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I. Introduction 

There are generally considered to be two basic approaches to many-
body problems — in fact to any problems of theoretical physics: the 
microscopic approach from the ground up, and phenomenology. How
ever, in actual fact, physics does not progress very rapidly if either of 
these is pursued to the exclusion of the other. Phenomenology, of course, 
can never really explain anything but can merely describe; while Schrod-
inger's equation and rigorous mathematical theory can never hope to 
deal successfully with the complexities of real physical systems but only 
with mathematical oversimplifications like the free-electron gas, the 
hard-sphere Bose fluid, or the Heisenberg ferromagnet. And results, at 
that, are usually conditional on the convergence of a divergent perturba
tion series. The most successful approach to physics—in most cases the 
only successful approach—is probably the judicious combination of 
phenomenology with microscopic theory, and of experiment with both. 

What this has to do with superconductivity is this: it is naive to hope 
to prove "from the ground u p " that (say) pure tin is a superconductor, 
obeying the B.C.S. theory with some improvements, since we cannot 
prove either that it is a solid or a metal, much less calculate its phonon 
spectrum and band strucutre; besides, we never deal with the infinite 
specimens of mathematically pure, undeformed tin which mathematical 
theory describes. 

We can reach a much greater degree of certainty and understanding 
by accepting a reasonable model for tin containing as few phenomenolo-
gical parameters as possible as well as microscopic theoretical insights, 
and seeing to what extent such a model correlates quantitative and 
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qualitative experimental results. From this kind of approach we can 
arrive at a degree of understanding of phenomena which amounts to 
certainty. I know this kind of reasoning is somewhat uncomfortable to 
the school of "pu re" many-body theory which has arisen in the past 6 
or 7 years, but the fact remains that it is to it and not to pure theory 
that we owe our feeling of certainty that we understand such phenomena 
as the very regularity of solids, normal metallic behavior, ferro- and 
antiferromagnetism, and so on. 

Superconductivity, I believe, belongs also in this category of phenom
ena of whose basic nature we are virtually certain, primarily because 
of the wide variety of phenomena which can be correlated by one form 
or another of B.C.S. theory. This is why I think it is important to discuss 
"special effects" in a school such as this: because they do in fact provide 
the acid test of a many-body theory. 

There are three kinds of effects, each of which is especially important 
for a different reason. The Josephson effect is important because, besides 
depending in a crucial way on the coherence properties of the wave-
function, it makes contact with some extremely general questions about 
many-body theory and symmetry properties of condensed states. 

The scattering effects of impurities of various kinds are important 
because they test, in the most direct way possible, the precise nature 
of the condensation responsible for superconductivity. The impurity 
effect was, to me, the first completely convincing evidence for the B.C.S. 
theory. 

Finally, hard superconductivity is the area in which the most charac
teristic properties of superconductivity come into question: namely the 
persistent current, flux quantization, and superfluidity properties. Here, 
in contrast to the previous two, phenomenology is important and 
it is the Landau-Ginzburg phenomenological theory which plays the 
major role. 

We shall discuss here only the first, the Josephson effect.1 

1 For material on the last effect, hard superconductivity, see Notes from the 1963 
Summer School of Theoretical Physics at Banff, Alberta, available either from the 
University of Alberta or from the author. 
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Π. "Weak Superconductivity": The Josephson Tunneling Effect 

Recently, Josephson (7) proposed that there should be a contribution 
to the current through an insulating barrier between two superconductors 
which would behave like direct tunneling of condensed pairs from one 
condensed gas of bound pairs at the Fermi surface to the other. Our 
recent observations (2) seem to confirm Josephson's theory. None
theless , there are still objections in some quarters to the experiment, 
while in many aspects the theory is new and even uncertain. It also makes 
contact with interesting new aspects of many-body theory. Thus it seems 
worthwhile to discuss it at some length here. 

The first thing it seems useful to do is to set out the bare bones of 
the effec t before going into detail on the interesting many-body aspects 
of the problem. This is precisely the opposite approach to that carried 
out by B. D. Josephson (5) which is my major source. 

We use as Hamiltonian for the problem that of Cohen et al. (4)\ 

+ ^ 2 + Σ rA,(cAt+c,t + c_a+c_H) + H.C. +... (i) 

c%fx and S^f2 are the separate Hamiltonians of the two superconductors 
on each side of the barrier; Tkq is the exponentially small tunneling 
matrix element from state k on one side to q on the other, and the 
relationship of phases shown is required by time reversal symmetry. 

Prange (5) has recently made a study of Eq. (1) and concluded that it 
is valid from a many-particle point of view. Several interesting questions 
arise about this point, but as I said I am mainly concerned here with 
presenting the theory in simplest terms, so I will postpone discussion 
of this until later. I merely pause to say that Eq. (1) is a very standard 
form for many kinds of tunneling problems. One of many techniques 
for arriving at it is to find sets of single-particle functions for each side 
separately, in the absence of the potential of the other metal; then one 
eliminates the nonorthogonality effects by perturbation theory. 

If the perturbation Τ connected states k and q within the same super
conductor, we should know immediately how to deal with it. In particu
lar, if states k and q had the same energy gap Ak = Aq9 we would know 
that the energetic response to the perturbation would be identical to that 
of the normal metal (6, 7); while if the gaps differed in magnitude (7) 
or in phase, (#), the response would be lower, the energy higher. 
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It is necessary, on the other hand, to think more carefully about using 
the usual B.C.S. perturbation theory in the present case. The reason is 
that in a single, continuous block of superconductor it is quite correct 
to calculate using perfectly definite values of the relative phases of the 
energy gaps of the different states k and q, since the superconducting 
condensation energy actually results entirely from the precise coherence 
of these phases. It is however generally assumed, either because of the 
microcanonical assumption that the number of electrons is absolutely 
fixed, or because the system is in a mixed state as a result of contact 
with an electron reservoir undergoing fluctuations, that the total phase of 
the sample as a whole is meaningless. It can be shown that the state of 
fixed Ν is an average over all phase values. In fact, the total number TV 
of pairs and the phase φ of Δ are conjugate variables obeying an uncer
tainty relationship 

ΔΝΔφ ^ 2n . (2) 

It is, on the other hand, not necessarily meaningless to discuss the 
relative phases of two blocks of superconductor which are connected 
by an insulating barrier sufficiently thin for tunneling to occur. Clearly, 
again, the total phase of the assembly as a whole is not physical, but the 
relative phases can be given a meaning when we observe that electrons 
can pass back and forth between the two through the barrier, leading 
to the possibility of coherence between states in which the total number 
of electrons is differently partitioned between the two sides—just as the 
phase coherence within the single block means that the number of elec
trons is not fixed locally and, for instance, there is coherence between 
the state with N/2 electrons in one half of the block and N/2 in the other, 
and that with (N/2) + 2 on one side and (N/2) — 2 on the other. 

It thus may be meaningful to calculate the properties of the system 
assuming a given phase relationship. If we find—as we do—that the 
energy is indeed a function of the relative phase, we must presume that 
the phase may adjust itself in such a way as to minimize the energy, if 
that is possible in the presence of quantum-mechanical zero-point 
fluctuations or thermal fluctuations, as well as of any external stresses 
we may be applying which tend to break up the coherence. These aspects 
of the problem will be discussed exhaustively later. 

Now we simply write down the standard expression for the second-
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order energy perturbation caused by the transition operator in Eq. (1). 
A case o f interest in the experiments is one in which the t w o energy gaps 
differ in magni tude so we shall maintain that degree o f generality. In 
terms o f the coherence factors uk9 vk, uq and vq by which the Bogo lyubov 
quasi-particles are defined, 

^ - i , , 1 ViUa + PM k I2 

ΔΕ, = - 2 Σ I Tkq | 2 1 * ' ! / ' (1 - Λ ~fg). (3) 
k, q  E'k ι tLq 

Here we have al lowed the energy gaps Ak and Aq to have arbitrary c o m 
plex values, given by 

A A 2uk vk* = — , 2uq vq* = — , 
Zq 

I uk I 2 — I vk I 2 = , I uq\2— ι ^ I 2 = , 

Ε =V ε2 + ^ I 2 . 

£ and ε have the usual significance, and fk a n d a r e the Fermi distribution 
functions of Ek and Eq. Here we have thrown away the terms with energy 
denominators ± (Ek—Eq) because they are not important except near Tc. 

Let us rewrite Eq. (3) using the relationships (4): 

A E I = _ Σ | Γ „ Ι ' ( ΐ - Λ - Λ Ι (,__?* + R e M * \ ( 5 ) 

*,« Ek + Eq \ EkEq EkEq) 

This demonstrates explicitly the phase-dependent term. It will be in
teresting to calculate this term explicitly at the absolute zero. Let us 
assume Ak and Aq constant as functions o f k and q, respectively, equal to 

Ak = Ax exp (19?!) Aq = A2 exp (icp2) ; 

ΑΎ and A2 real; introduce the t w o densities of states of one spin in energy, 
and N29 and we obtain 

AE2 = — NXN2AXA2 <| Tkq | 2 > a v e cos (φχ—φύ 

άεχ άε2 Λ 00 Λ Ο 

J -00 J - C E& (E1 + £2) 
(6) 
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It will lead to negligible error to let the upper limits on the integrals tend 
to infinity. Then the integral is a complete elliptic integral: 

4ττ Λ Δ 2 / Ι Λ — z ] 2 

ΔΕ2 = -ΝιΝ2<\Τ2\}^(φ1 — φ2)·- Κ ( 1 

Δ, + Δ2 V | Δ1 + Δ '2 

~ - Ν,Ν2 < | Τ* | > cos (Ψι - φ2) • 2η* Λ Λ . (7) 
'1 ι~ »2 

The last approximation is good for Ax and Δ2 not different by more 
than a factor 2 or 3 . 1 

From the energy expression E2 we can easily deduce the Josephson 
current, as follows: in the first place, we observe that Eq. (6) is clearly 
not gauge invariant because it depends on the phase difference φ1 — φ2 

of the wave functions on the two sides. A gauge transformation can be 
performed which changes that phase, but only at the cost of changing 

1 The integration involves substituting first 

Ex 2 = / l i 2 c o s h 0 1 2 f i .2 r Al2 sinh θ, 2» 
giving 

and then 

>00 Λ On 

—oo J - o o ^ l < 

dd1 dd2 

14 

l cosh 0X + Δ2 cosh d2 

θ1 - f θ2 θί — θ2 

and 

gives 

.IT 

2 2 

!

cosh w cosh ν 

sinh u sinh ν 

du dv 

+ ^s) cosh ν cosh « + 041 —zl 2) sinh ^ sinh u 

The ^-integration may be done trivially by the substitution y = ev

y and one gets 

du 
2JI 

poo 

J—ao VΔλ

2 + Δ2

2 + 2ΔλΔ2 cosh 2u 

and finally this goes into a standard elliptic form by 
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the vector potential A. We can deduce, assuming—as by now is permis
sible—that the B.C.S. theory gives gauge-invariant results, that had 
we calculated the energy in the presence of a vector potential A we should 
have obtained 

ΔΕ2 = ΔΕ cos (φ1—φ2—^- f A · d\). (8) 
be J i 

Here we define ΔΕ as the result of the integration of Eq. (6), i.e., the 
coefficient of cos (φ1—ψ2) m Ε φ 0) o r the corresponding number at 
finite T. We use 2e in the A integration, of course, because Δ depends 
on the mean value of ψ*ψ*, and its phase therefore transforms with the 
doubled charge. 

Now a second general principle tells us that the current may be 
defined in terms of derivatives of the Hamiltonian with respect to the 
vector potential: 

dH 
J= c OA 

This expression is not very useful in computing ordinary transport theory 
currents but it can be used to calculate supercurrents. The dependence 
of the energy on the vector potential A implies immediately the existence 
of a certain density of supercurrent flow: 

(5<#> 
<» - c . (9) 

In order to get mass flow per unit volume = current per unit area, we 
must note that ΔΕ in Eq. (8) is a surface energy, and should be divided 
by w9 the thickness of the barrier, to give volume energy. We then get 

2AEe ( 2e , , \ 
</> = — - — sin \φλ — φ2 — | A \ w 1, (10) 

presuming that A is in the direction perpendicular to the surfaces. This 
then gives us for the current (again at absolute zero): 

J = Jx sin δφ 
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As remarked by Josephson, the maximum possible current is the same 
as the normal current at a voltage K e q u i v equal to η ΔιΔ2/(Δ1 + Δ2) 
(remember that the zl's are half of the "two-particle" gap). For Pb and 
Sn, Δλ and Δ2 are approximately 1.4 mv and 0.7 mv, respectively, giving 
K e q u i v ^ 1.5 mv. In our best junction (2) we observed a normal resistance 
of 0.4 Ω giving Jx = 3.75 ma, while the actual best current was 0.65 ma. 
The ratio of ~ 6 is quite good for critical current phenomena; it must 
be remembered also that our experiment was at ^ 1.5° and Jx may 
have been as low as ^ 3 ma; the temperature effect is hard to calculate 
and, as we shall see, other uncertainties enter. 

Now we shall digress a little from these calculations and discuss some 
of the more fundamental questions of the physical aspects connected 
with this odd effect. 

Why is it odd? The reason is twofold: that some of the predictions 
of the theory are unfamiliar and at first seem unphysical, and that we 
are very strongly conditioned against the idea of assigning a rigidly 
fixed value to even the relative phase angles of the wave functions on 
two apparently separate bits of superconductor. 

The two most surprising predictions of the theory—one has been 
verified experimentally, the other has not—are the tiny critical field 
and the AC supercurrent. The former effect was my suggestion in the 
original Josephson letter, and arises from observing that the quantity 
determining the current J(q) at a given point y in the junction is not the 

III. Observability and Fluctuations 

s c 

Insulator &<p(yx) *<p(y2) y 

s c 

C 

FIG. 1 
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phase difference φ between the bulk portions of the two superconduc
tors, which is constant, but this modified for the effects of any magnetic 
fields which may be present in the skin layer. In particular, drawing an 
imaginary circuit c including legs in the two bulk regions, we see that 
(since we can show that A and j are negligible in the superconductors 
1 to the surface) 2πΔφ(γ1) differs from 2πΔφ(γ2) by the ratio of the flux 
enclosed in the circuit to hc/2e: i. e., by the number of flux quanta 
enclosed. Since J oc sin Δφ9 we will get substantial cancellation of J 
when πΔφ~^, i.e., when 

2λ · Η · I ^~10~ 7 gauss cm 2 (/ is the size of the junction) 

λ ~ 5 x 10" 6 cm 
so 

HI ~ 10" 2 gauss cm Η ~ 0 . 1 . 

This has been observed: we found our current doubled on reducing the 
field from 0.4 to 0 gauss. 

It appears that the AC supercurrent is going to occur whenever we 
succeed in setting up an actual potential difference between the two 
superconductors. We can see this again in a very direct manner if we 
use gauge invariance. The equation of motion of the wave function ψ* 
cannot involve the potential V alone or the time derivative alone, but 
must contain ih, (d/dt) — eV, so that the quantity 

Δ(τΐ9 r2) = V(rl9 r2) f f a r j 

must obey a time-dependent equation 

so that there must be, if there is a potential difference V1 — V2 = V 
between the two superconductors, a time dependence of the relative 
phase: 

— 1 - = exp (lieVtlh) 
Δ2 
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and so the current varies as 

2eVt 
sin φ oc sin I φ0 η 

This effect is, as far as I know, completely new to physics and represents 
possibly the most exciting prediction of the theory, even though the 
obvious practical applications do not turn out to be so very practical 
on closer scrutiny. 

A physical way to see the origin of this current again leans on the con
cept of the quantum of magnetic flux: we note that each cycle of the AC 
corresponds to the passage through the tunnel junction of a single quan
tized flux line—either using 

1 άΦ 
= V (Φ the flux) 

c dt 
so that 

ΖΐΦ/cycle = cV(At\_T+27l 

cV · 2ntt 
= leV 

_ he 
~ ~2e~ ; 

or observing that the phase difference changes by In each cycle, which 
just is the definition of a quantized flux unit. 

This fact demonstrates that the AC Josephson current is really not 
quite a new thing under the sun. We shall see, if we find time to discuss 
hard superconducting wires, that in fact they can occasionally withstand 
a finite voltage and that, when they do, we can interpret it as the motion 
through them of flux quanta, which again will come through at a rate 
related to the voltage. Such a wire would presumably, if we could meas
ure it, exhibit an AC supercurrent. 

It is of course a well-known theorem that the phase of the wave func
tion and the number of electrons are conjugate variables: gauge inva-
riance, i.e., invariance under phase changes, implies number conserva
tion in the same way that rotational invariance implies angular momen
tum conservation. A very simple demonstration is the following: take 
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a wave function with a fixed number Ν of particles 

Ψ = (ψι+Ψ*+..·Ψΐί+)Ψ. vac 

Multiply the field operator by a phase factor 

Ψ' V i + ) (e"ty. + ) ...V'. vac 

^ t W I// 

and clearly — f d/θφ Ψ ΝΨ 

d 
Ν ~ 

so 
dcp 

d 
dN 

Correspondingly, there is an uncertainty principle ΔΝΔφ = 1. 
Since we often work with microcanonical ensembles, and almost 

always with ensembles in which we superpose wave functions with dif
ferent values of Ν only incoherently, we almost always take, either im
plicitly or explicitly, ΔΝ = 0 so Δφ = o o : we assume the phase to be phys
ically meaningless. In particular, in the simple example I have just given of 
course Ψ' = const χ Ψ so they represent the same state: a phase change 
is meaningless except formally. This is in fact so often the case that 
most physicists, until recently, have confused the concept that the phase 
is meaningless with the more exact statement of gauge invariance that 
the laws of physics are covariant under gauge transformations. Nothing 
prevents us from choosing to work with a state which is not gauge in
variant. I think much of the psychological resistance which the B.C.S 
theory has encountered stems from this basic conceptual confusion. 

To see the specific situation which occurs in superconductivity, let 
us start out with the problem of a single superconductor. A very simple 
way of discussing the B.C.S. theory of superconductivity is in terms of 
the "pseudospin" model (9-11). One does not need the full theory done 
that way but it is very convenient to understand the properties of cer
tain operators from lhat theory. Introduce the appropriate single-
electron states tpka and the creation and destruction operators associated 
with them, cka. (It is more rigorous, of course, to think of these as ac-
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tually renormalized quasi-particle operators but the theory goes through 
either way.) 

In the perfect infinite superconductor these states are states of fixed 
momentum and spin; in the real situation we may take them as scattered 
functions; in either case we introduce the precise time-reversed functions 
ψ-k-a = (fPko)*

 a n d their operators £_£_σ. Now it is interesting to note 
that the sets of operators 

1 — nko — n_k_a 

^ko C—k-a 9 C-k-σ ^ka 

ax ± icy 

have the representation: 

ΊΣΖ 0 

\0 0 

in the basis j 

Thus these have the algebraic properties of a spinor: let us call them 

Now form the operators 

$ z = Σ °KZ ^ X 9 ~ Σ ° k x > ° k y 

k k 

= const — NtoUl 

The most basic characterization of the B.C.S. state is that the operators 
Sx and have macroscopic values in it. In a state of fixed Ν — i . e . , 
fixed Sz — in view of the commutation relations S x S = /S, Sx and 
Su cannot have definite values; in such a state they can have large off-
diagonal matrix elements. In the simple product state, 

Π WH +  VY^HT 4  Ο v v a c. 
k 

Sx does have the large value 

Σ V « i - / * * ) · 
k 
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By inserting a factor ei<p in V 1 — hk9 we may rotate this large value 
around the ζ axis to any desired location; in this case, because TV is 
not fixed these wave functions are physically distinct but, of course, all 
must have the same energy. 

We can project out a state of fixed Ν by the subterfuge: 

ΨΝ = f exp [ - ί(Ν/2)φ] Π WTk + VT^hk & ^ ck+) Ψ0 dp. 
J k 

This is equivalent to the transformation coefficient exp (ipq) between 
ρ and q representations. 

In the isolated superconductor, no particular gain is made by using 
either Ν or φ representations. In fact, however, the TV representation is 
correct, because there is actually a term in the energy depending on TV, 
namely the electrostatic energy. Even if we prepared the superconductor 
in the product-type state, this state would dissipate like a wave packet 
of free particles because of the energy [e2(N — N0)2]/2C9 where C is 
the electrostatic capacity ~ 1 cm. The "kinetic" energy, then, of a state 
with an uncertainty of φ of ~ 1 would be of order (e2/C) <(d/d<p)2y 

25 χ 10 - 2 o 
- ~ 10~ 1 8 ev 1 

and the corresponding time for the "packet" to dissipate would be 1 0 - 9 

sec. Thus, in fact, real superconductors cannot be prepared, in isolation, 
in states with coherent superpositions of different TV values: the common 
assumption that TV is fixed, φ meaningless is correct. 

The opposite situation precisely is the case when we consider different 
parts of the same superconductor, their relative phase and number 
relationship. Clearly we can define for individual superconductors, or 
different pieces of the same superconductor, relative variables η = Νί 

— TV2 and φ = ψλ — φ29 and again 

d d 
η = — ι —— φ = ι 

dcp dn 

For two different parts of the same superconductor, the very experimen
tal facts about the Meissner effect, persistent currents, etc., tell us that 
the relative φ is fixed rigidly and therefore the state must be one in which 
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locally there is coherent superposition of different η states: φ is fixed 
so η is uncertain. The existence of persistent ring currents tells us that 
the gap /1—which is equivalent to StraLnsycrsc(r) or to Ψ in Landau-Ginz-
berg—is strongly constrained to be single-valued and continuous through
out an entire macroscopic sample. 

It is clear that there must be a dividing line between these two 
behaviors, perfect phase coherence and negligible coherence. This is 
the Josephson effect. 

The most straightforward situation we might study is the following: 
two superconductors separared by a barrier and left on open circuit. 
We also ignore radiation for now: actually probably very little power 

I 

FIG. 2 

can be radiated because of the thinness of the barrier layer. The trivial 
theory tells us that that part of the energy which depends on the phase 
difference operator is 

Ex(\ — cos φ) 

A second term in the energy is the electrostatic energy associated with 
any difference in charge between the two sides. This of course is just 

Q2 _ e\n2) 
2C ~ 2C 

so that the total Hamiltonian is just precisely that of a pendulum: 

e2 

Η = — η2 + Ex(l — cos φ) 

where [η, φ] = 1, so that η plays the role of the momentum, φ that 
of the coordinate. 
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Now the relevant question is just whether the thermal or zero-point 
fluctuations of the energy are or are not outweighed by the coupling E1 

which tends to keep the phases of the energy gaps on the two sides 
coupled. 

The zero-point energy is usually negligible. If we approximate the 
lower part of the cosine curve by a parabola, we get a harmonic oscil
lator of frequency 

ΕΛ = 1/ . 
c E1 y CE, 

Usable junctions have thicknesses ~ 10~ 6-10~ 7 cm, and areas ~ 1 0 ~ 2 -
10- 3 cm, so C ~ 104 cm; thus E1 = 25 χ 10" 2 0 /10 4 — ΙΟ" 2 2 = 10" 1 0 ev 
is the point at which zero-point energy will destroy coherence. This 
corresponds to a total current of the order 1 0 - 1 3 amp. This is unmeas-
ureable but corresponds actually to a film not excessively thick — 100 A 
of good insulator would probably effectively decouple two superconduc
tors. Nonetheless, the zero-point kinetic energy is quite small, cor
responding to a large effective "mass ." 

Much more important is obviously the purely classical effect of 
thermal fluctuations, which will clearly be of importance whenever 
kT ~ EV A current Jx of 10~3 amp corresponds to an EX of ftJ/e where 
/ is in esu ~ 3 χ 10 6 

ΙΟ" 2 7 χ 3 χ 10 6 3 χ 10 - 1 1 

ΕΛ = ' ~ 5 ev. 
5 X 1 0 - 1 0 5 

This should be reasonably stable against room temperature thermal 
fluctuations, but J^s of 1 0 _ 4 - 1 0 - 5 amp will in most measuring ap
paratus be thermally uncoupled. 

We can also see something from this isolated and simple system about 
what will happen at finite voltages. If we were to charge up the condenser 
to some value Q = en, we would put our pendulum-like system into a 
state corresponding to rotation of the pendulum about the fulcrum. Clas
sically, we have given the system an effective average "momentum" n, and 

dcp _ 1 dH _ 1 e2 _ eVave 
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Thus the phase rotates at the average velocity eV (the correct charge to 
use in this equation is of course two electronic charges). 

At the same time, η will not — again classically — remain absolutely 
constant: it will have a value 

dH E1 

η = —— = - - sin <p(t) 
ηοφ η 

so that 
Q = J = Jx sin φ(ί) : 

we find an alternating current at the average frequency 2eV/h. This is 
the original Josephson current term. 

Quantum mechanically, this phenomenon will look somewhat dif
ferent: the frequency will correspond to an energy-level difference, the 
current to a large off-diagonal matrix element of the electromagnetic 
interaction; but in view of the fact that the quantum zero-point energy 
is so terribly small relative to the thermal fluctuations, because of the 
large capacity, the classical theory of our effective "pendulum" is cer
tainly adequate. 

Whether this AC effect is measurable depends on a number of factors, 
some of which I understand and some of which, undoubtedly, I do not. 
One difficulty is the intrinsic smallness of the effect. The large capacity 
of the barrier layer — or at least a very low impedance — seems to be 
an inescapable difficulty. As we computed, this capacity is of the order 
1 0 M 0 5 esu, or 1 0 _ 2 - 1 0 _ 1 microfarad. The frequency ω is ~ 10 1 8 K e s u 

or 3 χ 10 1 5 K v o l t s , so that a small voltage of the order of 1 0 - 4 volts, a 
tenth of the gap, would lead to a frequency ω of 3 χ 10 1 1 cps, at which 
the impedance Ζ of the barrier would be only 10~4 ohms, the alter
nating voltage only 0.1 //volt, and the available energy/second only 
CwV2 ~ 1 0 - 1 0 watt. 

We might try to achieve a smaller voltage and frequency, at which all 
of these figures would be improved, but actually we have at most only 
an order of magnitude available, because the AC regime necessarily 
requires that the electrostatic energy be large in comparison to El9 

which occurs at about C(K e s u ) 2 = E1 ~ 1 0 - 1 1 erg 

^ e s u ~ 10-· , V= 3 //volts. 

This is also — obviously — the point at which the AC voltage becomes 
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comparable with the DC, so that the junction is capable of putting 
itself back into the pure D C regime. 

Thus it appears unlikely that frequencies less than 10 kilomegacycles 
can be seen, while above this point serious amplitude problems are 
evident. 

An additional difficulty which may not be widely enough appreciated 
is that of noise. In an actual circuit the voltage, and therefore the fre
quency, will be subject to severe thermal fluctuation. In the D C situation 
the fluctuations can be ignored, once the coupling Ex is considerably 
greater than kTcircuiv because the coupled state is the thermal equilib
rium one. In the AC situation, however, we are forcing the system to 
be in a state above its equilibrium one, and there is nothing preventing 
fluctuations from occurring. A rough estimate based on noise power 
in the circuit of kT per unit bandwidth leads to an estimate of the fre
quency fluctuation bandwidth of 

Again, obviously we are forced to work only at high frequencies. 
Perhaps the best scheme for observing the effect is that of Josephson, 

which does not seem to run aground on fluctuation effects. This is 
the idea of synchronizing with an externally applied AC field and cur
rent. This synchronization must, again, be achieved against a background 
of thermal fluctuations. Thus we must have the Josephson current to 
external voltage coupling ^> kT to get a large effect. With the total 
AC charge only of the order AQ ~J/w ~ 1 0 - 1 5 coulomb, this requires 
V~ 1 //volt, and a current of order 10~2 amp : a power requirement 
which does not seem excessive. 

All this is rather speculative, however; the AC effect has not been 
observed, and the circuit problems as well as any possible additional 
physical effects are as yet unknown territory. I believe that the DC, 
zero voltage Josephson effect has been observed, and I will give here a 
brief discussion of it. 

What is observed, of course, is not the phase coupling directly but 
the fact that the system can pass a D C current in the absence of voltage, 
just like an ordinary superconductor. In fact, many things about the 
mechanism of this effect are very closely analogous to ordinary super-
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conductivity: that is why I think a good synonym for it is "weak super
conductivity." 

The isolated pair of superconductors cannot pass a current; thus we 
must add to the system a current generator. In actual experiments, of 
course, this usually consists of a voltage source with a high resistor in 
series; but it is simpler to add to our energy expression a term for a cur
rent source, given by 

F = 
^source 

2e 

2e φ. 

Thus the potential energy as a function of φ now takes the form 

Ε Ελ(\ — cos <p) • 
2e Ψ 

and equilibrium occurs at 

dE 
θφ 

= 0 ; E1 sin φ = 
2e J e x i 

•Ant — «^ext — 

2eE1 sin φ 

Thus a current flows, and can flow up to / = Jl9 at least in classical 
theory and at absolute zero. 

Ε 

FIG. 3 

Two effects act to limit the amount of DC current that can flow: 
thermal fluctuations and the presenc of magnetic fields. As we explained 
earlier, the coupling fails unless E1 ^> kT; we can see that in the presence 
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of the "t i l ted" energy corresponding to a current generator, thermal 
activation could allow our system to hop from one valley to the next, 
leading to a finite ψ and therefore an externally visible voltage. 

Both externally applied magnetic fields and those caused by the cur
rent itself can reduce drastically the current-carrying eapacity of a 
Josephson junction. We explained previously the effect of external fields; 
we can think of this as introducing a distribution in phase over the 
sinusoidal Ελ{\ — c o s φ) curve, which effectively reduces the activation 
barriers. Internal fields will do the same if the size of the junction is 
greater than an effective "penetration depth" 

XL being the average London penetration depth in the superconducting 
material. This is typically ~ 0.01 cm. 

Pippard (72) has pointed out that the external field effect should be 
periodic as well as decaying. Confirmation of this would do much to 
verify the theory. 

When the effect was first predicted, the most serious problem about 
it seemed to be the fact that it had never been seen, although thousands 
of junctions had been measured experimentally. We now believe that 
the main reasons are threefold: most important, the fact that junctions 
which are easy to measure in the gap region are of normal resistance 
^ 100 β , so that Ej was not large enough relative to kT. Second, the 
field effect: no one previously had measured in the absence of the earth's 
field. Finally, it is easy to ascribe the effect if seen to tiny superconduct
ing shorts, and only quantitative investigation distinguishes it. Most 
important of the proofs against superconducting shorts is the field ef
fect. As in filamentary superconductors, one would expect the flux 
quanta to go through the insulating spaces between the shorts, leaving 
the shorts superconducting. But that would lead to high critical fields. 
It is also to be noted that sufficiently finely divided systems of very 
small shorts will themselves be Josephson tunnels: after all, even in 
the oxide there are rows of metal ions, but we do not consider these 
to be shorts. 
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IV· Connection to General Many-Body Theory of Condensed 
States and "Broken Symmetry" 

In general, a condensation phenomenon is characterized by the ap
pearance of a new parameter in what we call the "condensed" phase 
which was not present in the original system. For example, below its 
Curie point a ferromagnet has magnetization in the absence of a field. 
The long-range order of a solid is not present in the liquid; the antifer-
romagnet and order-disorder have less evident but still easily meas
urable "order parameters." In the ferroelectric it is the electric moment. 
More elusive is the liquid-gas system, in which we must think of the or
der parameter as the difference in behavior of the two phases. The order 
parameter of the superconductor is the energy gap itself. 

All of these systems and their order parameters have a very important 
feature in common: that the system with fixed order parameter has a 
much lower degree of symmetry than the uncondensed system. We 
can state it this way: the condensed system does not have the full sym
metry of the Hamiltonian of which it represents a statistical solution. 
In each of the above examples we see this exemplified. The ferromagnet 
does not have the full symmetry of spin rotation of the spin Hamilton
ian; even more seriously, it does not have time-reversal invariance. 
The ferroelectric does not have space-inversion invariance. The solid is 
presumably a solution of a Hamiltonian with full translational as well 
as rotational invariance, yet we commonly think of it as being a rigid 
lattice rigidly fixed in space, translationally as well as rotationally. The 
other examples can be shown to agree with this idea, except for super
conductivity and superfluidity, which are rather different. Superfluidity 
is very similar to superconductivity, so we shall concentrate on the lat
ter. We can subsume superconductivity under the general theory if we 
let the order parameter be Δ and fix Δ in phase as well as amplitude. 
Then it is gauge invariance, in a certain sense, which is violated in the 
superconductor. Of course, general gauge invariance is not violated, 
but from the point of view of individual electrons it is, in the sense that 
the phase of the field operator with which we insert additional particles 
is physically relevant. 

It is, of course, physically obvious that the full symmetry of the orig
inal Hamiltonian still governs the system, in the sense that it is only 
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the state of the system which is taken to be noninvariant, and one 
considers all other states to which the assumed state can be carried 
by symmetry operations as degenerate with the given one. In ferromag
netism, we assume the various possible magnetized states to be equal 
in energy, or at least — in the presence of crystal anisotropy — the 
state and its time reversal. We assume, in the absence of external forces, 
that all positions and orientations of a crystalline solid are degenerate, 
that a ferroelectric may be polarized in at least two crystalline directions, 
or in fact that the phase of the energy gap in the superconductor is ar
bitrary, and the energy independent of it. 

These ideas so far seem perfectly self-evident and general. Now, 
however, we come to a real distinction among the various cases. In a 
few case — ferromagnetism being the only obvious example — the or
der parameter is a rigorous constant of the motion, or nearly enough 
so for any usual purposes. Then, of course, the noninvariant states are, 
nonetheless, rigorous, degenerate eigenstates of H, and no serious ques
tions of principle arise: all the consequences of the true symmetry of Η 
can be retained in the most naive fashion. 

Much more common is the opposite case: the order parameter is not 
a quantum mechanical constant of the motion. The orientation of the 
solid in space, for instance, or its position, are not constants of the mo
tion; the correct constants are total momentum and angular momentum. 
A very similar situation occurs in antiferromagnetism, which was I 
believe the first case in which these phenomena were carefully eluci
dated (75). Finally, in the superconductor we find the phase variable not 
just not a constant of the motion, but normally assumed to be meaning
less. 

In these cases one finds that condensation has much more interesting 
consequences in principle. Certain apparently obvious symmetry theo
rems cannot be retained any more: a nice example is the famous theo
rem that a system can have no electric dipole moment, which is certainly 
badly violated in a ferroelectric. 

In the cases of the solid, the antiferromagnet, or the ferroelectric, we 
can understand very well the physics of the situation. What happens is 
that the condensation has given the system one form or another of long-
range order, so that the ^ 10 2 3 different atoms must move as a unit 
rather than individually. Under these circumstances the system is so 
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large that its behavior is essentially classical, and we may fix the value 
of the order parameter even though it is not a constant of the motion 
— the coordinate or orientation of the solid, for instance. There is in
deed a zero-point motion of a macroscopic solid, but it is so small that 
we needn't concern ourselves with it. 

Another aspect of the situation is that in general the usual type of 
condensed system finds itself in the presence of external forces which 
fix the order parameter at some definite preferred value. Because of 
the long-range order, only a very small external force is necessary to do 
this. A small external field can align a ferromagnet, a small external 
force pin down the orientation and position of a crystal. 

In actual fact we seldom deal with condensed systems in the absence 
of external forces, so that we are accustomed to think of such systems 
as having definite values of such order parameters as the orientation. 
But this is because we are accustomed to working with measuring in
struments which are themselves macroscopic condensed bodies: in 
the case of solids, with measuring instruments which are themselves 
rigid i.e., have long-range positional order. Thus it does not seem ex
traordinary to us that a solid has fixed position and orientation. In the 
case of magnets, again we are used to instruments which violate time-
reversal symmetry themselves — through the second law, for one thing — 
and so we do not find it very extraordinary for a system to have a definite 
value of ferro- or antiferromagnetic order. 

In the case of superconductivity things are quite different. The in
ternal long-range order parameter — the phase — is not a parameter 
for which suitable instruments exist; we do not normally walk around 
with objects which have phase order. A superconductor has rather per
fect internal phase order, but as we have shown the zero-point motion 
of the total order parameter of an isolated superconductor is large and 
rather rapid. 

The importance of the Josephson effect, then, is that it provides for 
the first time an instrument which can act like a clamp for a solid or a 
coercive field for a ferromagnet: it can pin down the order parameter, 
allow a basis for intercomparisons, etc. But most important of all, it 
frees us conceptually from the mystery surrounding superconductivity, 
and places it in line with all of the other condensation phenomena. 

To summarize: In each case, condensation is a self-consistent choice 
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by the system of a state — and a corresponding mean self-consistent 
field — which does not have the full symmetry of the Hamiltonian. In 
each case, this choice must be made consistently throughout macro
scopic volumes of the sample, because a relatively large coupling energy 
maintains this. But in almost every case, we can expect quantum fluc
tuations of the order parameter which will, in the absence of unsymmetric 
external forces, restore the full consequences of the original symmetry. 
The external forces necessary to "pin down" the quantum fluctuations 
can only come from systems which themselves violate the given symme
try. This then is the importance of Josephson's weak superconductivity: 
it is the only coupling force playing this role for a superfluid. 
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