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In this book are mentioned a number of applications of the theory 
of tunneling, and there are numerous others, ranging from nuclear 
pickup processes to the Esaki diode. However, we shall keep in mind, 
metal-to-metal tunneling through an oxide layer. In the courses in quan
tum mechanics which we had in our youth, we solved the problem of 
the tunneling of a single electron. This we did by considering an incident 
wave, a reflected wave, and a transmitted wave. The transmission coef
ficient can be calculated in some approximation (usually the WKB ap
proximation). As is well known, the transmission coefficient depends 
chiefly upon an exponential factor 

exp [— 2 κ(χ) dx] 

where κ(χ) is λ / 2m [V(x) — sk]. Here we have already adopted the 
potential barrier model of the tunneling junction, and the W K B ap
proximation, but the main features of this result are certainly of more 
general validity. However, we shall not discuss the calculation of the 
transmission coefficient further, because we are interested here in many-
particle effects. Besides, most of the time, the experimenter has no in
dependent measure of the thickness of the barrier, which usually is a 
horrible mess. 

The simplest model of the metal system is that of independent quasi 
particles, in which we take into account only the Pauli principle. The 
results for this model can be obtained easily if we know the individual 
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transmission coefficients. We have to make sure that there is an empty 
state available into which the electron tunnels, so that at zero tempera
ture, for example, we can have a current only when we have applied a 
potential difference across the barrier. The effect of interaction in this 
case is obscured. However, for most purposes, this model provides 
excellent framework within which one can understand experimental 
results. 

Recently, Bardeen ( i ) pointed out that it was superior to recognize 
the smallness of the parameter | T\2, the tunneling coefficient, at the 
outset. Instead of treating the tunneling as a sort of scattering process, 
he treated it as a transition process between nearly stationary states. 

Let Φ 0 be the state at the initial time. In the absence of any tunneling, 
this state will evolve in time according to Φ0(ί) = Φ 0 exp (— iE0t). 
However, if one allows tunneling, the state will evolve into Ψ(ί) = Ψ0(ί) 
+ ΣναΧί)Φ,.εχρ(—iEvt). The Φν are states in which an electron has 
passed across the barrier. We remark that (Φ,„ Φ 0 ) Φ 0, but this sort 
of expansion is well understood. Let us apply time-dependent pertur
bation theory. We calculate 

i - H^j Ψ(ί) = (E0 - Η) Φ0 exp ( - iE0t) 

+ 2 ^ , ( 0 < 7 > , e x p ( — iEvt) 
V 

+ Σ aXEr - Η) Φ,. exp ( - iEjt) = 0 . 
Thus 

d 
i -— ar = (Φ,., (H - E0) 0 O ) exp [ - /(£„ - E,)t\. 

at 
Then, 

~ I a At) |» = 2π I (Φ,(Η - E0) Φ0) |· δ(Ε0 - Ε,) . (1) 
at 

This is the rate at which the initial state is transformed into the state 
Φ,,. Bardeen has shown how one can rewrite the matrix element above 
in a more natural form. Consider the x-coordinate (perpendicular to the 
barrier) of the electron which has tunneled. Call the midpoint of the 
barrier χ = 0. Then, for positive x, say Φ 0 is practically an eigenstate 
of H, so we may write 
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(Φ„ (Η - Ε0)Φ0) = (...j°dx [Φ* (Η - £„) Φ0(Χι ...χ...)] 

J° dx [Φ*(Η - Ε0)Φ0 - Φ0(Η- Ε,)Φ*} 

since the second term vanishes for negative x. Since Er = E0 we have 

<M - W> = / J* * (- ± ±) (*.· ± - *. j x Φ ή 

= -i[JMU- (2) 

Here Jz(0) is the operator for the total current passing across the plane 
χ = 0. 

This is Bardeen's calculation, with which it is hardly possible to 
quarrel. Various people (2-4) have immediately jumped to the conclu
sion that it should be possible to represent the Hamiltonian in the 
presence of the barrier by 

H=HR + HL + T+ ... (3) 
where 

Τ = ^ Tmnam

fbn + Hermitian conjugate. 
m,n 

Here creates electrons in a state on the right and bm* creates electrons 
on the left. The labels m, n refer to some set of single particle states, not 
necessarily plane waves. The dots refer to terms of order T2 and smaller. 
It is also assumed that Tmn does not depend on interaction to any ap
preciable degree. 

This is also a conclusion which we do not wish to dispute. However, 
it might be valuable to examine in some model, in exactly what sense 
Eq. (3) is correct. 

In the following, I shall describe the contents of a note of my own (5). 
Let us adopt the single model of a tunnel junction described by a po

tential V(x) (Fig. 1). 
It is hard to believe that the symmetry, the simple barrier, or the 

specular nature of the transmission will change the results much, but I 
certainly have not examined in detail what errors these simplifications 
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may have introduced. If we stick to this model then, the Hamiltonian is 

Η = H0 + V + W (4) 

where H0 is the independent electron Hamiltonian, V(x) is graphed in 
Fig. 1, and Wis the interaction between electrons, or between electrons 
and phonons. H0 does not have to be the free-electron Hamiltonian. 

V(x) 

-a - 6 6 a 

FIG. 1 

The problem we wish to solve is this: Express the Η of Eq. (4) in 
the form of Eq. (3). To solve this problem we have to decide what the 
labels m, η appearing in Eq. (3) really mean. What we would really 
like heuristically is to express the annihilation operator xp(x) as 

Ψ(Χ) = Σ < P m ' t o a m + Xm'(x)bm (5) 
m 

where (a) the φ', and χ' together form a complete orthonormal set, 
(b) any electron confined to the right (left) of the barrier can be expressed 
solely in terms of the states <pn(xw'), (c) the single-electron Hamiltonian 
is a well-defined operator on all φ', χ' functions. 

If we had such states, life would be simple, since we could substitute 
Eq. (5) into (the second quantized form of) Eq. (4), segregate the a 
and b operators into HR and HL, and what is left over would be T. 
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This explains why we need assumption (c) above, since without it, 
the substitution of (5) into (4) is not possible, or at best it is tricky. 
In fact, one does no t want to deal with states <p'9 χ', which involve 
single-particle energies which are too great, otherwise HR, for example, 
is too unlike the barrierless Hamiltonian we want. It is unfortunate, 
because states which vanish identically for one or the other sign of x 
are thereby ruled out and in consequence, we cannot satisfy both as
sumptions (a) and (b). 

Since we have to give up one of these two assumptions, let us examine 
which one we should give up. I want to argue that assumption (a) must 
be foregone, at least the part which says "or thonormal ." 

I have not worked out a formal proof, but it appears to be true that 
complete orthonormal sets which do not involve high single-particle 
energies always have this condition: although they can be more or less 
confined to one side of the barrier, there is a long tail which leaks through. 
This tail is not negligible, because it really describes the effect which is 
under study. If we inject an electron into the right side of the tunnel 
junction, the tunneling rate is just given by the amount of "left-hand" 
wave function which is needed to form the initial wave packet. 

An example of this state of affairs is shown in our model. The single 
particle eigenstates are even or odd in x. A complete orthonormal set 
is therefore 

Φ*'[**Ί = 2 - 1 / 2 Mx) ± ok(x)) 

where ek(ok) are the even (odd) eigenstates of H0 + V. However, 

-|-* Λ = '·<[ΣΒ*+ 

is not constant for small times, as we expect on physical grounds. In
stead, NR oscillates in time, a behavior which is well known in elementary 
quantum mechanics, but is not observed in tunnel junctions. 

The way out is to introduce cn and dn operators, (so no confusion 
arises with an and bn), where 

ψ(Χ) = Σ €η<Ρη(Χ) = Σ d n X n W · ( 6 ) 
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In the symmetrical model, we may take φη(χ) = %it(— x) and we suppose 
they satisfy, say, 

[Η0+νι(χ)]Φη(χ) = εηΨη(χ) 

where Vx(x) is graphed in Fig. 2. 

FIG. 2 

The only important feature is that we somehow keep the leakage 
through the barrier of <p9 χ to a minimum. Both {φΛ}9 {χη} are complete 
othonormal sets. We want to express the Hamiltonian in terms of the 
c's and d's9 as before, but in such a way that we do not mix up the single-
particle energies more than is necessary. (This additional condition is 
necessary, because we have two orthonormal complete sets to do the 
job of one.) 

The prescription is simple and obvious for the symmetrical case. I 
have never worked it out in general, but I do not doubt it can be done. 
The recipe is this: Express Η in terms of the even and odd states ek(x)9 

ok(x). Express these in turn according to 

η 

Ok(x) = Σ l<Pn(x) — Χη(Χ)] V n k · 

(8) 

It is completely straightforward, even if a little tedious, to evaluate 
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the expansion coefficients λ, //. The result is 

hi = [dhl - Tkkl(ek - £ , ) - £ hi + ..·] 
(9) 

Mkl = [dkl + Tkk/(sk — ε ζ) + i ξ„ + ...]. 

We have introduced the single-particle matrix element of the current-
across-the-barrier operator of Bardeen. Since we will always be interested 
in situations for which ek does not differ too much from εΐ9 we can just 
keep the diagonal element. For these situations, £ k l is given by the overlap 

hi = (<Pk> Χι) 

and vanishes for states differing largely in energy (even though the inner 
product does not). 

Perhaps for completeness it can be recorded that 

Tkl — bkyly $kzlz 

2κ exp (— 2xb) 

ma[\ + (κ/k )2] 

where κ was defined before, and kx is the wave number in the χ direc
tion. In this model, T K l is diagonal, except for the variable kx. 

Neglecting, for now, the interaction, we have 

H= Σ fe(even)) hi (θ + + d?) hn> (cf/t + dj 
klm 

+ (**(odd)) Mti (tf — d?) nkm (cM - dm) 
where 

f,<°dd> ~ s k + T k k . 

The algebra can be done easily, with the result 

- T k l ( c M + d,%) (io) 

- 4 ftj (f* + «/) (.cjd, + d?ck) + ... 
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This is what we expected, except for the last term (in However, 
we should not forget that the ck do not commute with the dh but that 

{ck\ dt} = Skl. 

Therefore, HR = skck

fck does not commute with HL — Σ^ά^ά^ 
Consider, however, the effect of HR + HL on some product state, 

0R0LIO> 

where ΦΕ contains only c + 's, and 0L contains only i/ + 's. Then 

(HR + HL)0R0L\O} ~ 0LHR0R\O) 

+ 0RHL0L\oy ( l i ) 

+ Σ Ε**« Μ + dk'ci)0R0L\oy. 
kl 

Thus, for processes such that ek ~ eb the HR may be regarded as com
muting with HL, provided we at the same time drop the last term of 
Eq. (10), which we wanted to do anyway. 

The remaining thing is to consider the effects of interactions on this 
formulation. Suppose, for example, we have an electron-phonon in
teraction. We can write this as 

H I P =  Σ V G « e « 
Q 

as discussed by Professor Pines in this volume. Qq is the canonical coor
dinate of the phonon, and gQ is the density operator, 

Qq = J ψ\Χ)ψ(Χ) exp (iq-x) dzx . (12) 

We want to express the ψ(χ) in terms of the localized operators cn and 
dn as before. 

This may be done, with the result 

Qq ~ ]Σ Qmn^crrt c n Qmn^dw d n + Qmnq^{.cmdn + 

dn*cj- (13) 
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We have written 

Qmnq = J XmXn (jq-xdZx) 

which just represent the usual electron-phonon interaction in the main 
part of the metal. (We have tacitly ignored the effect of the barrier on 
the phonons which, if taken into account, would complicate the formula.) 

The amplitude Q m n q

T is expressed by 

QwrJ = J <PmXn exp (iq-xd*x) 

We should not forget, however, that the c's and <f s do not quite com
mute. We can pretend that they do, however, provided we drop the 
last terms (in ξν8) in Eq. (14). 

Thus, the effect of the interaction on the tunneling is expressed by the 
addition of the small term 

Σ vJOgQ™* (Μ + djcj (15) 

to the Hamiltonian, where 

Qmn9C = J VmXn 0'?'*) d*X . (16) 

This is rather small, not only because it involves the overlap of the φ, 
χ functions, but because their overlap is rather smooth (in the x di
rection) over a region of (say) 30 A. Thus, if qx is not too small, we can 
expect this factor to be small. However, I don' t believe it has been taken 
into account in the discussion of Kadanoff and Schrieffer in this volume. 

In summary, it can be said that insofar as the simple model we have 
adopted has not led us seriously astray, it is possible to write the Hamil
tonian in the form of Eq. (3) as long as we only want to use it to calculate 
the wave function to first order. Higher order corrections seem to be 
model dependent, but have never been calculated. Still, it is probably 
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not misleading to use Eq. (3) to higher order, as Josephson has done, 
provided we are interested mainly in phase dependent terms, as explained 
by Professor Anderson in this volume. 
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