frequencies comparable to the energies of the quasi 
particles involved. 

There are two limiting cases in which these higher pair configurations 
do not contribute appreciably to S(q, ω). The first is that of q arbitrary 
but ω small; that is, ω <^ eF. In this case, each of the excitations present 
in a given state η must lie within an energy ω of the Fermi surface. The 
density of configurations of In excitations per unit energy, each of energy 
ω , varies as ω 2 η _ 1 ; the contribution of the excitations to S(q, ω) varies 
in the same way. As a result, the multipair configurations may be neglect
ed in a calculation of S(q, ω) at low, macroscopic frequencies. 

The second case is that of q small (q <^ pF) but ω arbitrary. Let us 
consider the limiting value of (oq

+)n0 as q 0. In this limit the multi-
pair state I «> represents a well-defined excited state of the system 
(containing at least two quasi particles and quasi holes) which must 
be orthogonal to the ground state in the limit q = 0 (since ρ 0 = Ν and 
the number of particles is a constant of the motion). We conclude that 
(Qg

+)no is a t l e a s t of order q, so that the multipair configurations give a 
contribution to S(q, ω) which is at least of order q2 in the long wave
length limit. 2 We shall see later that the multipair configuration contribu
tion is actually of order q* for a translationally invariant system. It should 

2 This argument does not apply to the contribution to ( ρ β

+ ) η 0 from the single-pair 
configurations. In the limit q — 0 , an excited state with a single quasi particle and 
quasi hole reduces simply to a ground-state configuration. Thus for the single-pair 
configurations one finds ({?/ ) n 0 — 1 for the states which contribute; the number of 
such states is, however, of order q, so that the corresponding contribution to S 
extends only over a range q-vF. 
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be kept in mind that the argument presented here is a qualitative one 
(even though correct) since the quasi particles are actually well defined 
only in the immediate vicinity of the Fermi surface. 

The modification of the pair excitation spectrum is not the only 
consequence of taking particle interaction into account. One finds, in 
addition, the possibility of collective modes of the system. A collective 
mode involves the correlated motion of a large number of particles. It 
may be thought of as an excited state in which one has a coherent su
perposition of all particle-hole pairs of momentum q, in such a way as 
to produce a single excitation of energy, wg9 and a corresponding peak 
in the spectral density, S(q, ω) in the vicinity of a>q. This behavior is to 
be contrasted with the continuum contribution arising from the incoher
ent superposition of particle-hole pairs, considered thus far. In general, 
although the collective mode is a single excitation, as compared to the 
substantial number (of order N) of pair excitations which contribute 
to the continuous part of S(q, ω ) , it makes nonetheless an appreciable 
contribution to S(q, ω ) , through the coherence of the pairs which take 
part (again, a number of order N). In general, the collective peaks of 
the spectrum are immersed in the continuum of multipair excitations. 
The peaks are consequently broadened, the width of the peak being 
related to the probability for decay of the collective mode. 

When the peak falls in the range of the single-pair spectrum [i.e., 
of Sa)] the broadening is usually quite substantial. The peak is then 
best viewed as a resonance arising from the coherent motion of excited 
pairs. If, however, the peak lies outside the range of S{1\ the broad
ening is comparatively small; that is, (Γ9/ω9) <^ 1 where Γ9 is the width 
of the peak. The "resonance" then becomes sharp, and it is physically 
more natural to consider the peak as a separate excitation of the 
system. 

The way in which collective modes come about is best appreciated 
with the aid of some simple examples. The simplest approximation in 
which collective modes made their appearance is the random phase 
approximation (7, 2), in which a selected part of the interaction between 
the system particles is taken into account. Within the RPA (as we shall 
hereafter call the random phase approximation) for an electron gas, the 
long-wavelength collective mode is a plasma oscillation; for a system 
of neutral particles, it corresponds to zero sound (5). We consider next 
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the derivation of the density fluctuation spectrum in the R P A , and then 
go on to discuss the above specific examples. 

D . T H E RANDOM PHASE APPROXIMATION 

We determine the density fluctuation excitation spectrum in the R P A 
by means of the equation of motion method (2, 4, 5). In the present case, 
we are interested in finding directly the operator which creates a den
sity fluctuation excitation of momentum q. We are therefore led to study 
the equation of motion of the particle-hole pair operator, Cp+qCp. 
(We are suppressing spin indices in what follows.) The Hamiltonian 
for the system we again take to be given by 

« = Σ ^ ^ ^ + Σ τ " ( ρ Λ _ ] ν ) · ( U 9 ) 

ρ q ^ 
It is then a straightforward application of the anticommutation rules for 
the particle operators to show that 

[H, C+

p+QCp] = ω0(ρ, q) C+

p+gCp 

- Σ  Wm) {(Ci+gCp+k - C%+q_kCp) Qk+ (1.20) 
k 

+ Qk+ (Cp+qCp+k Cp+q-hCp)}-

We see that through (1.20) a single-pair excitation is connected to a 
two-pair excitation; in general, we would next need to write down the 
equation of motion of the two-pair excitation and would find it dbupled 
to both the one-pair and a three-pair excitation, etc. This series of coupled 
equations of motion represents simply another way of writing the Schro-
dinger equation, and is, of course, too complicated to be solved exactly. 

The lowest order approximate solution of the chain of coupled equa
tions, of which (1.20) is the first, is obtained by neglecting the particle 
interaction altogether. In that case, the electron-hole pair is seen to 
oscillate at a frequency ω0(ρ9 q) in accord with the results of the preced
ing section. In the R P A , one continues to work only with (1.20); one 
further keeps only part of the interaction terms which appear on the 
right-hand side of that equation. The R P A consists in the following pro-



26 D. PINES 

cedure: on the right-hand side of (1.20), replace the operators in pa
rentheses by their expectation value taken over the states of the non-
interacting particle system. Thus for a system at Τ = 0, we write, in 
the RPA, 

Cp+qCp+k Cp+q-kCp-* (fi \ ^p+q^p+k ^p+q-k^p \ ®) (1·21) 

(nl+q — np°) 6Qtk 

and (1.20) becomes 

[H9 C++qCp] = ω0(ρ, q)C++qCp - Vq(np+q - ηρ°)ρ+. (1.22) 

The resulting operator equation (1.22), is linear in the particle-hole 
pair operators, so that a solution for the eigenfrequencies of the pair 
excitations is easily found. It should be noted that (1.22) is not the most 
general linear equation one can obtain: there are further linear terms in 
the particle-hole operators which can be extracted from products of the 
form 

Cp+qCp+kQk+ -

As we shall see, the latter terms correspond to considering the possibility 
of "exchange" scattering of a particle-hole pair. In the RPA such scatter
ing processes are neglected. What one does in the RPA is equivalent t o : 

(1) Keeping only the term in the particle interaction associated with 
momentum transfer q, if, as here, one is following the motion of an 
excitation of momentum q. 

(2) Neglecting the fluctuations in the particle number Np about its 
average unperturbed value, np°. 

The physical content of the RPA is made clear by a closer inspection 
of the fundamental equation, (1.22). The second term on the right-hand 
side of (1.22) acts as a forcing term for the motion of a particle-hole 
pair. It is proportional to Vqgg

+

9 which we can regard as an averaged 
force field produced by all the particles in the system. That field must, 
however, arise from the pair excitations; one searches therefore for a 
self-consistent solution of (1.22). Thus, the RPA corresponds to a time-
dependent Hartree approximation, in the sense that only the "average" 
force field, of wave vector q, associated with the particle density fluctua-
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tions is retained. The terms we have neglected give rise to fluctuations 
about that average field, and are assumed small. 

We now use (1.22) to determine the form of the operator ξρ9 which 
satisfies an approximate oscillatory equation of motion: 

[H, f / ] = ω£+ (1.23) 

and so describes an elementary excitation of momentum q. Since (1.22) 
is linear in the particle-hole operators, it is clear that ξ9

+ is formed from 
the superposition 

f / = Σ A(P> ω)€ν+£ν Ο · 2 4 ) 
ρ 

Let us substitute (1.24) into (1.23). On making use of (1.22), we find 

2 A(p9 q, ω) {ως — ω0(ρ9 q)} C++qCp 

Ρ (1.25) 

= Σ q, ω) {ηρο - Η» + 9} 
Ρ 

The right-hand side of this equation consists of a constant term mul
tiplying QQ

+. In order that the left-hand side take this same form it is 
necessary that 

A'iq, ω) 
A(p, q9 ω) = 

Mq — ω0(ρ9 q) 

where A' is a constant which is independent of p. 
On making use of this result, we see that (1.25) possesses a solution 

only if 

1 =  ΚΣ  " P°~n;\ (1.26) 

which is the well-known RPA dispersion relation for the collective modes 
of an interacting fermion system. 

For a repulsive interaction (Vq > 0), as long as the condition 

<»g ><*>o(P> 1) (1-27) 

is satisfied, the collective modes will be well defined, in that their ener
gies will be distinct from those of the continuum of particle-hole pairs. 
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Where this condition is no longer satisfied, the dispersion relation (1.26) 
is not well defined. One can arrive at an appropriate prescription for 
treating the singularities at 

% = ω 0 ( / > , q) 

if one introduces an external forcing term into the equations of motion, 
(1.20), and requires that the system response be causal (follow in time 
the onset of the interaction between the system and the external force). 
The causality condition is satisfied if we everywhere make the replace
ment 

ω ω + ίη 

where η is a small positive infinitesimal number. The dispersion relation, 
(1.26) therefore becomes 

1 = Κ V ϋ* n - ™ . (1.27) 
Ρ ως — ω0(ρ, q) + νη 

In working with (1.27), one transforms to an integral over p, and makes 
use of the relation (valid under the integral sign) 

1 Λ 1 in δ[ω9 — ω0(ρ9ς)]. (1.28) 
ω

ς—ωο(ρ> q) + «7 ω

9 — ωο(ρ, q) 

One may ask: what is the coupling between the particle-hole ex
citations which is taken into account by the RPA, and which therefore 
gives rise to a collective mode ? To answer this question we consider the 
scattering of a particle and hole of momentum q as a consequence of 
the particle interaction, 

Vq 

V = 2 Λ CpaCpt+qtQtCpfofCp+qo. (1.29) 
pp'q £ 
σσ' 

Let us suppose that initially we have a particle in a state of momentum 
ρ + q, spin σ, and a hole in the state ρσ. One possible consequence of 
the interaction is that the particle simply falls back into the hole in the 
Fermi sphere; the matrix element for this process is Vq\ in the process 
another particle-hole pair, (ρ' + qa') and (ρ', σ'), is created. A second 
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possibility is that the particle is scattered from the state ρ + qa to the 
state p ' + q<r, while the hole is scattered from a state ρσ to the state 
ρ'σ. The matrix element for this process is — Vp,_p. I n the first (pair 
annihilation) process, the new particle-hole pair may have either the 
same spin σ, or opposite spin; in the second (scattering) process, the new 
particle-hole pair must have the same spin, cr, as that of the initial pair.. 

Only the first, "annihilat ion" process, is taken into account within 
the RPA. The second, scattering process, involves a momentum transfer 
different from q and is thus not included. On the other hand, in the RPA 
one takes into account not simply a single-pair annihilation process, 
but rather one sums the series of all such processes which go with the 
momentum transfer q. The summation of the series is performed au
tomatically when one obtains the self-consistent solution to (1.22). 

It should be emphasized that the RPA is essentially an "opera tor" 
approximation, which can be carried out as easily at finite temperatures 
as at Τ = 0. At finite temperatures, the only change in the modus ope
randi is that in place of (1.21) one has the finite temperature analog 

C++qCp+k - C++q_kCp -> {n»+q(T) - np\T)} \ k (1.30) 

where np°(T) is the unperturbed distribution function for the system at 
a temperature T. For an electron gas, the finite temperature analog 
of (1.26) in the classical limit provides the dispersion relation for the 
longitudinal plasma oscillations in a classical plasma. 

Before going on to a consideration of particular collective modes, 
we wish to make two further remarks. First, we note that the pair states, 
specified by (1.28), continue to represent in the RPA an acceptable mode 
of excitation of the system, so that the continuum contribution persists, 
although its contribution to S(q, ω) may be very different; second, we 
remark that one may, with the aid of (1.25) and (1.26), obtain an explicit 
construction within the RPA for the operators ξ9+ and ξ9 which create 
and annihilate the density fluctuation elementary excitations (<5, 7). 

E . COLLECTIVE MODES 

We now investigate in further detail the character of the RPA col
lective modes which appear as a solution of (1.26). The summation over 
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momentum states in (1.27) is not, in fact, difficult to carry out. It is 
made even easier if, in the term proportional to «$ + ( ? , one makes the 
change of the summation variable. 

ρ — p — q 

so that one has in place of (1.27) 

1 1 

<og — ^O(P> q) + h c°q — c°o(p — + 

or 

m ) 

On changing the sum to an integral, and carrying out the integral over 
the states within the Fermi sphere, one finds 

1 = N(0)Vq + 
Rf \ \ ^ q — q2\2m)2 

2q 
Η In 

coq — qvF — q2/2m 
coq + qvF — q2/2m 

(coq + q2\2mf 

q2v/ 
— Η In Mq + qvF + q2/2m 

(oq — qvF + q2/2m 
(1.32) 

The dispersion relation (1.32), appears rather formidable. However, 
one can obtain solutions without too much difficulty in various limiting 
cases of physical interest. We proceed to the discussion of the RPA 
collective modes for quantum and classical plasmas, and for a neutral 
fermion system. 

1. Quantum Plasma Oscillations: Plasmons 

We consider first the collective mode of an electron gas at Τ = 0. 
In dealing with this system, we assume that the electrons are immersed 
in a uniform background of positive charge, in order that the total system 
be neutral, and hence stable against charge density fluctuations. This 
system may be regarded as a quantum plasma since it represents the 
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Τ = 0 analog of the model used to treat electronic phenomena in clas
sical plasmas. For the plasma, one has for the Fourier coefficients which 
appear in (1.26) 

Vq = 4ne2/q\ q^O (1.33) 

Vq = 0, q = 0. 

That V0 = 0 follows from the fact that the uniform background of posi
tive charge exactly cancels the spatially uniform part of the Coulomb 
interaction between the electrons. 

One can appreciate the essential aspects of the collective modes of the 
electron gas, the plasma oscillations, more readily with the aid of (1.31) 
rather than (1.32). Let us consider (1.31) in the limit of very long wave
lengths. With the aid of (1.33), one finds that in this limit 

{AnNe2)1'2 

ω -+ω = , q-^0 (1.34) 
m 

where ωρ is the classical plasma frequency. Moreover, for small q, the 
energy of a plasmon (the quantum of plasma oscillation) varies as 

3q2vF

2 

ω * = + - j T T ^ + · " 0 · 3 5 ) Wtop 

as a straightforward expansion of (1.31) in powers of qvF/coq shows. Thus 
at long wavelengths, the plasmon is far removed from the particle-hole 
continuum (the masimum energy of the latter being qvF + q2/2m). As 
one increases the wavelength, the plasmon energy increases slowly 
with q, according to (1.32); the maximum of the electron-hole pair con
tinuum increases more rapidly. As a result, one arrives at a momentum, 
qC9 for which 

°>qc = QCVF + <1ο2β™ ; (1-36) 

at this point decay of a plasmon into an electron-hole pair becomes 
energetically possible. [This criterion for plasmon decay was first in
troduced by Sawada et al. (6) and by Ferrell (8).] 

The exact determination of the threshold wavevector from (1.36) 
requires the solution of the full dispersion relation (1.32). For an electron 
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gas at metallic densities one can obtain a satisfactory estimate of qc 

from the long wavelength version of (1.36); 

qc = MP/PF. (1.37) 

For plasma modes with q > qC9 it becomes necessary to take into ac
count the possibility of plasmon decay. One finds, with the aid of 
(1.27), that once the plasmon is able to decay into an electron-hole 
pair it does so readily, so that the plasmon ceases to be a well defined 
elementary excitation of the system for values of q only slightly great
er than qc. 

The physical mechanism responsible for plasma oscillation is easily 
understood. Suppose there exists a charge imbalance within the plasma; 
the resulting space charge gives rise to an electric field which acts to 
oppose that charge imbalance and to bring about overall charge neutral
ity. Thus in response to the polarization field, the remaining electrons 
move into the affected area; in so doing they will overshoot the target 
somewhat, be pulled back, overshoot, etc. In other words, the averaged 
field of the electrons associated with any departure from neutrality acts 
as a restoring force for the collective oscillation of the system about an 
equilibrium state which is electrically neutral. 

2. Classical Plasma Oscillations 

We consider next the collective modes in a classical plasma. Because 
we are here interested in high-frequency behavior characteristic of the 
electrons, we use a model in which the positive ions are replaced by a 
uniform background of positive charge. In the classical plasma, the den
sity and temperature of the electrons are assumed to be such that in the 
absence of electron-electron interaction, the electrons are characterized 
by a classical distribution function, which at equilibrium takes the 
usual Maxwellian form. Despite the great difference on the statistics 
of the noninteracting particles, we shall see that the collective modes in 
classical and quantum plasmas are remarkably similar. 

As we have mentioned, it is straightforward to apply the RPA to 
an interacting particle system at any temperature T. The dispersion 
relation for the collective modes may readily be obtained from (1.27) 
and (1.30). 
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It takes the form 

4ne2 „ n„°(T) — «<L nJT) 

m 2m J 

where we have included the factors of ft in order to facilitate passage to 
the classical limit. We now pass to that limit with the aid of the following 
relations: 

Σ - J" 
Ρ J 

nv\T)^f,(y) (1.39) 

" P W O /O(") + — q - ^ / O ^ ) m 

where / 0(t>) is the Maxwellian velocity distribution at temperature T. 
On making the substitutions (1.39), changing from a sum over momenta 
ρ to an integral over velocities, and letting ft -> 0 wherever possible, 
one finds 

1 = _ ^ U ^ W L . ( 1 . 4 0 ) 
mq2 J coQ — q-v + ϊη 

which is the dispersion relation for classical plasma oscillations. 
It is straightforward to transform (1.40) into a one-dimensional in

tegral in velocity space, since only the only direction of interest is that 
of q. One finds then 

i = _ 4 n f N ( 1 4 1 ) 

mq2 Jo a)Q — qv + fy 

where f0(v) is the normalized one-dimensional velocity distribution. 

/ 1 \ 1 / 2 v2 

M V ) = {-2^J) e X p - ^ ( L 4 2 ) 

and v, the root mean square thermal velocity, is defined by 

mv_} — κΤ. 
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As we have mentioned earlier, the small imaginary part, ίη, in (1.41) 
arrives from a choice of retarded boundary conditions in the solution 
of the equations of motion. Such a solution is, in fact, valid only when 
Im ω > 0, so that (1.41), as it stands cannot be used to treat damped 
waves, for which Im ω < 0. In order to treat the latter, it is necessary 
to analytically continue the dispersion relation into the lower half of 
the complex plane. Such a procedure may be justified in detail by treat
ing plasma oscillations as an initial value problem, and using the theory 
of Laplace transforms (9, 10). For the small rates of damping which will 
interest us here, the results one obtains are equivalent to the familiar 
prescription: 

1 > 1 in 6{cvQ — qv). 
cog — qv + ίη coq—qv 

Thus we write (1.40) in the following form: 

ω2 ^ f00 qidfJdv) ίω2η f00 

1 = _ - J L ^ dv q V J o 1 +—P— dvq(df0ldv)d(coQ-qv). 
q2 Jo coq — qv q2 Jo 

It is not difficult to solve (1.43) in the long-wavelength limit. In this 
limit, one finds coq ^> qv; one can therefore integrate by parts the first 
term on the right-hand side of (1.43), and expand the result in a power 
series in qv/wq. If we write 

wq = OJ x + iw2, 

we find that to lowest order in qv/ω, and ω 2 / ω 1 (1.43), becomes 

ω* 2ίω2ω/ ΛΠΪ ω2 ωλ ω2 

1 = ^ - + Ϊ ι V -Ζ- -γ-ϊ e x p — — — (1.44) 
ωΎ

£ ωλ

ό f 2 q2v_2 q_v 2q2v2 

which possesses the solution 
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These results were first obtained by Landau (9) and by Bohm and 
Gross (77). 

We seen from (1.45) that to lowest order in q the classical plasma 
wave has the same frequency as that found for the quantum plasma. 
On the other hand, the classical plasma wave is damped. From a quan
tum point of view this damping, the so-called Landau damping, occurs 
because at finite temperatures the continuum of particle-hole pair ex
citations is spread out over the entire energy spectrum, rather than being 
cut off at qvF. As a result, there is always a slight probability of finding 
a particle in the tail of the Fermi-Dirac (or Maxwellian) distribution 
function which is capable of absorbing energy from the plasma wave. 
From a classical point of view, the damping is to be attributed to par
ticles which move in phase with the collective mode, that is, particles 
with velocity ν such that 

- L L - ^ - v * (1.46) 
q q 

where vph is the phase velocity of the plasma wave. 
In order to observe a damping of the plasma wave, two conditions 

must be fulfilled: first, there must be single particles in the plasma which 
are capable of exchanging momentum and energy with the plasma wave; 
second, the number of particles with velocities less than the phase ve
locity of the plasma wave must be greater than the number of particles 
which have velocities greater than the phase velocity of the plasma wave. 
Particles with velocities (in the direction of the wave) less than vph 

absorb energy from the wave, while those with velocities greater than 
vph give up energy to it. [This may easily be seen if one transforms to a 
system of coordinates moving with the phase velocity of the plasma 
wave (77).] Thus, if / ( v ) is the electron velocity distribution where 

We find damping, as for the case of the Maxwellian distribution we have 
considered. On the other hand, if 

q - F , / ( v ) < 0 . (1.47) 

q-F„/ (v) > 0 (1.48) 

(which means a velocity distribution with two humps) one may have 
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a growing plasma wave, depending on the exact location of the second 
hump. If some plasma waves are unstable, the RPA description of the 
plasma becomes inapplicable, and one must take into account various 
nonlinear effects in the coupling between the waves and the particles. 

For the Maxwellian velocity distribution, at long wavelengths the 
Landau damping is essentially negligible; there are very few particles 
which possess velocities equal to cuq/q. On the other hand, once the phase 
velocity of the plasma wave is comparable to the mean thermal particle 
velocity, that is, for 

fo=—, (1.49) v_ 

there is no lack of particles to absorb energy from the plasma wave, and 
one expects, and finds, that the plasma oscillation is strongly damped. 
For the classical plasma, then, qD represents the maximum wave vector 
for which it is useful to regard the plasma oscillation as a well-defined 
collective mode of the system. The reader may note the close resemblance 
between the limiting wave vectors for the quantum and classical plasmas 
(1.37) and (1.49). 

3. Zero Sound 

We consider now the density fluctuation collective mode for a neu
tral fermion system. We shall confine our attention to the long-wave
length limit of the zero temperature dispersion relation. As long as the 
interaction is well behaved (i.e., falls off more rapidly in space than the 
coulomb interaction), 

lim VQ-+V 

where V is a constant. The solution of (1.31) or (1.32) is then straight
forward in both the strong coupling and weak coupling limits. 

For strong coupling, one can, as for the plasmons, expand (1.31) 
in powers of q* vF/cog; one finds, in lowest order 

(NVy/2 
q (1.50) 1/2 
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provided the sound velocity, (NV/m)1/2, is large compared to the velocity 
of a particle on the Fermi surface, vF. This criterion is equivalent to the 
criterion 

N(0)V^> 1 (1.51) 

where N(0) is the density of states per un i t energy for particles of one 
kind of spin (1.17). 

In the opposite limit, of weak coupling, for which 

N(0)V^l (1.52) 

it is convenient to make use of the dispersion relation (1.32). We first 
note that the frequency of the collective mode must be very nearly equal 
to qvF, since it is only for such values that the logarithmic terms yield 
a contribution of order 1/N(0)V, and a solution of the dispersion relation 
can be found. If we introduce the parameter 

λ = — ( 1 . 5 3 ) 
qvF 

(1.32) reduces to the relation 

λ In 
λ + 1 
λ — 1 

1 + 2 (1.54) 
N(0)V 

to terms of lowest order in q and N(0)V. One finds then 

λ = 1 + (4" ) e x p - l / J V ( 0 ) K 
e2 

or 
2 

"q qvF \ 1 + — exp - l/[N(0)V]} (1.55) 

as the dispersion relation for zero sound. In the weak coupling limit, 
then, the collective mode sits just above the continuum of particle-hole 
pair excitations. 

In general, in the long-wavelength limit of the RPA, there will exist 
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a zero sound mode which is distinct from the particle-hole excitation 
spectrum no matter what the coupling constant V might be (again as 
long as V is positive, corresponding to a repulsive interaction between 
the particles). As the wave vector of the collective mode increases, one 
finds a critical wavevector, qc, at which the collective mode merges 
with the continuum of particle-hole excitations. The spectra merge 
because the maximum pair excitation energy 

qvp_ q2 

m 2m 

increases more rapidly with q than does the energy of the collective 
mode, as a result of the q2 dependence of the former. Just what value 
qc takes is a matter for detailed calculation. For example, in the case of 
weak coupling, one finds directly from (1.32) that 

2 1 
qc = — pF exp . (1.56) 
Hc e F F F N(0)V 

Just as for the plasmons, once it becomes possible for a zero sound 
mode to decay into a particle-hole pair, the collective mode is strongly 
damped by single pair excitation, and ceases to be a well-defined ele
mentary excitation of the system. In the weak coupling case, the range 
of wave vectors for which zero sounds exists is seen to be very small 
indeed. 

4. Zero Sound versus First Sound 

The collective modes we have considered resemble sound waves, in 
that they correspond to a longitudinal oscillation of the particle density. 
Their physical origin is, however, quite different. An ordinary, or first, 
sound wave is a hydrodynamic phenomenon. It occurs under conditions 
such that the system displays local thermodynamic equilibrium, as a 
consequence of frequent short-range collisions between the system par
ticles. As a result, when the particle density increases in a certain region, 
a pressure wave is set up which acts to restore the local equilibrium con
ditions. For hydrodynamic concepts to apply, the particles must suffer 
many collisions during a period of oscillation of the sound wave. One 
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therefore expects to find a first sound wave for frequencies ω and col
lision times r such that 

c o r < l . (1.57) 

In the case of the collective modes, such as plasma oscillation and 
zero sound, the restoring force on a given particle is the average time: 
dependent self-consistent field of all the other particles. That this is 
the case is perhaps obvious for the plasmons; it is equally true for zero 
sound, as may be seen from an inspection of the equation of motion for 
a particle-hole pair (1.21). The restoring force for the collective mode 
appears on the right-hand side of that equation; it is the averaged den
sity field of all the other particles. The short-range collisions between 
the individual particles act to disrupt the effect of that averaged field, 
and therefore serve to damp the collective mode. 

Consider, for example, a long-wavelength collective mode in a fer-
mion system at Τ = 0. Within the RPA it is not damped, since Landau 
damping is forbidden by energy and momentum conservation. Beyond 
the RPA, however, one takes into account a coherent superposition of 
"dressed" pair states, in which each component may consist of a 
"dressed" quasi particle. The "dressed" quasi-particle states possess a 
finite lifetime; so will the collective mode. Such damping of the collective 
mode may be regarded as arising from a coupling of the mode to con
figurations involving two particles and two holes, since a damped quasi 
particle exists, in part, as a particle, plus a particle-hole pair. Roughly 
speaking, the criterion that a collective mode exist will be 

ω τ > 1 (1.58) 

where τ as above, represents the collision time for the particles. 
At a temperature Τ such that 

κΤ<^ΕΡ 

the collision time, as a consequence of the Pauli principle phase-space 
restrictions, varies with temperature as 

τ = AT2. 

At low temperatures then, such collision damping, like the Landau damp-
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ing, is totally ineffective in damping the plasma waves of frequency near 
ωp. Matters are otherwise for the zero sound waves. Indeed at a given 
temperature T, since the zero sound frequency is proportional to qf 

at very long wavelengths the condition (1.58) is not satisfied, but in its 
stead (1.57) applies. Hence at very long wavelengths one has first sound 
waves. Then, as one passes to shorter wavelengths, one passes to the zero 
sound regime (assuming the temperature is sufficiently low). The tran
sition between the two regimes is undoubtedly smooth, but is complicated 
to work out in any detail, since one is working in a domain where neither 
the hydrodynamic or the collective mode description is strictly valid. 

F. SUMMARY 

In this lecture we have tended to focus our attention on a particular 
class of pair excitations, the density fluctuations, and on a particular 
approximation, the RPA. Just as the density fluctuations represent the 
system response to an external beam, so too can one find the appropriate 
pair excitations which determine the response to an arbitrary external 
probe. Such pair excitations are all of the form [cf. (1.24)], 

£/ = Σ ^ ( Λ Wt+eoCpo' · (1.59) 
ρ 

σα' 

Depending on the choice of the coefficients Ασσ,(ρ, q, ω ) , one deals with 
a transverse current density fluctuation, a spin density fluctuation, etc. 
In any given case, one may attempt, by methods quite similar to those 
employed here, to determine whether in addition to the continuum of 
pair excitations, collective modes may exist, and, if so, what their charac
ter might be. 

How good is the R P A ? From the way in which we have derived the 
collective modes, it is clear that the effects of the interaction between 
the particles are regarded as essentially weak, since we have inserted 
the unperturbed particle distribution functions into the basic dispersion 
relation. We have as well neglected a large class of terms in the pertur
bation-theoretic expansion of the particle interaction energy by confining 
our attention to the first of the infinite set of coupled equations. The 
detailed study of the validity of the RPA lies beyond the scope of this 
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lecture; we may quote, however, the results of such studies for classical 
and quantum plasmas. For both systems, the RPA is valid provided: 

< 1 . (1.60) 
<r> 

Here <F> is the average potential energy of interest, while <Γ> is the 
average kinetic energy of interest. 

For the classical plasma, the criterion (1.60) becomes 

— <κΤ (1.61) 

a criterion which is well satisfied for classical plasmas of physical in
terest, ranging from the ionosphere, through the conduction electrons 
and holes in semiconductors, to the " h o t " laboratory plasmas of in
terest for controlled fusion research. It should be recalled that, as we 
have mentioned, the RPA does fail when the electron velocity distribu
tion is such that one encounters growing plasma waves. 

For the quantum plasma, the criterion for validity of the RPA boecmes 

r0<^(fi2/me2) (1.62) 

a requirement which limits its validity to electron gases of a density 
some ten times higher than that encountered in the conduction band of 
metals. As we shall see in a subsequent lecture, improvements in the 
RPA do not alter the plasma dispersion relation in the long-wavelength 
limit. Thus one finds in general for the plasmon energy, 

ω, = ωρ+(α + ib) q* + ... 

where the coefficients a and b differ from their RPA values. 
The correct description of the longitudinal collective modes for a neu

tral fermion system requires the use of the Landau Fermi liquid theory. 
In certain limiting cases, the results of that theory take the form of the 
RPA result (3.49). In such cases, however, V is replaced by the effective 
scattering amplitude for a pair of quasi particles [see, for example, 
Nozieres (12)]. 
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Our discussion of the dynamic form factor for fermion systems at 
Τ = 0 may be summarized in the following way. For a neutral system, 
there are essentially three regimes of interest: 

(i) °<<lc<qF' 

Here the collective mode is well defined and is seen superposed on the 
weak continuum contribution associated with configurations involving 
two quasi-particle and quasi-hole excitations, three quasi-particle and 
quasi-hole excitations, etc. The continuum contribution, associated with 
configurations involving a quasi-particle, quasi-hole pair, is found below 
ω « qvF. 

(ϋ) <lc^q<<lF-

The collective mode has merged with the quasi-particle, quasi-hole 
pair excitation spectrum. A sharp well-defined peak in S(q, ω) no longer 
exists. There is, however, a definite piling up of states in the vicinity of 
ω ?5s qvF since the pair excitations continue to give the dominant con
tribution to S(q, ω). 

(iii) qc<^q^qF. 

The dominant configurations which contribute to S(q, ω) no longer 
consist simply of a quasi particle and a quasi hole. Contributions from 
configurations involving a number of quasi particles and quasi holes 
play an equally important role. There is little or no structure in S(q, ω ) . 

For an electron gas at metallic densities the dynamic form factor 
behaves in qualitatively the same way. The essential difference is that 
because ωρ is somewhat larger than the Fermi energy, qc is comparable 
to qF. As a result one goes almost at once from region (i) to region (iii). 
There is no well-defined region (ii). 

Π. Correlation and Response for Neutral Systems 

A. DENSITY-DENSITY RESPONSE FUNCTION AT 7 = 0 

In the first part of these lectures we have considered the resonant 
transfer of energy and momentum from a beam of particles to a many-
particle system. The particle beam represents an example of a time-
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and space-varying longitudinal probe of system behavior; longitudinal 
because it couples directly to a longitudinal excitation mode, the den
sity fluctuations. For a system in its ground state, the dynamic form 
factor serves to specify the "out-of-phase" response of the system to an 
external longitudinal probe. Then will also be an "in-phase" response, 
which corresponds to a polarizability of the system; generally one is 
interested in the complete density-density response function, which in
cludes both the " in-phase" and "out-of-phase" response of the system 
density fluctuations to a weak longitudinal probe. Because the response 
of the system is causal (that is, follows in time the onset of the probe-
system coupling), one has a set of Kramers-Kronig relations which 
relate the in-phase and out-of-phase parts of the response function. 
Hence the dynamic form factor serves to determine completely the 
overall density-density response function, as we shall now demonstrate. 

We begin, as in Section I, B, with the consideration of a time-varying 
longitudinal probe which is coupled directly to the density fluctuations 
of the system. Such a coupling may be expressed by an interaction 
Hamiltonian of the form 

ΓΟΟ (^S* 

# e x t = Σ ο ' 6 Χ Ρ ( ~ (2 · 1 ) 

where Qe(q, ω) is the Fourier transform in space and time of the probe 
particle density and 9 ^ is the Fourier transform in space of the poten
tial energy of interaction between the probe and the system. Since the 
perturbing field must be real, the Fourier components of Qe must satisfy 
the relation oe(q, ω) = ρ€(— q9 — ω). For the external particle con
sidered in Section I, A, one has 

Qe(q9 ω) = exp (— iq Re) δ(ω — q-PJMe) (2.2) 

in the approximation in which the recoil of the scattered particle can be 
neglected. 

We have not specified any boundary conditions in (2.1), that is the 
time at which the interaction, i / e x t , between the probe and the system 
should be regarded as beginning. One has a certain liberty in the choice 
of boundary conditions; however, by far the most convenient is that 
choice which corresponds to turning on the interaction adiabatically, at 
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some time in the distant past, and then studying the response of the 
system. In this way, one avoids heating up the system by a substantial 
transfer of energy form the probe to the system; one also ensures that 
the system response shall be causal. The use of adiabatic and causal 
boundary conditions is equivalent to the mathematical statement that 

/•oo 

#EXT = Mm Σ άω 3^o+Qe(q, ω) exp (— iwt) exp (jjt) (2.3) 
q J-oo 

we shall verify that this is indeed the case in the course of our sub
sequent calculations; note that i / e x t vanishes in the distant past, at 
/ = — o o , it then slowly increases in strength until it reaches its full 
value (2.1), at t = 0. As we have emphasized, we are interested in a 
probe which is weakly coupled to the system. Thus each Fourier com
ponent of the probe density acts independently; a given qe(q, ω) induces 
its own density fluctuation of the system particles with wave vector and 
frequency ± (q, ω). We define the retarded density-density response 
function, %(q, ω ) , as follows: 

X(q> ω) = - ^ r - . (2.4) 

Here < ρ ( # , ω ) > is the Fourier transform in space and time of the expecta
tion value of the average density fluctuation, (g(r, φ induced by the 
perturbing potential (2.3). We have included the potential, 9^, in the 
definition (2.4), in order that the response function, %(q, ω ) , depend only 
on the system properties. 

We calculate %(q, ω) by using time-dependent perturbation theory to 
compute the change in the system wave function brought about by ^ e x t , 
under the assumption that the system is initially in its ground state. As 
we have remarked, in calculating < ρ ( # , ω ) > it suffices to keep only those 
terms in Hext which are proportional to Qe(q, ω) and its complex con
jugate. The calculation proceeds as follows. 3 We consider the time-
dependent Schrodinger equation 

ih Ψ(ί) = (H + H^) Ψ{t) (2.5) 

3 We follow closely the treatment given by Nozieres and Pines (13). For a general 
discussion of linear response functions, see, for example, Kubo (14). 
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where Η is the system Hamiltonian (1.19), and Hext is given by (2.3). 
We solve (2.5) by expanding Ψ(ί) in terms of the exact many-body eig-
enstates, | n}, of the many-particle system, the latter being defined by 

Η \n) = En I ri> (2.6) 

with the En representing, as before, the corresponding exact system 
excitation energies. Thus 

= Σ *»(0 I ri> exp ( - iEnt) (2.7) 

where, according to our boundary conditions, 

a0(t = — o o ) = 1 

an(t = — o o ) = 0 (η φ 0 ) . 

On substituting (2.7) into (2.6), and keeping only the terms proportional 
to Qe(q9 ω) in Hext, one finds readily 

Qe(Q, Ω) (g/)no exp [— ΚΩ + ω Λ 0 + 
ω — ωη0 + ίη (2.8) 

Qe+(<1> ω) (Qg)no exp [*(ω + ω η 0 — ίη) t] 
Ω + ΩΠΟ — H 

where the (Qg

+)n0 and ωη0 have the same meaning as in the previous 
lecture. 

In calculating (ρ9(φ, it suffices to keep only those terms proportional 
t o £?*(#> ω)ΐ thus o n e h a s 

<eff(0> = Σ {(^)oA(0 exp [—icon0t] + an+(t) (Qg)n0 exp [icon0t]} exp (—ηί) 
(2.9) 

since <0 | gg(t) | 0> vanishes for a translationally invariant system. The 
calculation of <Qg(t)} is simplified if one notes that when an intermedi
ate state, I n}, is coupled to the ground state by QQ, then that same state 
cannot be coupled to | 0> by Qg

+. One finds, by direct substitution 

<ββ(0>= — ̂ ( ^ ω ) β χ ρ [ — ί ( ω + ί η ) ί ] £ 
(Qg

+)n0 ! 2 I (β , )* 

Τ ω — ωη0 + ω + ω η 0 + ίη 
(2.10) 
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Making use of time-reversal invariance, we may associate to each state, 
I ri)9 with momentum q, another state, | m>, degenerate with, | «>, 
having a momentum — q and a complex conjugate wave function. 
Hence one has 

^ I (QQ)NO | 2 _ I (.QQ+)MO 1 2 (2 11) 

~ ω + ωη0 + /?7 m ω + w f f l 0 + ιη ' 

With the aid of (2.10) and (2.11), one finds readily that 

X(q> ω) = 2 I Wno I 2 j , 1 ^ . 1 (2.12) 
V ( ω — ω η 0 + ιη ω + ω η 0 + «7 J 

which is our desired result. 
We consider next various formal properties of our response function, 

%{q9 ω). First, we remark that there is a close relationship between 
X(q9 ω) and S(q, ω ) , as we have anticipated. On comparing (2.12) with 
(1.9), we note that we can write 

1 1 
ω — ω' + ιη ω + ω' + ιη 

Χ(1, ω ) = JJW S(q9 ω') \ | . - , / , , . [ (2.13) 

in which form we see that S(q9 ω') represents the spectral density for 
X(q9 ω ) , and serves to determine it completely. We see too that %{q9 ω) 
is analytic in the upper half of the complex ω plane, as we should expect 
from our causal boundary conditions. 

It is also not difficult to obtain an explicit expression for the space-
time polarizability, 

^ f00 d a ) 

X(r9 0 = Σ %(q> ω ) e x p / (^ r —cot)' (2*14) 

q J-oo 2π 

It is left as a problem for the reader to show that %{r9t) is a retarded 
commutator of density fluctuations taken at different times, 

X(r, 0 = — ι <0 I [Q(r91)9 ρ(0, 0)] | 0> 0 ( 0 (2.15) 
where 

Θ ( / ) = 1 , t>0 (2.16) 

= 0 , t < 0 . 
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In (2.15), the operators and wave functions are specified in the Heisen-
berg representation. 

B . SUM RULES FOR THE DYNAMIC FORM FACTOR 

1. Current Conservation: f-Sum Rule 

The dynamic form factor, S(q9 ω), obeys a useful sum rule, 

|°°</ω coS(q9 ω) = Nq2/2m ' (2.17) 

where m is the mass of the system particles. 4 The sum rule (2.17) is 
equivalent to a generalized longitudinal version of the Thomas-Reiche-
Kuhn sum rule for atomic spectra; it may also be expressed as a sum 
over oscillator strengths for the density fluctuation excitations, 

/0η = - ^ ω η 0 \ ( ρ / ) η 0 | 2 (2.18) 

in which form it reads 

Σ fon = * =  Σ  - Π Γ - ω » · I I 2 · ( 2 · 1 9 ) 

η η α 

The equivalence of (2.19) with (2.17) follows directly from the definition 
of S(qco). 

To derive (2.19) we consider the double commutator 

HI ρ / ] (2.20) 

evaluated in two different ways. In (2.20), Η is, as usual, the Hamilton-
ian for the interacting particle system. We assume that the potential 
energy of interaction between the particles is independent of their 
velocity; in that case, the density fluctuation, Qq9 commutes with the 

4 The sum rule, in essentially this form, was obtained by Placzek (75), in connection 
with the theoretical description of neutron-scattering experiments. The form (2.19) 
for a many-particle system, was independently derived by Pines (16), and Nozieres 
and Pines (17). The derivation presented here is that of ref. (77). 
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potential energy (since that depends only on the interparticle spacing). 
Hence we can write 

[Q„ Η] = Κ Υ , Ρ ? Ι * η \ 
i 

= \ Σ e x p i - ' q - ^ + e x p i - Z q - r i ) ! " ^ ! (2.21) 

and 
q2N 

[(Qg, H\ ρ / ] = — . (2.22) 
m 

Let us now take the expectation value of (2.22) for the ground state, 
and, further, insert a complete set of eigenstates of the Hamiltonian Η 
in the double commutator (2.22). We have then 

Σ { < ° I Κ # 1 1 » > < » I E / 1 ° > 

Να2 

- < 0 I QQ

+ I « > < « I [Qq, Η] I 0 > } = — 

m 
Further, 

(2.23) 

[Qg> H]Qn = (En — E0) (Qg)0n = ω η 0 (ρς)0η (2.24) 

since we have chosen the states η such that 

H\n> = En\ri>. 

Equation (2.23) may therefore be written as 

Σ  0) n0 I (Qq +)nO |* + ^ n 0 | ( ρ , ) η 0 | 2 = · (2.25) 
η 

Again making use of time-reversal invariance, we may write 

Σ Κ ο ) I ( ί ? / ) » ο I 2 = Σ K o ) I (Q 9),R.o I 2 (2.26) 
η M 

whence (2.19) and (2.17) follow directly from (2.25). 
The sum rules are closely related to the law of current conservation 

for a system of particles interacting via a velocity-independent potential. 
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The current density, j(r), is defined as 

m = 4- Σ — δ<? -
 r<) + d ( r - «•.·)—· ( 2 · 2 7 ) 

2 t m m 

It possesses the Fourier transform, 

jg = 4~ Σ (Pi eXP t— ifl'ril + eXP I - ^ - rJ Pi) ' ( 2· 2 8) 
On comparing (2.28) and (2.21), we see that (2.21) is simply the Fourier 
transform of an operator statement of longitudinal current conservation, 

E, = -IF-J0U (2·2 9) 
Let us take the matrix element of (2.21) and (2.29) between the ground 
state I 0>, and an eigenstate, | «>, of H, viz, 

ω » ο ( ρ Λ ο = ( q - j f f ) « o . (2.30) 

We see that the requirement of longitudinal current conservation is 
equivalent to our longitudinal / - sum rule, since (2.21) and (2.30) are 
essential intermediate steps in the derivation of the latter. 

2. The Compressibility Sum Rule for S(q, ω) 

In the long-wavelength limit, the static response function, %{q, 0), 
is simply related to the isothermal compressibility for an uncharged 
many-particle system. (The corresponding relation for an electron gas 
will be considered in Section III of this chapter.) To obtain the relation, 
we remark that, in this limit, the external potential, 

dV(x) = lim 3ree(q, 0) exp (iq-r) (2.31) 

is balanced by a pressure distribution, OQ(r), such that 

3Q = — NOV (2.32) 

where Ν is the equilibrium density of particles. The additional pressure, 
(5ρ(/*), will in turn change the density, (5@(r), by an amount 

δρ = κΝδΡ (2.33) 
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where Κ is the isothermal compressibility (if one considers the response 
at a finite temperature). On making use of (2.31-2.33), and the definition 
(2.4) of X(q, 0), we find 

lim X(q9 0) = — *N2 = — N/ms2 (2.34) 
$-•0 

where s is the macroscopic isothermal sound velocity. We have, more
over, an explicit expression for X(q9 0) in (2.13); it is 

Γ 0 0 S(q, ω') 
x(q90) = - 2 da>' w , . (2.35) 

Jo co 

If we now combine the expressions (2.34) and (2.35) we obtain a very 
useful sum rule for the long-wavelength behavior of the dynamic form 
factor. 5 We find 

Γ00 S(q, ω) Ν 
l i m dw w - = . (2.36) 
«-•ο Jo o) 2ms2 

We shall have occasion to make use of (2.36) in connection with our 
study of the density fluctuation excitation spectrum in superfluid systems. 

3. The Static Form Factor 

The dynamic form factor is the Fourier transform in space and time 
of the density-density correlation function, S(r, t). Thus one has 

Λ OO 

S(r, d w S ^ > ω ) E X P T'fo · Γ — Ω ' Μ = < ° I E(R>') ° > I ° > 
4 J ° (2.37) 

where the operators and wave functions are specified in the Heisenberg 
representation. It furnishes a measure, therefore, of the correlation be
tween the system density at difference space-time points, as was first 
emphasized by van Hove (27). Another quantity of interest is the 
static density-density correlation function, S(r, 0), which measures den-

5 The compressibility sum rule was perhaps first obtained by L. P. KadanofT and 
P. C. Martin in 1958 (18). It has been rederived independently by Mermin (19) and 
by Nozieres (12) and Pines (20). 
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sity correlations at the same time. The static form factor, S(q, 0) is 
simply the Fourier transform of S(r, 0). One finds 

S(g, 0) = j dr exp ( - iq τ ) 5(r, 0) = <0 | ρ+ρ9 | 0> . (2.38) 

Thus S(q, 0) furnishes a direct measure of the mean square density 
fluctuation in the ground state. It is frequently convenient to work with 
Sg, which we define as 

S«=  {Ύ)  < ° Ι ^ Ι ° > · ( 2 · 3 9 ) 

It follows directly that the "zeroth" moment of S(q, ω) is related to Sg by 

°°ί/ω S(q, ω) = NSg . (2.40) 

C . T H E D Y N A M I C F O R M F A C T O R FOR S U P E R F L U I D SYSTEMS 

The sum rules (2.17) and (2.36), provide a valuable check on the con
sistency of a given calculation of the dynamic form factor for many-
particle systems. Obviously the two moments of S(q, ω) which these 
rules supply cannot in general serve to specify S(q, ω). There are, however, 
two special cases of considerable interest for which the sum rules do, 
in fact, determine the exact form of S(q, ω) in the long-wavelength limit. 
One is that of liquid He II (or, in fact, any system of interacting bosons). 
The second is that of a neutral fermion system with *V* state attractive 
interactions. In both cases the "cont inuum" contribution to the dynamic 
form factor is negligible in the long-wavelength limit. What remains is 
a collective mode contribution; the sum rules then tell us that the long-
wavelength collective modes are phonons whose velocity is simply the 
isothermal sound velocity of the system in question. 6 We shall thus find 

Nq 
lim S(q, ω) = —— δ(ω — sq) (2.41) 
Q-+O 2ms 

where s is the macroscopic isothermal sound velocity. 

6 For liquid He II, the demonstration presented here is due to Miller et al. (22) 
and to Pines (20). 
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1. Liquid He II 

The dynamic form factor for a system of interacting bosons differs 
in an essential way from that for fermions. The difference arises from 
the condensed state for the boson system. Consider, first, a system of 
noninteracting bosons. The ground state of the system is that in which 
all the particles have momentum zero. If we introduce an extra particle 
of momentum q, it will have an energy 

On the other hand, if we create a density fluctuation of momentum q, 
we do so by taking a particle from the condensed state and giving it a 
momentum q. The energy of the density fluctuation excitation mode is 
again eg; a simple calculation shows that 

For the noninteracting system, the density-fluctuation excitations consist 
exclusively of single particle excitations of a well-defined energy. Put 
another way, the quasi-particle excitation spectrum and the density 
fluctuation excitation spectrum are identical; up to terms of order 
(l/N) it makes no difference whether one brings a particle in from out
side, or excites a particle from the condensed state. 

Let us now turn on adiabatically the interaction between the bosons. 
We can now make an argument for the form of the quasi-particle 
spectrum which is analogous to that used by Landau for an interacting 
fermion system. We assume there is a one-to-one correspondence between 
the states of the interacting system and those of the noninteracting sys
tem. In that case the state with one extra boson of momentum q trans
forms adiabatically to a state in which there is present a single quasi 
particle, of momentum q, and energy cor (This may be expected to 
hold the provided the life-time of the quasi particle is sufficiently long, 
a condition difficult to make precise for a general system of interacting 
bosons, but one which is known experimentally to be satisfied for the 
excitations of momentum q < 2.7 Λ~λ in liquid He II.) 

<72 

2m 

(2.42) 
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We next remark that when we consider the density fluctuation excita
tion spectrum for the interacting boson system, there will be a part of 
that spectrum which corresponds to exciting a single quasi particle 
from the condensed state. What is required of the interacting boson 
system is simply that some finite fraction, N0/N, of the particles remain 
in the condensed state, a fraction such that the number of particles in 
the condensed state, N0, be large compound to unity. [For a system of 
macroscopic size, that fraction, N0/N, can be very small indeed ( ~ 1 0 ~ 1 5 , 
say) and one would still have NQ^> 1 ] · I*1 other words there must be 
some "vestige" of the original completely occupied condensed state, 
but that vestige does not have to be very sizable. The energy of the 
excitation will be identical to that of the corresponding quasi particle; 
thus there continues to be an overlap between the quasi particle spec
trum and the density fluctuation excitation spectrum. We are essentially 
arguing that when we start with the system of Ν — 1 "ba re" particles 
plus one "ba re " particle of momentum q, on turning on the interaction 
we arrive, in part, at a state with a single quasi particle of momen
tum q, energy wg. The overlap need not be complete; thus one can also 
form a density fluctuation of momentum q from excited state configura
tions which involve two quasi particles, three quasi particles, etc. 

We therefore write 

S{q, ω) = NZq δ(ω - ω,) + S™ fo, ω) . (2.43) 

In (2.43) the first term on the right-hand side represents the contribu
tion from excitation of a single quasi-particle (of momentum q, energy 
coq), while the second represents the contribution from excited state 
configurations involving two or more quasi-particles. Consider now the 
character of 

S«>(f, ω) = 2'| ( ρ ? + ) η 0 | · δ(ω - ωη0) (2.44) 
η 

where the prime on the summation denotes the fact that only states 
which involve two or more quasi particles, of net momentum q, are 
to be considered. It is clear that in the limit of q-> 0 , ω η 0 (#) will not 
depend sensitively on q, and may be expected to approach a constant 
value. (For example, one adds together quasi-particle states of momenta 
— p and p + q, energies ω Ρ and o> p + q to form a pair state of momentum 
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q. On summing over all possible states ρ and passing to the limit q - > 0 , 
one sees that there is no particular q dependence of the resulting set of 
excitation frequencies.) An estimate of the matrix element (gg

+)n0 asso
ciated with such an excitation may be obtained directly from the / -sum 
rule (2.19) which may be written as 

Nq2 

Σ ( Λ ω * = ~ · (2-45) 

In this form it is clear that for the excitations which have a constant 
energy ω, say, in the limit q-> 0, the corresponding matrix element must 
be at least of order q, or the sum rule (2.45) is violated. 

We consider next the matrix element for the current density fluctua
tion, ] q

+ , in the limit q-+0. In this limit, one has 

lim ( j / ) n 0 = <n I J I 0> (2.46) 

where J is the total current. Since J commutes with the Hamiltonian 
(for a translationally invariant system), it is good quantum number; 
therefore, assuming that the limiting procedure is well defined in the 
limit q - * 0 , (η | J | 0> = 0, so that we may write 

lim ( j / ) n 0 ~ < 7 a ( a > 0 ) . (2.47) 

We now make use of longitudinal current conservation, which states 
that 

according to (2.30). We see that 

lim ωη0 = ω 
(2.48) 

lim (ρ ? +) η 0 = (« > 0) 
$-•0 

for the configurations involving two or more quasi particles. On compar
ison with (2.45), it follows directly that such configurations can there
fore not contribute to the / -sum rule (2.45). Hence we can write, using 
(2.43), 

Γ 0 0 Nq2 

lim NZa dw ω δ(ω — ωα) = — (2.49) 
<?-*o Jo 2m 
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and hence 

Urn ojq = . (2.50) 
<?~>o 2mZQ 

Let us now turn to the compressibility sum rule, (2.36), which we 
write in the form 

τ (Qg +)n0 Γ Ν / Λ c n 

Urn 2J = ' ( 2 ' 5 1 ) 

?-*o ~ ωη0 2ms1 

From (2.46), it follows directly that the configurations involving more 
than one quasi particle cannot contribute to the compressibility sum 
rule (2.47). Hence we can write, using (2.43), 

Γ 0 0 δ(ω — ωα) Ν 
NZq dco -± Q)- = • — (2.52) 

J o ωη 

whence we obtain the relation 

2ms2 

lim z, = . (2.53) 

<7-»o 2ms2 

On combining (2.50) and (2.53) we find 

lim wq = sq (2.54) 
lim Z0 = q/2ms (2.55) 

whence the result (2.43) follows at once. We furthermore find, on using 
(2.40), that in the long-wavelength limit the static form factor, Sqi is 
given by 

Q_ 
g-+o q 2ms 
lim Sq = = Zq. (2.56) 

We see therefore that in the long-wavelength limit the single quasi-
particle spectrum and the density fluctuation spectrum are identical 
for liquid helium I I ; both simply consist of phonons of velocity equal 
to the macroscopic sound velocity. The phonon contribution exhausts 
both the / -sum rule and the compressibility sum rule, and determines 
the form factor, Sq. This result is in accord with the experimental mea-
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surements of the density fluctuation excitation spectrum by means of 
inelastic neutron scattering. 

2. Superfluid Fermion Systems 

We next consider the density fluctuation excitation spectrum for a 
neutral fermion system with attractive interactions. Let us assume the 
ground state of the system to be a superfluid state, in that the quasi-
particle excitations possess an energy gap. This is undoubtedly the sit
uation for fermions with an attractive Ύ ' state interaction; the situation 
for He 3 , for which the "rf" state attractive interaction predominates, 
is somewhat different and will not be considered here. [See, for example, 
Morel and Anderson (25).] 

The gap in the quasi-particle spectrum serves to rule out any contribu
tion to the dynamic form factor from quasi-particle pairs. 

This conclusion follows directly from longitudinal current conser
vation, since Eq. (2.48) applies to any density fluctuation excitation 
which displays an energy gap in the long-wavelength limit. The multi-
pair excitation contribution is likewise negligible. The sole remaining 
possibility for a long-wavelength density-fluctuation excitation is a lon
gitudinal collective mode corresponding to a coherent pair excitation. 
We can determine the form of the collective mode spectrum in the long-
wavelength limit by requiring that the associated dynamic form factor, 

Scoll(q,aj) = NZg d(a>-a>g) (2.57) 

satisfy the / -sum rule and the compressibility sum rule. We are led at 
once to the result (2.41). Thus for a superfluid system with an energy 
gap in the quasi-particle spectrum the dominant long-wavelength exci
tation likewise consists of phonons of velocity s. The difference here is 
that the phonons represent a collective mode lying within the gap, in 
contrast to liquid He II, where the phonon mode is identical to the 
quasi-particle mode in the long-wavelength limit. 

D . RESPONSE F U N C T I O N S AT F I N I T E TEMPERATURES 

We consider now the generalization of some of the preceding results 
to many-particle systems at finite temperatures (24, 25). We first as-
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sume that the many-particle system is in equilibrium at some temper
ature T. The finite temperature calculation of response functions then 
differ from those at zero temperature only in that instead of taking the 
system to be initially in the ground state (in the absence of the pertur
bation), one describes the system in terms of an average over all possible 
states I ra>, energy Ent of the exact Hamiltonian, with a statistical weight
ing factor exp (—βΕ η ι)/Σ η ι exp (—βΕ η ι) where β = 1/κΤ. As we pro
ceed, we shall endeavor to indicate both the similarities and the differ
ences between the finite temperature calculations and the Τ = 0 cal
culations carried out heretofore. 

1. Dynamic Form Factor 

The dynamic form factor, S(q, ω), is again calculated by considering 
the probability per unit time that an external particle transfer momen
tum q and energy ω to the many-particle system. One finds easily 

ST{q, co) = Ζ 1 £ exp (~βΕηί) | ( ρ / ) Λ Ϊ Ι Ι | 2 δ (ω - cunm) (2.58) 
mn 

where 

Z = Σ exp ( - / ? £ „ , ) 
m 

is the sum over states for the system. S(q9 ώ) is again real; however, it 
is no longer zero for ω < 0, since there is always the possibility that at 
finite temperatures the system will give up energy to the particle, rather 
than simply absorbing it. If we interchange indices in (2.58) and, further, 
assume the system is invariant under time reversal (an assumption we 
shall make throughout this section), we find that 

ST(q, —ω) = exp (— βω) ST(q, co) . (2.59) 

The dynamic form factor is the Fourier transform in space and time 
of the density-density correlation function, 

ST(r, t) = Ζ 1 Σ exp (—βΕΜ) <m | g(r, ί)ρ(0, 0) | m> (2.60) 

as the reader may readily verify. Thus the physical discussion of the 
correlation functions, both time dependent and time independent, car
ried out for Τ = 0 is obviously valid for finite temperatures. 
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The derivation of a longitudinal / -sum rule proceeds in fashion di
rectly analogous to the Τ = 0 case. At finite temperatures (2.25) is 
replaced by 

Nq2 

(Ζ-*) Σ ^ Ρ (~βΕη>) {conm I ( ρ / U I2 + " n w I (QQ)a, | 2 } = — · (2.61) 

If we now make use of time reversal invariance, we may write (2.61) as 

Z - i £ exp (-βΕηι) wnm I (Q+)dm \2 = Nq2/2m. (2.62) 

On comparing (2.62) with (2.58) and (2.59) we see that the / - sum rule 
may likewise be written in either of the following forms: 

Λ OO 
dco (oST(q,co) = Nq2/2m (2.63a) 

J-oo 
Λ 00 

dco o)ST(q, ω) {l — exp (— βω)} = Nq2\m. (2.63b) 
J-00 

2. Linear Response Functions 

Our definition of linear response functions proceeds in fashion iden
tical with that adopted at Τ = 0; the sole difference is that in the definin-
ing equation for the density-density response function (2.4), the average 
<ρ(<7, ω ) > should be calculated by carrying out a suitable average over 
all possible initial states of the many-particle system. It is left as an exer
cise for the reader to show that the density-density response function at 
a temperature Τ is given by 

Jfrfo. ω ) = Ζ-* Σ e x p ( - / ^ „ ) I 1
 W " J . - - - ^ ^ 4 (2.64) 

which for a state which is invariant under time reversal, may be writ
ten as 

XT(q9cu) = Ζ-* Σ e x p ( - / ? £ w ) | ( ^ ) n w | 2 f — _ J _ _ l 

(2.65) 
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We may write a dispersion relation for %T(q, ω) by inspection. 
Let us define 

&{q9 ω) = Ζ 1 £ exp ( - / ? £ , „ ) | ( ρ / ) „ Μ | 2 {(5(ω - ωΛΜ) 
(2.66) 

— <5(ω + wlim)} 

It then follows, directly from (2.65), that 

ω — ω' + ίη 
Ζτ(ί . ω) = Αυ' ^ τ - ^ τ - (2.67) 

J - G O 

and, also, 
Im χτ(ς, ω) = — m 2*(q, ω) . (2.68) 

i?(<7, ω), which is the dissipative part of the finite temperature den
sity-density response function, plays the role of the spectral density 
for that function. In that sense it is the finite temperature analog of 
S(q, ω). 

There is a simple relationship between i?(#, ω) and ST(q, ω). If we 
interchange indices in the second term on the right-hand side of (2.66), 
we may write 

&(q9 ω) = Ζ 1 Σ exp (—βΕΜ) {1 - exp (—βω)} | (ρ+)Μα |2 δ (ω - ω7Ηιι) 
(2.69) 

= {1 — exp (—βω)} ST(q, ω) = ST(q, ω) — ST(q, — ω). 

We further note that in terms of the S*(q, ω) the longitudinal / - sum rule 
(2.63b) takes the simple form 

00 
dcu ω &(q, ω) = Nq2/m (2.70) 

•oo 

as soon as one makes use of (2.69). Thus at finite temperatures 
S*(q9 ω), the dissipative part of %T(q, ω), as well as the dynamic form 
factor obeys a simple sum rule. The sum rule (2.70), could have been 
derived directly, without reference to ST(q, ω), if one makes use of 
(2.64) and (2.61), and the analytic behavior of %T(q, ω). 

There is also the compressibility sum rule. One making use of the 
definition (2.34) 

Ν 
hm xT(q, 0) = 
Q^O ms2 
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which applies equally well at finite temperatures, we find from (2.67) 
that 

r°° £*(q, ω) Ν 
lim άω—-^-^ = . (2.71) 

J_ 3 0 ω ms2 

3. Fluctuation-Dissipation Theorem 

At 7 = 0 , we saw that the dissipative part of the density-density 
response function, %(q, ω), was, aside from a numerical factor, equal 
to the dynamic form factor, S(q, ω). For a system in thermal equilibrium, 
there continues to be a simple relation between the linear response of 
the system and its thermal fluctuations. This relation, known as the 
fluctuation-dissipation theorem, 7 is essentially contained in (2.69), 
which furnishes a relation between S^iq, ω) and ST(q, ω). One can state 
this relation in somewhat more symmetric fashion as follows. Let us 
define the symmetrized density-density correlation function, according to 

<ρ(Γ,  ί )ρ(0, 0) + ρ(0, 0)ρ(Γ, /) > „ Ί Ί χ 

ST(r, t) = . (2.72) 

One finds readily that 

ST(q, ω) + ST(q, — ω) 
ST(q, cu) = . (2.73) 

On the other hand, 2*(q, ω) is the Fourier transform of the commutator 

&(r, t) = <[ρ(Γ, 0 , ρ(0, 0)]> (2.74) 

as the reader may readily verify. The relation between ^(q, co) and 
§T(q,(o) is readily obtained from (2.69); one finds, on making use of 
(2.73), that 

^(q, ω) βω 
ST(q, ο)) = — c o t h · ( 2 · 7 5 ) 

7 The fluctuation-dissipation theorem was first derived by Nyquist (26) as a relation 
between the random thermal noise in an electrical circuit and the applied voltage (the 
latter determining the dissipative part of the circuit behavior). It was later generalized 
by Callen and Welton (27). 
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Hence the static form factor may be written as 

Γ 0 0 5 % ω) βω 
<QQ

+Qg> = NSq= dcu V ; coth (2.76) 
J-oo 2 2 

which is one of standard forms of the fluctuation-dissipation theorem. 
To sum up, the commutator of the density fluctuations at two space-
time points is related directly to the response of the system and to its 
dissipative behavior; the anticommutator furnishes a measure of the 
system fluctuations, and may be determined once the dissipation is known 
for a system in thermal equilibrium. 

4. Nonequilibrium Systems 

The foregoing results may be generalized without great difficulty to 
the case of many-particle systems which are not in an equilibrium state. 
As far as the formal derivation of the expressions for the correlation 
and response functions is concerned, one need merely redefine the 
averaging process. Thus, quite generally, one would average over all 
possible states m of the exact Hamiltonian, with a statistical weighting 
factor, wm^mwm, where wm depends on the physical state of the system. 
In this way one arrives at the appropriate generalized expressions for 
S(q, ω) and %(q, ω). 

Provided the system is stable, the analytic properties of %(q, ω) re
main unchanged. Using these, and the generalization of the longitudinal 
current conservation (2.61), one can establish a sum rule for x(q,co). 
Moreover, the compressibility sum rule goes through in the same way, 
provided one can define a compressibility for the nonequilibrium system. 
Thus one might attempt to define a "quasi-static" compressibility, in 
terms of the response to a longitudinal field which varies slowly with 
time, but still sufficiently rapidly that the system properties are unchanged 
during the time of measurement. 

The essential change for a system which is not in thermal equilibrium 
is that there no longer exists a simple relation between the system fluc
tuations and the dissipative part of the response function. An explicit 
example of such a situation, which has been studied in some detail, 
is that of electron and ion plasmas which are not at the same tempera
ture. [See, for example, Ichimaru (28).] 
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5. Liquid He II 

Let us consider briefly what modifications one might expect in the dy
namic form factor of liquid helium at finite temperature. Suppose first 
we assume that just as at Τ = 0 the only states of importance in ST(q9 ω) 
are those which correspond to excitation of a single quasi particle from 
the condensate. In that case, in the long-wavelength limit, ST(q9 ω) 
is unchanged from its zero temperature value, and is given by 

Nq 
lim ST(q, ω) = d(co — sq). (2.77) 

2ms 

Further, on simply integrating over frequencies, one finds the correspond
ing "zero-temperature" static form factor which is 

lim ST(q) = q/2ms (2.78) 

The answer, (2.78), is not, in fact, unique; it depends on the relative 
values of q and Τ that one is considering, as was first shown by Feyn-
man and Cohen (29). To see this, we note that in the limit of Τ finite 
and vanishing q, we may write: 

lim 2*(q, co) = lim ST(q, ω) {l — exp (—βω)} = ST(q, ω)βω (2.79) 

since under these circumstances, 

βω9<1· 

On substituting (2.79) into the sum rule, (2.71), one finds a relation 
between ST(q) and the isothermal compressibility, 

lim ST(q) = —-i— = ^ (fisq < 1) . (2.80) 

Closer inspection shows that the linear variation of ST(q) begins for 
values of q and Τ such that 

so that (2.78) should be replaced by 

lim ST(q) = (fisq > 1). (2.78a) 
q-yo 2ms 
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How is ST(q,co), in fact, going to differ from (2.77)? The essential 
physical difference in the behavior of the system at finite temperatures 
is the presence of real quasi particles. These can influence matters in 
two ways. First, the energy of a given quasi particle may depend on 
the number of quasi particle already present. In that way, the quasi-
particle energy will change with temperature; so too will the single quasi-
particle contribution to £*(q, ω) and ST(q9 ω). Second, there may 
arise an essentially new sort of contribution to i ? ( # , ω ) , one which 
comes about as a consequence of collisions between the excited quasi 
particles. At sufficiently low frequencies such collisions may give rise 
either to first sound, the usual hydrodynamic sound wave, with a velocity 
equal to the adiabatic sound velocity, or to second sound, which cor
responds to a temperature wave. The general arguments we have pre
sented above do not permit an estimate of the way in which, at very long 
wavelengths, the first and second sound poles make their appearance 
in 3*(q, ω) — or the strength which such poles will have at a given 
temperature. Indeed, the determination of such contributions remains 
one of the interesting, and at present unsolved, problems for a micro
scopic theory. We further remark that very near the transition tem
perature, where the number of real excited quasi particles becomes 
of order N, all simple arguments of the sort we have presented here 
will certainly fail. 

ΙΠ· Correlation and Response: Homogeneous Electron Systems 

A. D IELECTRIC RESPONSE F U N C T I O N S 

We consider now the properties of the longitudinal response functions 
of electron systems. For simplicity we consider only electron plasmas, 
that is, systems of electrons moving in a uniform background of positive 
charge. We shall begin with the quantum plasma at Τ = 0, and then later 
discuss the case of finite temperature plasmas. One of our principle 
aims will be the derivation of exact expressions for the screening length 
and the plasma oscillation frequency in the limit of very long wave
lengths. 
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1. Response to an External Field: \/e(q,co) 

Let us suppose an external longitudinal electric field, «^(r, t), is ap
plied to an electron system. The vector 2 is the "dielectric displace
ment" defined in elementary electrostatics. It satisfies Poissons's equa
tion 

div B(r, t) = Anzqe(r, t), (3.1) 

where zge(r, t) is the density of "external charge" introduced into the 
gas at a point r. The external field will act to polarize the electron system. 
The induced charge fluctuations may be regarded as producing a space 
charge field, the electric field inside the system is thus equal to 

§T(r, 0 = 9(r9 t) + gT(r, 0 . (3.2) 

According to the usual laws of electrostatics, S£(r, t) may be related 
to the polarization charge density by the equation 

div 8^(r, t) = Ane <ρ(Γ, f)> · (3.3) 

When dealing with dielectrics, one must modify (3.3) in order to take 
into account a surface term, due to the accumulation of charge at the 
boundary of the sample. Such a term does not enter in the present case, 
because we assume the system to be closed on itself (for instance, by 
means of an external "perfectly conducting" wire). 

We may combine (3-1)—(3.3) to write 

div ST(r, t) = 4π {ζρ€(ι\ t) + e <ρ(ι·, *)>} (3.4) 

as the equation which relates the electric field to the external and in
duced charge fluctuations. We next take the Fourier transform in space 
and time of (3.1) and (3.4): 

iq-®(q, ω) = 4nzqe(q, ω) (3.5) 

/q ·§*(<?,(ω) = 4n{zge(q, ω) + e <Q(qt ω)}} . (3.6) 

These equations have been obtained with reference to the macroscopic 
laws of electrostatics; we now extend them to a microscopic level by 
considering them as applicable for all wave vectors q and frequency ω , 
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corresponding to fields which vary arbitrarily rapidly in both space 
and time. (3.6) thus serves us a definition of the electric field ^(q, ω). 

We now make a key assumption: that the dielectric response of the 
electrons, <ρ>, is proportional to the applied field 3>. This will be the 
case if the external field is sufficiently weak; we thus assume that in 
computing the system response one can neglect coupling terms propor
tional to «^ 2 , etc. It follows at once that will be proportional to 

Since both 2 and are purely longitudinal fields, we may write 

&{q, ω) = , (3.7) 

where s(q, ω) is the frequency and wave vector dependent dielectric 
constant. We see in (3.7) that e(q9 ω) furnishes a direct measure of the 
dielectric response of the electron system; it tells us the extent to which 
the external field, ρ Ρ), is screened by the electronic polarization which it 
induces. 

Thus e(q9 ω) furnishes a natural description of the important screening 
action of the electron gas. It likewise furnishes a description of the col
lective modes of the system, the plasmons. The plasmon dispersion re
lation is simply the condition that one have a nonvanishing charge 
fluctuation of the electrons in the absence of an external charge. That 
condition is, according to (3.5) and (3.6), 

s(q, ω) = 0 . 

If we substitute (3.7) into (3.6), and divide the resulting equation 
by (3.5), we find: 

1 e <p(q, ω)} 
= ι + ; / (3.8) 

e(q, ω) ZQe(q> ω ) 

on comparing (3.8) with (2.4), and recalling that 5 ^ = 4ne2/q2 for the 
coulomb interaction between the electrons and the external charge den
sity, we see that 

1 4π<?2 

1 + - - - , — ω ) . (3.9) 
e(q, ω) q 

The various properties of the dielectric response function then follow 



66 D . PINES 

directly from those we have derived earlier for %{q9 co). Let us write 

e(q, co) = ex(q, co) + is2(q, co) (3.10) 

From (3.9) it is then straightforward to establish the following results 
for spectral representation 

1 4ττ£?2 f30 1 1 
= 1 + - — dco' S(q9 co') — , . . (3.11) 

q2 Jo «> — ο +ιη ω + οϊ + ιη £(q, ω ) 

and for sum rule 

f. 
0 e2(q, co) π 2n2Ne2 

dco co , = — ω 2 = (3.12) 
\e(q,co)\2 2 p m ' ' 

where ω2 is, as before, the square of the electron plasma frequency, ωρ. 
The response of an electron system to an applied electric field is 

frequently specified in terms of the conductivity, which is the ratio of 
the current induced in the system, e(J}, to the effective electric field, 8s\ 
For the present case of fields which vary in space and time, we may 
write 

e <J(<7, ω)} = a(q, ω) &(q, ω) . (3.13) 

Here e </(</ , ω ) > is the Fourier transform of the induced current, while 
σ(<7, ω) is the scalar longitudinal conductivity. We are considering only 
a longitudinal external field, and have made our customary assumption 
that the system behavior is isotropic. There is a simple relation between 
σ and ε. To obtain it, we make use of the current conservation equation 
for the charge and current induced in the electron gas. Thus one has 

div <J> + ^ ^ - = 0 (3.14) 
dt 

and 
q<i-{q9toy> = io(q(q9<oy> . (3.15) 

On taking the divergence of (3.13), and making use of Eqs. (3.5-3.7), 
we find at once 

4nia(q, co) 
e(q,co)= 1 + ( 3 . 1 6 ) 
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2. Response to a Screened Field: xs(q, ω) 

There is another quantity of interest for an electron system, one which 
we may call a screened response function, xs(q, co). According to (2.4), 
X(q, co) may be defined (for the case of an external charge in interaction 
with the electron system), as 

(p(q, co)} 
X(q9a>)= + , J \ (3.17) 

where 9?ext(<7> w) * s the scalar field potential produced by the external 
charge. We define xs(q, ω) as the response of the system to the scalar 
potential, qo(q, ω), so that 

Xs(q9 ω) = + ——— . (3.18) 
ecp(q, co) 

We call x£q, ω) the screened response function, because it represents 
the system response to the screened external probe; according to 3.7 
(p(q, ω) = cpe(q, co)/e(q9 co) so that we can in fact write 

x*(q,ω) = *(q, «>)x(q,ω) · ( 3 · 1 9 ) 

The utility of xs(q,(o) becomes clear if we combine (3.19) with (3.9) 
to write 

Ane2 

e(q9 ω)=1 — x9(q9 ω) . (3.20) 

Xs(q9 s) is simply related to the longitudinal conductivity, o(q, ω). On 
comparing (3.20) and (3.16) we see that 

icoe2 

<r(q>ω) = — o ~ x*(a>ω) · (3·21) 
q2 

3. Analytic Behavior of e(q, ω) 

At first sight one would expect that e(q, co) is analytic in the upper 
half-plane, this being the usual property of causal response functions, 
and more specifically, a property of both %(q, ω) and l/s(q, co). Closer 
investigation shows that there does not exist a rigorous mathematical 
demonstration that e(q, ω) is indeed analytic in the upper half of the 
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complex ω plane. What one can show is that e(q, ω) will be analytic 
there, provided (30). 

e(q, 0) > 0 . (3.22) 

One can then make the eminently reasonable physical argument that 
(3.22) should be valid for an electron system. It is equivalent to the 
statement that the system cannot overrespond to an external static 
charge, that is, yield a response which changes the sign of an external 
static perturbing potential. (Such a phenomenon can, and does take 
place, for disturbances of finite frequency.) Put another way, if e(q, 0)>0, 
one finds that one gains energy on introducing an arbitrarily weak exter
nal static charge; again, an unlikely state of affairs. 

Assuming, then, that s(q*, ω) is analytic in the upper half of the com
plex ω plane, one can easily write down dispersion relations which con
nect its real and imaginary parts. One can, moreover, establish a sum 
rule for e(q, ω ) , one which follows from its asymptotic behavior for large 
frequencies, 

e(q, ω) 1 —ω μ

2 / ω 2 (ω—>oo). (3.23) 
One finds 

Γ 0 0 π 2n2ne2 

dco o)E2(q, ω) = ω 2 = . (3.24) 
Jo 2 m 

B . T H E STATIC DIELECTRIC C O N S T A N T IN THE L O N G - W A V E L E N G T H LIMIT 

We now establish a relation between the compressibility of the elec
tron system and the long-wavelength limit of the static dielectric con
stant, s(q, 0). In dealing with an electron plasma it is necessary that one 
define the compressibility with some care, essentially to allow for the 
fact that the compressibility is related to the system response to a neutral 
external disturbance. Hence when we consider a long-wavelength static 
displacement produced by an external source, we must suppose that 
the uniform positive charge moves as well, in order to avoid any separa
tion of electric charge. This means that to define the compressibility, 
we consider the electron response to a test charge plus the appropriate 
positive charge density, the latter being simply equal to the average 
induced negative charge density in this limit. 
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Thus , in place of x(q, 0 ) , we consider 

™ Απβ\φ {ZQe(q, 0 ) + eQ(q, 0 ) } / 4πΖ^ 2 \ ge(q9 0 ) ' /4πΖ^2\ 

\ <72 / ^to, 0 ) 

This response function is simply x,(q, 0 ) , whence, without further ado , 
we can write 

lim xlq, 0 ) = — (3.26) 

where s is, as before, the isothermal sound velocity. If we n o w make 
use of (3.20) we obtain our desired result, 

lim e(q, 0 ) = 1 + · ( 3 · 2 7 ) 

This result was earlier obtained by Nozieres (12) and the writer (unpub
l ished), on the basis of the Fermi l iquid theory. The present derivation 
constitutes a proof of the validity o f that application of the theory. 

W e thus see that the screening o f a long-length static charge distur
bance is an exact property of h o m o g e n e o u s electron system in its ground 
state, n o matter what its density might be. The screening length, 

Κ = —  , (3 .28) 

is simply related to the isothermal sound velocity. W e note , t o o , that the 
requirement (3.22) is, in the long-wavelength limit, equivalent to the 
requirement that the system exhibit a posit ive compressibil ity. This 
sort o f long-wavelength stability o f the electron system is certainly to 
be expected. 

On making use of (3 .27) and (3.19) , we find 

lim X(q, 0 ) = - (3.29) 

a result which illustrates clearly the difference in the limiting behavior 
of this quantity for an electron gas and for a neutral system. If we n o w 
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make use of the spectral representation for x(q, 0 ) , we find that for an 
electron system, the "compressibi l i ty" sum rule takes the form 

Γ » S(q,<o) q2 

l im dw = - — - . (3.30) 
-̂•o Jo 

8 < 2 

Another long-wavelength sum rule m a y be derived from (3.27). One 
of the Kramers-Kronig relations which relates εΐ9 and ε2 may be writ
ten as 

2 Γ 0 0 ( ω' ) 

€,(q9 ω) = 1 + — άω'Ufa ω') — Λ . (3.31) 
π Jo I en2 — ω'2 J 

On comparing (3.31) and (3.27) , we find 

l i m </ ω

 2 W y = ^ - . (3.32) 
3-^0 Jo ω 2 s2q2 

C . F I N I T E TEMPERATURE ELECTRON RESPONSE F U N C T I O N S 

The dielectric response function, and the related correlation functions 
for electron systems at finite temperatures, are easily obtained with the 
aid of the results we have established for density-density response func
tion at finite temperatures. W e quote here the finite temperature analogs 
of the results obtained earlier for the ground state. 

1. Dielectric Response Function 

1 Ane2 

1 + ——x^q9w) (3.33) 

2. Spectral Representation 

£T(q 

3. Sum Rules 

1 4e2 r ° &(q,<*>') 
- — = 1 + — άω' 0 . 3 4 ) 
hω) q2 J-oo ω — ω' + ιδ 

[ dco i l m Ϊ 1 ω = πω* (3.35) 
J-oo I *rte ,w)J 
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lim / f 0 0 dcv l i m / 1 — = - J - (3.36) 
J -oo ( ε τ ( ^ ω ) 3 ω 2 

Λ 00 

— ι I dw ω Im ε Γ (#, ω) = πω2 (3.37) 
J -00 

Γ 0 0 ί/ω πω., 2 

hm _ / l m £T(q9 ω ) = . ( 3 > 3 8 ) 

4. Statfc Dielectric Constant 

Hm ε Γ ( ? , 0 ) = 1 + - ^ (3.39) 

where j is the isothermal sound velocity. 

D . SCREENING A N D PLASMA OSCILLATION I N ELECTRON SYSTEMS 

1. Quantum and Classical Plasmas 

It is evident from (3.27) and (3.39) that the screening of a low fre
quency charge disturbance is an exact property of both quantum and 
classical plasmas. The characteristic screening length for both systems is 

where s, the isothermal sound velocity, is of the order of magnitude of 
the root mean square electron velocity. 

The backflow about a slowly moving charged impurity is likewise an 
exact property of the plasma. We remark that the density fluctuation 
induced by an impurity of velocity V, is 

<Q(q, q' V e)> = *(<7, q · V e ) (3.40) 

since the impurity behaves like a test charge of frequency ω = q-V g . 
With the aid of longitudinal current conservation, we may write 

<q-J(*q-V,)> = ( q - V f ) - ^ j f f o , q . V # ) s (q .V,) ~ χ(<7, 0) 
(3.41) 
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for the induced current fluctuation. Upon making use of (3.29), we find 

< q - J ( i , q - V e » = - q - V e (3.42) 

from which it follows that the total current, particle plus its associated 
screening cloud, is divergence free. We have made no distinction in this 
derivation between the quantum and the classical plasma; it is valid at 
any temperature and density. 

Because both e(q, ω) and ε _ 1 ( ^ , ω) satisfy sum rules, there exist four 
separate sum rules for the spectral density, &(q, ω), of a finite tem
perature plasma [and for the dynamic form factor, S(q, ω), for a quan
tum plasma in its ground state]. We may write these in the following 
way: 

dw ω &(q9 ω) = — — = 2 I dw ω S(q, w) (3.43) 
J - 0 0 m  J O 

l i m Π ά ω ^ > = _ ^ = 2 lim Γ * , ^ (3.44) 

άω ω S'iq, ω) | e(q, ω) |2 
Nq* 

m (3.45) 
/ •CO 

2 J dw coS(q, ω) | e(q, ω) |2 

hm dw s(q, ω) 2 = 
?->o ω ms' (3.46) 

Γ0 0 ί/ω Γ 0 0 αω 
= 2 lim S(?, co) I £(?, ω) | 2 . 

ί-*ο J o ω 

In the long-wavelength limit, the first two sum rules are exhausted by 
the plasma oscillations; the latter two sum rules measure the single-
particle contribution to the spectral density, and are unaffected by the 
plasma oscillations. 

To see how this comes about, let us write 

<?(q, cu) = S J f o , ω) + ^<ι>(<7, ω) (3.47) 
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where Sfa, ώ) represents the spectral density for the plasmon modes. 
It is then straightforward to show that if 

lim JZJfo, ω) = -± {δ(ω — ωρ) — δ(ω + ωρ)} (3.48) 
?->ο 2?ηωρ 

then Spiq, ω) satisfies both sum rules, (3.43) and (3.44). It follows that 
plasma oscillations at a frequency ωρ are the dominant long-wavelength 
excitation mode of homogeneous plasmas, no matter what their tem
perature and density. 

It is also clear that the plasmons do not contribute at all to the sum 
rules (3.45) and (3.46), since 

lim e(q9 ωρ) = 0 . (3.49) 

This result is scarcely surprising, since these two sum rules are sum rules 
on ε29 where only single-particle excitations play a role. 

Let us study the pair excitation part of S(q9 ω) in further detail. 
We consider first the contribution to the sum rules from single quasi-
particle, quasi-hole pairs in the limit q-+ 0. As we have remarked earlier 
in this limit, a typical pair excitation frequency is qvF. For the free-
particle system, the long-wavelength matrix element, (og

+)n09 is of order 
1 for the states which contribute; the number of such states is of order 
q/pF. In the interacting electron gas, one has, rather, 

lim (Qg

+)n0 ~ (q/pFf (pair states), (3.50) 
q->0 

as a result of the screening of the single-particle-like transitions. That 
this must be the case is clear from, for example, Eq. (3.45), which we 
write as 

Σ I ( e / ) n o I 2 ^ n o i e(q9 ωη0) \* = Nq^jlm . (3.51) 
η 

For the essentially low frequency transitions which enter here, one has 

I * ( ? , ω η 0 ) \2~pF*/q* 

as a manifestation of dynamic screening. With (ρς

+) ~ q2

9 ωη0 ~ q9 

and the number of states which contribute q9 one gets a single pair con
tribution to (3.51) and, likewise to (3.46). 

The contribution from multipair states (containing at least two quasi 
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particles and quasi-holes) may be estimated in the following way. In 
the limit q-> 0, the average multipair excitation frequency is a constant, 
ω. Consideration of longitudinal current conservation 

<*>no(Qq+)nO = (<l * J / ) n 0 

yields a matrix element, (ρ9

+)ηο ~ since (jg

+)n0

 m u s t be of order q in 
the long-wavelength limit. Finally, there are no particularly preferred 
excitation frequencies for the multipair states. If one takes maximum 
advantage of | e(q, ω) | 2 by concentrating on the low energy contributions 
to, say, (3.51), one must restrict the summation to a frequency region 
~ qvF. As a result one finds a multipair contribution which is at least 
of order # 5 , for both sum rules. We conclude that quasi-particle, quasi-
hole pair excitations exhaust both sum rules. 

There are several interesting by-products of this rather lengthy discus
sion. One is the fact that plasmon damping is negligible in the long-
wavelength limit. For a quantum plasma in its ground state, plasmon 
damping arises from a coupling of a plasma oscillation to a multipair 
configuration. Since such configuratinos do not effect S(q, ω) to lowest 
order in q, plasmons are correspondingly undamped to this order. In 
fact, we may use the above arguments to show that the plasmon life
time, r , against decay into a multipair configuration, is of order \/q2. 
To see this, remark that the multipair contribution to the sum rule, 
(3.43), is of order # 4 , a result which is comparable with that coming from 
the q2 term in the plasmon dispersion relation. Hence an overlap of the 
plasmon spectrum with multipair excitations in this order is not inconsis
tent with the sum rule, and may be expected to occur. 

We remark also that the backflow which surrounds a slowly moving 
charged impurity in a plasma may be regarded as consisting in a virtual 
cloud of plasmons. As we have seen above, the backflow is determined 
by %(q, 0). This latter quantity is, according to the sum rule (3.44), 
determined entirely by the plasmon modes. It follows that the backflow 
is equivalent to an induced "plasmon" current, since only plasmons 
need be involved to determine the entire effect.8 This result is equally 
valid for the classical plasma. 

8 Such a result was obtained some time ago by Pines and SchiefTer (37), who de
scribed the backflow with the aid of the Bohm-Pines collective description of plasmon 
behavior. 
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2. Superconductors 

We are now in a position to discuss the dynamic form factor for a 
superconductor. For simplicity, we consider the superconductor to be 
in its ground state. We again make use of the sum rules (3.43) and 
(3.44). We consider first the pair excitation contribution to these sum 
rules in the long-wavelength limit. Such pair excitations possess a con
stant energy, 2Δ. Their matrix element, (ρς

+)η0, is of order q1+a (a > 0), 
according to our arguments based on the long-wavelength limit of the 
current conservation condition. It follows that the excitations do not 
contribute to the sum rules. The same argument applies to the multi-
pair excitations. As a result, one finds for the superconductor a result 
identical to that obtained above for the quantum plasma: 

q2N 
lim S(q, ω) = - ( ω — ω) 
q->o 2τηωρ 

The dominant long-wavelength excitations are plasmons of frequency 
ωρ\ to lowest order in q the long-wavelength plasmons are unaffected 
by the transition from the normal to the superconducting state. 

We next remark that our derivation of the long-wavelength static 
dielectric constant was in no way dependent on whether the ground 
state of the electron system represented a normal state or a superconduct
ing state of the electron gas. We conclude that, at least in this limit, the 
screening action of the superconductor is changed from that of the nor
mal electron system only to the extent that the compressibility is changed 
— the latter change being quite neglegible (of order 1 part in 10 5). 

We have thus shown that static long-wavelength screening and the 
long-wavelength plasma oscillations are essentially unaffected in the 
transition from the normal to the superconducting state. 

A C K N O W L E D G M E N T 

The foregoing lecture notes are taken from a preliminary draft of a book (P. No-
zieres and D. Pines, "The Theory of Quantum Liquids") which is to be published by 
W. A. Benjamin (New York) in early 1965.1 should like to thank both Dr. Nozieres 
and W. A. Benjamin for permission to publish the material in this form. 
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