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I. Introduction 

It has been pointed out in the past (7) that the representation of quan
tum mechanical states by means of a density matrix has the following 
features: (a) each element Q m n of this matrix represents the mean value 
of an observable physical quantity; (b) the whole square array of ele
ments Q m n may be regarded as the set of components of a vector in an 
appropriate space and may be replaced by a set of real components; 
(c) the Schrodinger-von Neumann equation which governs the time 
dependence of ρ represents a rotation of this vector; (d) the answer to 
physical questions of interest pertaining to a large physical system is 
represented by the projection of the vector on a very small subspace 
and by the time variations of this projection. 

These circumstances enable one to formulate many-body problems 
in a manner that is compact, adherent to physical observations, and 
closely related to the corresponding classical treatment. The potentialities 
of this method have been exploited by Zwanzig (2-4) and developed 
further in a recent paper (5) which deals specifically with the shift and 
broadening of spectral lines of a gas due to the interaction among gas 
molecules. 

These lectures have the following aims: (1) to give a self-contained 
presentation of the vector space formalism which is called the Liouville 
representation of quantum mechanics, and (2) to apply this formalism 
to a "system" of interest, which possesses a rather small number of 
degrees of freedom but interacts with a "ba th , " i.e., with a much larger 
system whose role is merely to act as a noisy disturbance or a thermal 
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reservoir. Most of the material to be presented is included in ref. (5) but 
these lectures lay greater emphasis on its general aspects. Green's function 
methods and other modern techniques for the treatment of many-body 
problems may be regarded as special cases, or forms, of the Liouville 
representation, somewhat as wave mechanics is a special case of Di-
rac's transformation theory. Thus the Liouville representation empha
sizes aspects that are common to a large variety of phenomena. 

II. The Liouville Representation 

A . T H E DENSITY MATRIX 

We call "s ta te" of a physical system the information about the system 
which is required, in addition to knowledge of its fixed properties and of 
physical laws, to predict the outcome of any experiment performed on it. 
In quantum mechanics such predictions take the form of ensemble 
mean values of Hermitian operators, <^4>, <2?>, .... (Notice that the 
probability of success of a "yes-no" experiment may be regarded as 
the mean value of an operator with eigenvalues 1 and 0.) Thus we can 
describe the state of a system by whatever set of parameters suffices, 
in addition to standard data, to predict the mean value of its Hermitian 
operators. 

To this end we take advantage of the linearity of the averaging process, 
which is represented by the equation (μΑ + βΒ} = α(Α} + 
where a and β are arbitrary numbers. The mean value of an operator A 
with the matrix representation Amn can then be expressed in the form 

<A>= Σ Amn<U™>, (1) 
mn 

where U(mn) is an operator whose matrix has the element (m, ri) equal 
to 1 and all others equal to 0. This operator is expressed in terms of 
(pure) state representatives um, belonging to a complete orthonormalized 
set of states, and of their conjugates wm

+ or in terms of the corresponding 
Dirac symbols | m), (m |, by 

U(mn) = umUl? =\m)(n\ (2) 
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Knowledge of (U(mn)y for all ordered pairs (M,  N)  describes the state of 
the system, because Eq. (1) applies to an arbitrary A. 

Since, according to Eq. (2), U{nm) = Uimn)\ the set of mean value 
(Tj(mn)y _ (ij(nm)y* constitutes a Hermitian matrix, when arranged in 
a square array. This is the density matrix which we define as 

Qam = <U(mn)} = . (3) 

The order of the indices of ρ is chosen so that (1) may be written in the 
condensed form 

(A} = Σ Amn Q n m =  ΊΤ (Αρ). (4) 
mn 

The approach to the density matrix followed here and in ref. (7) has 
been called the "operat ional" point of wiev (6). 

B. T H E DENSITY MATRIX AS A STATE VECTOR 

Any set of independent parameters related to the (U(mn)y = ρηηι by 
a transformation that possesses an inverse can serve to identify the state 
of the system and to calculate the mean values of all its operators in 
analogy to Eqs. (1) and (4). Such a set need not be ordered into a square 
array but can be laid out in a column and treated as the set of compo
nents of a state vector. 

in the Liouville representation we consider in general a set of oper
ators U{j) and identify the state of a system through the set of mean 
values 

Qj = (U^y = <£/<>>>* = Σ uwMn* Q m n . (5) 
mn 

We shall assume for convenience — unless otherwise stated and although 
this assumption is unnecessary — that the set of operators is ortho-
normalized, in the sense that 

Tr{UW = 6jk. (6) 

This convention implies that the set of all matrix elements Uij)

mn, ar
ranged in a rectangular array with the row index J  and the column index 
(M, Ή),  constitutes a square unitary matrix. The simplest and most 
familiar example of this procedure consists of the replacement of a 
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2 x 2 spin orientation (or light polarization) density matrix by the mean 
values of the 4 operators / / \ / 2 , σχ/^/ϊ, σν/^/29 ajy/l, where I 
indicates the unity matrix and σχ, ay, oz the Pauli spin matrices. 

The operators U IJ) can then be regarded as unit coordinate vectors 
of a vector space in which all operators are represented by the general 
formula 

a = 2 A*ΥΩ = Σ A i υ ( 7 ) + · (7a) 

The state vector representation is then a particular case of Eq. (7a), 
namely 

P = Σ e y *U<»= Σ QiW. (7b) 
i i 

The vector components in Eqs. (7a) and (7b) are 

Aj = Tr ( A U W ) =  A-U<», ρ, = Tr (QU^) =  p -U ( » (8) 

and a generalized form of Eq. (4) is 

(A} = T T(AQ) =  2 A I Q I * =  Σ *i*Qi = Α· Ρ , (9) 

where the trace of a product of operators has taken the form of a scalar 
product of vectors. 

The operators U {J) can always be chosen Hermitian, since a non-
Hermitian U  and its conjugate C/+ can be replaced by Hermitian com
binations U  + C/+ and /(£/ — £/+). In this event the ρ;· are m*/ and can 
be regarded as cartesian components of a real state vector p. From this 
standpoint the use of a non-Hermitian operator, such as the combi
nations of Pauli matrices σχ ± iayi corresponds to the representation 
of a real p in terms of complex cartesian components. This complex 
representation constitutes merely an analytical device analogous to the 
representation of a position vector r in terms of χ ± iy and z, or to a 
Fourier expansion in terms of complex exponentials instead of sines 
and cosines. Here we shall assume the U W to be Hermitian and the 
Qj real, unless otherwise noted, thus achieving a more immediate re
lation between the state representation and real, observable, physical 
quantities. 
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C . LIMITATIONS TO THE VECTOR ρ 

The unity operator / has the mean value 1 whatever be the state of 
a system. Therefore, choosing one of the U(j) proportional to / , 

C/(o) = / [ T r / ] " 1 ' 2 , (10) 

yields advance knowledge of the corresponding component of p, 

a , = [ T r / ] - 1 « . (11) 

The state is thus seen to be actually identified by the set of components 
of ρ exclusive of ρ0. This smaller set, which identifies a vector orthogonal 
to / , will be called the special Liouville representation of the state. It 
consists of mean values of operators UW with trace zero, owing to (6). 

The density matrix Q m n of any state can be reduced to a diagonal form 
9αβ

 = (ϊαβαβ which is indicated, in the Liouville representation, by 

ρ = Σ^ρ < α >· (12) 
α 

Here the p(ct) are the eigenvectors of ρ, which form an orthonormalized 
system in the sense that 

Ρ (°'· P W = <V (13) 

Notice that the eigenvalues pa of the matrix omn must be nonnegative in 
order that any operator with nonnegative eigenvalues have a nonnegative 
mean value. In the notation of (2) the p(a) are designated as Uiaa). 
From Eqs. (11) and (13), and from the condition / ? a > 0 follows 

Σ Pa = 1 (14) 
a 

Σ/>/ = Τ Γ ( ρ 0 < 1 , r > l . (15a) 
α 

Equation (15a) is particularly important for r = 2, since it limits the 
length of the vector p, 

Σ/, α

2
 = Τ Γ ( ρ * ) = p . p < l . (15b) 

α 

The upper limit 1 in Eqs. (15a) and (15b) is attained for pure states, in 
which case one of the pa equals 1 and the others vanish. 
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D . SYMMETRIES AND PROJECTIONS 

States of many-body systems, and often also of simple systems, are 
generally characterized by a number of parameters far smaller than the 
dimensionality of the vector space p. This means that the characterization 
of ρ is then completed by implied statements. Often, very large classes 
of components of ρ are thus implied to vanish for reasons of symmetry. 
For example, if a spinning particle is oriented by an axially symmetric 
field or other mechanism, all operators that vary sinusoidally under 
rotations about the symmetry axis have mean values equal to zero. 
Systems in thermal equilibrium have zero mean values for all operators 
that are orthogonal — in the sense of Eq. (6) — to all powers of the 
Hamiltonian; the thermodynamic equations 

= [<H> - d/d(l/kT)]»-* <#> 
specify ρ further. 

Again, when dealing with complex systems, one is usually interested 
in determining the mean values of only a few operators. Indeed, one 
could not even examine the mean values of the huge number of possible 
operators even if they were provided by a machine. In the Liouville 
representation the mean values of the operators of interest characterize 
the projection of ρ on a very small subspace of the entire space of state 
vectors. This geometric interpretation is of help in describing the nature 
of irreversibility and relaxation. 

E. T H E EQUATION OF MOTION 

The Schrodinger-von Neumann equation of motion for density ma
trices, 

dqldt = — ih-1 (Ηρ — QH) , (16) 

conserves the value of Ττ(ρτ) in Eq. (15a). In particular it conserves 
T r ( £ 2 ) = p-p, the length p, and therefore represents an infinitesimal 
rotation of the vector space. Accordingly it can be represented in the 
alternative notations 

</p/A = R p = — f L p , (17) 

where R and L are operators of the vector space, L is Hermitian and 
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R anti-Hermitian, and the eigenvalues of L are either of equal modulus 
and opposite sign in pairs or else equal to zero. In terms of real cartesian 
coordinates of the vector space, R is represented by a real skew-sym-
metrix matrix. The eigenvectors of L are the non-Hermitian operator 
U ( r s ) , where r and s indicate eigenstates of the Hamiltonian, and the 
corresponding eigenvalues are the proper frequencies 

airs = (Er-Es)/h (18) 

of the system. Notice that the directly observable frequencies appear 
in this representation rather than the indirectly determined energy levels. 

The simplest example of Eq. (17) pertains to the state of orientation 
of a spin-J particle 

</<σ>/Α = — y H x <σ> (19) 

and describes the Larmor precession of the mean spin vector about the 
magnetic field Η at the rate of γΗ radian/sec. [γ = gyromagnetic ratio, 
the operator R is represented by — γ Η χ and a factor l / y ' 2 should 
be added to match the normalization of (17).] 

In the limiting case of a classical system with canonical coordinates 
q{ and pi9 in which 

—.TdH d dH d 1 
9 - / ( f t , Μ R - Σ y - i Λ " " Ί Η ' ( 2 0 ) 

i ldqt dpi dPi d q i \ 
equation (17) reduces to the Liouville equation for the distribution 
function / ( g i 9 pt). Hence comes the name of our vector space represen
tation. 

The explicit form of L and R is obtained by comparing Eqs. (17) 
and (16) in the representation with coordinate axes \Jimn) and compo
nents Qmn 

= ^[Hmm'Kn' ~ < W # n n ' * ] · (21a) 

One can write more compactly 

L = fr\HI* — ΙΗ*), (21b) 

where the operator products on the right are direct products of the 
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Hamiltonian and of the unity operator pertaining to different indexes. 
The explicit form of L in a representation with axes \Jij) is obtained from 
Eq. (20) by means of the transformation formula (5) and of its inverse. 

The equation of motion (17) has the formal solution 

Equation (17) and its solution (22) determine by implication the var
iation in the course of time of whatever projection of ρ may be of in
terest. Of course, the variation of a projection within a subspace does 
not constitute a rotation, in general when the full vector ρ rotates. Even 
though the quantities Tr (ργ) pertaining to the full density matrix are 
conserved, corresponding quantities pertaining to a projection are not. 
By the same token, even though knowledge of p(0 at the time t implies, 
by inversion of Eq. (22), what the state had been at t = 0, knowledge of 
a projection of p(0 does not determine what the corresponding projec
tion had been at t = 0. Irreversibility, in this restricted sense, thus ap
pears self-evident. 

One may anticipate that, in phenomena involving dissipation and re
laxation, the projection of ρ on the subspace of interest will approach 
a limit that represents a minimum of information, and in particular that 
the magnitude of this projection will decrease. At the moment we know 
only that this magnitude is not a constant of the motion. It is an open 
problem, discussed further in Section II, to define the physicomathe-
matical conditions that lead to a dissipative behavior. 

The time variation of the state vector q(t) can be represented as a su
perposition of harmonic components by the Fourier integral 

p(0 = exp (Rt) p(0) = exp ( - iU) p(0). 
(22) 

F . FOURIER TRANSFORMATION 

1 
e(0 = 2 π ι 

Ιω exp (— iwt) ρ(ω), (23) 

where 

ρ(ω) = —ί 
1 

exp(- iwt)g(t)dt = ρ(0), Ι η ι ω = ε > 0 . (24) 
ο ω — 

Study of the transform ρ(ω), of the formal solution (22), and of the 
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equation of motion (17) are equivalent, in principle. In practice, study 
of the formal solution for macroscopic times t9 or, correspondingly, of 
of the transform for rather low frequencies ω, makes it unnecessary to 
consider transients over microscopic times or to eliminate them by 
"coarse-graining" the equation of motion explicitly. Moreover, study 
of p(co) enables one to treat memory effects algebraically as will be seen 
in Section II, rather than by convolution integrals over the time variable. 

If one transformed the formal solution of (16), namely, ρ(ί) 
= exp (— iHt/fi) ρ(0) exp (iHt/fi), rather than (22), he would find 

ρ(ω) = - Α - [ ά ω ' ρ(0) , * (25) 
2πι J ω — ω' —Ή/Η ω' +1Η/ή 

instead of (24). The notation of the Liouville representation enables one, 
in effect, to reduce formally the integral in Eq. (25) to the residue around 
the pole at ω' = — Η/Λ. The Van Hove treatment of many-body 
problems (7) deals in effect with the two-energy quantity in the integrand 
of Eq. (25). 

G . ADDITIONAL FEATURES 1 

The relationship between the ordinary Hilbert space representation 
of quantum mechanics and the Liouville representation is well known 
in group theory. In the (complex) Hilbert space representation, (a) unit 
vectors represent pure states; (b) Hermitian operators represent physical 
quantities; (c) Hermitian operators with unit trace and nonnegative 
eigenvalues represent mixed states; and (d) unitary transformations carry 
alternative complete sets of orthogonal states into one another. The 
group of these unitary transformations represents the group of quantum 
mechanical transformations that relate the sets of eigenstates of incompa
tible physical quantites. The (real) Liouville representation constitutes 
another representation of the same group of quantum mechanical t rans
formations, which is called the adjoint representation of the group (#). 
The manifold of Hermitian operators of the ordinary Hilbert (unitary) 
representation corresponds to the manifold of all vectors of the Liou
ville (adjoint) representation. 

1 This section is unrelated to the following ones. 
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The unitary transformations of the Hubert space include the oper
ation exp (ίφ) I which renormalizes all vectors by a common phase 
factor exp (ίφ) and which represents no physical operation. (This oper
ation differs from the gauge transformations which renormalize differ
ent position eigenvectors by different phase factors.) Any unitary trans
formation can be factored into a unimodular transformation matrix, 
with determinant equal to unity, and a physically meaningless exp (ίφ) I. 
The group of quantum mechanical transformations is actually represent
ed by the "special unitary" group (SU) which includes only unimodular 
transformations. No transformation in the Liouville representation cor
responds to the unphysical transformation exp (ίφ) I. However, exclusion 
of this transformation corresponds to the fact that the Liouville vector 
U ( 0 ) , Eq. (10), is invariant under all transformations of the Liouville 
representation and that these transformations are confined to the 
"special Liouville representation" (Section II, C) which contains only 
vectors orthogonal to U ( 0 ) . 

A complete set of orthogonal states of a quantum mechanical system 
is represented, according to (13), by a set of orthogonal unit vectors 
p ( a ) , p((3) ... of the Liouville representation. If these vectors fan out of the 
origin of coordinates, their tips lie on the hyperplane defined by Eq. (11), 
which contains the special Liouville representation, and form within 
this hyperplane a geometrical figure called a "simplex." A two-dimen
sional simplex is an equilateral triangle, a three-dimensional one is a 
regular tetrahedron, etc.) The tips of state vectors ρ corresponding to^ 
mixed states lie within or on the boundaries of a simplex, according to 
Eq. (12). 

The group of transformations that relate different complete sets of 
pure states p ( a ) , p ( ^, ... and ρ{μ\ p ( r ) , ... is represented by a subgroup of 
rotations of the Liouville representation. This subgroup must be such 
that 

ρ(α). p<„) > ο for all pairs (α, μ) (26) 

because this product represents the probability of finding the system 
in the state μ if i t was known to be in the state a. To characterize this 
subgroup, recall that each unitary transformation of the Hubert space 
representation can be generated by a sequence of two-dimensional trans
formations. Thus we can start by replacing p ( a ) and p ( / i ) with a new pair 
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ρ(α,)> ρ(β')9 leaving all other eigenstates p ( y ) , ... fixed. Later on, the 
most general Liouville transformation can be generated by a sequence of 
transformations of pairs of eigenstates. Let us represent the pair (a, 
β) in the form 

p<a.* > = 1 [p(a) + p W )] ± 1 [ p ( a , _ ρ { β ί ] ( 2 7 ) 

where the vectors [p ( a ) + p ( ^]/2 and [p ( a ) — p<^]/2 have length 1/^/2 
and are mutually orthogonal and orthogonal to all other vectors p ( y ) , 
p ( < 5 ) ... of the set. The basic conditions (13) and (26) are then met by tak
ing as new state vectors 

p < « ' . / n = £ [ p ( a ) + p < / » ] ± q (28) 

where q is another vector of length \\\f2 orthogonal to [p ( a ) + p ( / ? ) ]/2 
and to all p ( x ) , ρ{6) .... That is, the tips of p ( Q , ) and p ( / n lie on opposite 
poles of a sphere of which [ p ( a ) — pi/j)]/2 is a diameter. Reference to 
the 2 x 2 Hubert space transformations from (α, β) to (α', β') or to the 
example of the pairs of orientation states of a spin-1/2 particle shows 
that we deal here in fact with a sphere of a three-dimensional space of 
vectors q. In other words any pair (α', β') is identified by two parameters 
which specify the orientation of q. 

Two choices of q, mutually orthogonal and orthogonal to [ p ( a ) 

— pW>]/2, are 
ι [u«*> + U<*>], \ [U«*> — U<*>]. (29) 

The set of pairs of these vectors, for all pairs of states (α, β), (α, γ), 
(β, γ), ect., renormalized by a factor -γ/ 2 , together with the initial set 
of ρ ( α ) = U ( a a ) constitues a complete set of spanning the whole 
Liouville representation. Any operator representative A can be expanded 
in terms of this set, according to Eq. (7a). 

The ordinary diagonalization procedure of the Hermitian matrix Amn, 
the Hilbert space representative of a physical quantity, corresponds 
to a reduction of the Liouville representative A to the form 

A = Σ  A M 9{μ) > (30> 
μ 

where the p ( ^ are the eigenstates and Αμ the eigenvalues of A, The 
direction of the vector A thus identifies one orthonormal set of pure 
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state vectors, except in the case of degeneracy in which there are many 
such sets with common elements and having A as a common symmetry 
axis. 

Equation (30) emphasizes that the state vector p (^ ) coincides with the 
representative vector of a quantity which has as an eigenstate with 
the eigenvalue 1 and has all other eigenvalues equal to zero. This quan
tity is accordingly represented by a projection operator of the Hubert 
space. Indeed, the procedure for measuring P ( / z ) coincides with the 
procedure for selecting systems in the state ρ{μ). An arbitrary quantity A 
can then be regarded as a linear combination of P (^ } with the eigenvalues 
Αμ as coefficients. 

It appears possible to develop all of quantum mechanics in the (real) 
Liouville representation directly through statements of experimental 
evidence, without any reference to the Hilbert space representation. 
The Hilbert space representation achieves, of course, analytical economy 
through its use of complex numbers. The economy is particularly evident 
in the representation of quantum mechanical transformations through 
unimodular matrices, because these matrices have far smaller dimension
ality than those that represent the corresponding unfamiliar subgroup 
of rotations in the Liouville representation. The advantages of the Liou
ville representation lie in its unified treatment of pure and mixed states 
and of their time evolution, in its more direct representation of symme
tries, of projections, of eigenvalues and mean values and, generally, in 
its closer relationship to experimental observations. 

III· Interaction with a Reservoir 

The shift and broadening of the spectral lines of an atom due to col
lisions with surrounding gas molecules and the approach to thermal 
equilibrium of nuclear orientation due to coupling with a crystal lattice 
are among the numerous phenomena in which a system of interest 
experiences effects of interaction with a much larger system that acts as 
a noisy thermal reservoir. In macroscopic physics, situations of this 
kind are often treated adequately by schematizing the effect of the reser
voir on the system of interest by a friction coefficient or other relaxation 
parameter. On the other hand, a microscopic, quantum mechanical 
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treatment must start from a Hamiltonian, nondissipative, formulation. 
This initial formulation must then regard the reservoir and the system 
of interest as forming together a single large conservative system. The 
manifold irrelevant details of the reservoir have to be eliminated in the 
course of the treatment. 

Numerous problems have been treated along these lines in the last 
10-15 years, a prototype being perhaps the Wangsness-Bloch theory of 
nuclear induction and relaxation (9). Semimicroscopic treatments have 
also been given, in which the system of interest is treated quantum 
mechanically but the effect of the reservoir upon it is represented sche
matically by fluctuating fields; the results depend then on autocorrela
tions of these fields which are regarded as phenomenological parameters. 

This section presents a general procedure which starts from the full 
quantum mechanical formulation of system of interest + reservoir, then 
eliminates the irrelevant reservoir variables and obtains, in effect, an 
equation of motion for the system of interest with dissipative parameters 
akin to the macroscopic ones. We propose to point out the approxi
mations involved in the procedure and the conditions that have to be 
met for the system of interest to behave according to the macroscopic 
concept of relaxation. However this program cannot be carried out 
completely at this time, because certain key points require further study, 
as will be seen. The procedure involves three formal steps, namely: 
A suitable representation of the interaction between system and reser
voir, the characterization of the relevant properties of the initial state 
of the complete system, and the elimination of irrelevant variables. 
Thereby we shall obtain in Eq. (52), instead of the resolvent (ω — L ) - 1 

on the right-hand side of (24), which pertains to the complete system, a 
modified resolvent which pertains to the system of interest only. Only 
a few properties of this modified resolvent are known at this time. 

A. T H E TRANSITION OPERATOR 

Consider a complete system, consisting of a part, called "system of 
interest,", with Hamiltonian Hs and of a larger reservoir, or thermal 
bath, with Hamiltonian Hb. Calling V the interaction between the two 
parts we write the Hamiltonian of the complete system as 

H=HS + Hb+V. (31) 
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In accordance with (21a), the corresponding Liouville operator has the 
form 

L = L 0 + L 2 = L s + L 6 + L x , (32a) 
where 

L S =  H S I B ( I S I B ) * - I M H S H ) *> 

L B =  I S H B ( I S I B ) * -  I S I B ( I S H B ) *9 (32b) 

L x = V ( I S I B ) * - I S I B V \ 

and the I  are unity operators. 
In preparation for the elimination of the bath variables it is convenient 

to disentangle the interaction term L x from the denominator of the 
resolvent operator. This is achieved by the operator identity 

Γ Ϊ = l -r- Γΐ + Μ(ω) L - l , (33) 

ω — L 0 — L x ω — L 0 L ω — L 0 _\ 

where Μ (ω) is a transition operator with the equivalent expressions 

Μ ( ω ) = l - L ^ - L o ) - ^ 1 = L l l - ^ - M - L , 

1 0 0 Γ 1 Ύ 
= + — L x = L , Σ j L x . (34) 

ω — Lo — Li ^ |_ ω — L 0 J 
The name "transition operator" is suggested by the analogy between 
the equation 

Μ(ω) = L x + L , ί — Μ(ω) (35) 
ω — L 0 

satisfied by Μ and the equation Τ  —  V  +  V (oo — H QY1 Τ  satisfied by the 
transition operator of the Lippman-Schwinger scattering theory. We 
are interested here primarily in the existence and general properties of 
M, particularly in the fact that it embodies the effects of interaction 
between system and bath to all orders, rather than in its possible cal
culation by summing the perturbation series on the right of (34) or by 
solving Eq. (35). 

The fact that Im ω > 0, according to (24), classifies Μ as a forward-
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in-time transition operator. The non-Hermitian transition operators can 
be expressed in terms of corresponding Hermitian reaction operators, 
which are defined for real values of the energy parameter. To this end 
we separate the real and imaginary parts of ω by setting 

ω = ω' + ιε (36) 

and apply the well-known formula 

lim -—I — = &> ίπδ(ω' - L 0 ) , (37) 
e=o ω + ιε — L 0 ω — L 0 

where & indicates that the Cauchy principal part is to be taken in 
integrations over the poles of (ω' — L 0 ) _ 1 . Substitution in (34) or (35) 
yields 

Μ(ω' + ιΟ) = Ν(ω')/[1 + 1πδ{ω' — L 0 )N(o / ) ] (38) 

where Ν (α/) is a Hermitian reaction operator obtained by replacing 
ω in the Eqs. (34) and (35) by ω': 

1 
Ν(ω') = L x , , . = L, + L x — - — Ν(ω'). (39) 

Equation (38) enables us to resolve Μ(ω' + ι'Ο) into an Hermitian 
and an anti-Hermitian operator, 

Μ ( ω ' + ι Ό ) = Ν(ω') 1 

1 + [πδ(ω'-^)Ν(ω')Υ ( 4 Q ) 

- in Ν (ω')δ(ω' — L 0) Ν (ω') 1 

1 + [πδ(ω'-10)Ν(ω')]* 
Notice that the imaginary part 

\ ι[Μ(ω'+ ιΌ)—Μ(ω'+ ιΌ)*] = πΜ(ω'+ ιΌ) δ(ω'—Ιο)9Λ(ω'+ ιΌ)* (41) 

is non negative. (Equation (41) also follows from the statement that 
1 + 2πι'Μ(ω / + ι'Ο) δ(ω'—L0) constitutes a unitary scattering opera
tor.) 
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Β. T H E INITIAL STATE OF THE COMPLETE SYSTEM 

The density matrix ρ of the complete system, at an initial time t = 0, 
contains information on the state of the system of interest, on the state 
of the reservoir, and on the correlations between variables of system 
and reservoir. The information about either part of the complete system 
is extracted from ρ by summing over the variables of the other part. 
Specifically, we may consider a set of eigenstates ημ9 uv, ... of the Hamil
tonian Hs of the system of interest and a set of eigenstates ι>α, νβ, ... of 
the reservoir Hamiltonian Hb. The products ημνα, ιιννβ, ... constitute a 
complete set of states of the complete system. In this representation, 
the density matrix has the elements ρμα,νβ. Density matrices for "system" 
and " b a t h " are obtained from ρ in the form 

ρ<*> = Tr , ρ, i.e., ρ<·> = £ (42a) 
α 

ρ<» = Tr s ρ , i.e., ρ $ - £ ρμα,μί>. (42b) 
μ 

In the Liouville representation one may consider a complete set of 
operator products with matrice U$V$, in which U{0) is proportional 
to the unity operator Is and V{0) to Ib. The components ρ, 0 of p provide 
then the same information as ρ ( δ ) , the ρ0τ the same as ρ ( & ) . In fact, the 
projection of p on the subspace corresponding to the components ρ, 0 

may be indicated by ρ{8) [ T r / f t ] ~ 1 / 2 , i.e., coincides with ρ < ί 0 to within a 
normalization factor. 

The concept of a reservoir corresponds to the statement that ρ ( & ) 

represents a state of thermal equilibrium — i.e., ρ ( δ ) = exp(— HJkT)/ 
/Tr{exp(— Hb/kT)} — or at least a steady state, such that ρ ( & ) commutes 
with Hb and that in the Liouville representation 

Lb 9{b) - 0 . (43) 

In the following we assume that Eq. (43) holds at the initial time t = 0. 
On the other hand no special statement regarding ρ ( δ ) at t = 0 is relevant 
to our discussion and, therefore, we leave ρ ( δ ) unspecified. 

Proceeding now to the correlations between the system of interest 
and the reservoir, we recall from Section 3h of ref. (7) that the mean 
value of the product of any two physical variables of uncorrelated systems 
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equals the product of the respective mean values. This is to say that 
<tf<»K<r)> = <£/ (»> <V(r)>, or 

Qir = Q,oQor/Qoo (no correlation), (44) 

or ρ = Q(s)Q{b). Out of any given initial ρ(0) one can extract its uncor
rec ted part by a projection operation. Zwanzig has pointed out that, 
in a number of cases, the relevant projection operator Ρ is conveniently 
defined by 

PA = ρ<»(0) Tr , {A} , (45a) 
that is, 

(ΡΑ)μα,νβ = ρ^(0)αβ Σ  A ^°" ( 45b > 
α' 

Application of Eq. (45a) to A = ρ(0) yields 

Ρρ(0) = ρ<*> ρ ( δ ) (0) , (46a) 
that is 

(Pp (0 ) ; r = ρ ί ο ρ 0 Γ /βοο · (46b) 

Correlations between the system of interest and the reservoir are of 
essence in their interaction process. On the other hand, it is inherent 
in the concept of a reservoir that its influence on the system of interest 
depends on steady state properties of the reservoir alone rather than on 
preexisting correlations between the reservoir and the system of interest. 
To realize this concept it is sufficient to assume that the initial correla
tions, represented by (1—Ρ)ρ(Ο) , have no appreciable effect on the 
system of interest over relevant intervals of time which are not very short. 
In the problem of pressure broadening of spectral lines in a gas this 
assumption holds to lowest order in the gas density. In general, however, 
this assumption is neither necessary nor realistic. It is still unclear how 
one should embody appropriately the relevant properties of a reservoir 
in the statement of our problem. As an interim procedure, for the 
remainder of this lecture, we shall assume 

(1 —Ρ) ρ(0) ~ 0 
with Ρ defined by (45). 

(47) 
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C . ELIMINATION OF RESERVOIR VARIABLES 

We are concerned, in our study, with the state of the system of interest 
at times t > 0, that is, with Q(s)(t) or, equivalently, with 

ρ<·>(ω) = T r 6 { ρ ( ω ) } , (48a) 

whose elements are ρμ

8} = Σ α ρμαι1.α(ω). The summation over the states a 
of the reservoir eliminates the irrelevant variables. In the Liouville 
representation, this operation constitutes a projection of the vector ρ 
onto the subspace with components ρ ? Ό, in the sense of Section I, D, 
and may be expressed in the form 

ρθ ( ω ) = ν _ _ L _ p(0). (48b) 
ω — L 

(Notice, incidentally, that the operator Ρ defined by Eq. (45) involves 
this projection as an intermediate step but generates a vector that does 
not lie in the subspace of the ρ,0.) 

To bring (48b) to a more compact form, we take the resolvent ( ω — L ) - 1 

in the form (33) and replace ρ(0) with Ρρ(0) in accordance with Eq. (47), 
which yields 

Ρ ( 5 ) ( ω ) = ly —1— Γΐ + Μ ( ω ) —1—1 ρ<»(0) p«>(0) . (49) 
ω — L 0 L ω — L 0 J 

It follows from Eq. (43) that L 0^b)(0) = &b\0)LS. Similarly we have 
IBL0 = L sIb because Ib commutes with the Hamiltonian Hb. Thereby 
(49) reduces to 

ρ(.)(ω) = _ _ L _ ι + < Μ ( ω ) > — 1 — 1 p<*>(0) , 
ω — Ls |_ ω — L0J (50) 

in which all effects of interaction with the reservoir are condensed in 
the operator of the system of interest 

<Μ (ω)> = Ι 6 · Μ ( ω ) . ρ<»(0) = Tr , { Μ ( ω ) ρ<«(0)} . (51) 

Finally, (50) can be reduced to the form of a resolvent operating on 
p U ) (0) by "reentangling" <Μ (ω)> with L S. This is achieved by applying 
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the identity (33)-(34) in reverse, to yield the main result (2) 

Ρ ( δ , (ω) = p«>(0) (52) 
ω — L s — <Μβ(ω)> 

with 

<Μ£(ω)> = 1 — <Μ(ω)> = <M> £ Γ—V <Μ>Τ· 
1 + <Μ(ω)> (ω — L o ) - 1 £ίΐ_ω

 — L o J 
(53) 

The operator Mc(o>) was introduced by Zwanzig through the formal 
expression 

1 » Γ 1 —Ρ "Ι 

1 — Ml— Ρ ) ( ω — L 0 ) 1 ^ ί ω
 — L o J 

and the equation 

Μ 0(ω) = L x + L x - ^ Μ ε ( ω ) , (55) 

which differ, respectively, from the corresponding formulas for Μ(ω), 
(34) and (35), only by the introduction of the operator 1 — P. The 
presence of this operator in the perturbation expansion on the right of 
(54) shows it to have the character of a linked-diagram expansion. 
Similarly, the expansion reciprocal to (53) 

< Μ(ω)> = < M » > 2 Ϊ-^- Γ- <Μβ(ω)>Τ= <MC> £ Γ — ^ - <M<>T 
(56) 

represents the construction of the general operator <M> as a sum of 
powers of linked-diagram or "connected" operators <MC>. (Hence origi
nates the subscript of the symbol M c .) 

D. DlAGONALIZATION OF THE RESOLVENT 

In the absence of interaction with the reservoir, i.e., for <MC> = 0, 
the resolvent in (52) has eigenvalues (ω — ω^,.) - 1 according to Eq. (18). 
The time variations of Q{s)(t) are then represented by a superposition 
of harmonic oscillations (more precisely of complex exponentials) 
with the characteristic frequencies ωμν of the system of interest. Similarly, 
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for <MC> Φ 0, the variations of Q{s)(t) are represented by a superposition 
of exponentials z/ the resolvent ( ω — L S — < Μ 0 ( ω ) > ) _ 1 can be diagonal-
ized. The possibility of this diagonalization is not obvious, in general, 
because <M c(a>)> is not Hermitian. 

On the other hand, the empirical fact that numerous physical variables 
relax through harmonic oscillations indicates that relevant conditions 
exist under which L S + <M c (a>)> has a diagonal form with eigenvalues 
ω,·. The oscillation amplitude would diverge unless Im < 0, that is, 
unless / « M c ( c o ) > — <M c (o>)> + ) is a nonnegative matrix. At present, we 
know from (41) that / ( Μ ( ω ' + /0) — Μ ( ω ' + f0)+) is nonegative; note, 
however, that the elimination of reservoir variables is represented by 
the unsymmetric operation (51) which, in general, does not preserve 
the Hermitian character of a Liouville operator. 

The ordinary perturbation treatment of interactions in quantum mech
anics does not apply directly to the coupling of the system of interest 
with a reservoir because the reservoir's spectrum is continuous. It ap
plies, however, after elimination of the reservoir variables if the spectrum 
of the Liouville operator Ls. is discrete and is perturbed weakly by the 
interaction operator <M c (w)> . 

One utilizes here the scheme of eigenstates uM, w,,, ... of Hs in which L s 

is diagonal with the eigenvalues ωμν. The condition of applicability of 
the perturbation treatment is then the familiar one 

Often, as in the case of pressure broadening at low pressures, the lowest 
order of approximation is adequate, in which the perturbation of the 
eigenvectors of L S is disregarded and the eigenvalues ωμν are replaced by 

E . RAYLEIGH-SCHRODINGER APPROXIMATION 

<Μ0(ω)>μν,μ,ν, 

ωμν — ωμ,ν, 
for (//, ν) φ (//', ν'). (57) 

<*>ΜΝ +  < M c ( < V ) > y (58) 

The real and imaginary parts of the μν, μν diagonal matrix element 
( M ^ ^ , , represent then the shift and broadening of the characteristic 
frequency ωμν. 
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Even when the condition (56) is valid for most of the spectrum of 
L S, it breaks down for groups of degenerate or quasi-degenerate eigen
values. The preliminary zero-order approximation step is then required 
in which one diagonalizes exactly the relevant submatrices of the re
solvent [ω — L S — <M C (OJ)>] _ 1 . In particular, degeneracy always occurs 
for the set of zero eigenvalues of L S whose eigenvectors are the diagonal 
operators ϋ ( μ μ ) . Slow relaxation, unaccompanied by oscillations, usually 
corresponds to these zero eigenvalues. 

F . LOW-DENSITY APPROXIMATION 

The effect of interaction with a reservoir is weak and amenable to 
approximate treatment when the interaction proceeds through a se
quence of collision processes sufficiently separated in time from one 
another. This situation occurs in the pressure shift and broadening of 
spectral lines in a gas when the gas density is not too high and in solid 
state phenomena due to interaction with a low concentration of impu
rities. It is understood here that the interaction with each gas molecule 
or impurity is not necessarily weak and is not to be treated by pertur
bation methods. Nevertheless, the aggregate effect of the interaction on 
the system of interest is small in the limit of low concentration of gas 
molecules or of impurities and is appropriately represented by an ex
pansion into powers of this concentration. 

This expansion has been treated in Sections 4 and 5 of (5). The coeffi
cients of the successive powers of the concentration are expressed in 
terms of single-collision parameters which are accessible in principle 
— and, to some extent, in practice — to direct calculation or experimen
tal determination. The combination of single-scattering parameters in
creases in complexity very rapidly with the order of the coefficient, but 
the first coefficient, which is of greatest importance, is rather simple. 

G . SHORT-MEMORY EXPANSION 

The effects of interaction with a reservoir are also weak and amenable 
to approximate calculation when they dissipate rapidly through the 
reservoir. This situation occurs presumably in nuclear spin relaxation, 
where each nuclear spin is effectively coupled only to the electron 
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spins and to the positions of adjacent atoms, these variables being in 
turn coupled to those of farther atoms and so on. The collectivity of 
lattice atoms acts as a reservoir. Because of the rapid propagation of 
disturbances through the lattice, the variables of atoms adjacent to any 
one nuclear spin remain correlated in time only for short time intervals. 
We say that the lattice has a "short memory." Therefore no joint quasi-
stationary state of a nuclear spin and the adjacent atoms has time to 
develop, but the lattice acts on the spin through rapidly and randomly 
fluctuating fields. 

This situation is represented in the Liouville formulation as follows. 
A short memory of the lattice implies that the matrix elements of the 
Liouville interaction operator L x connecting different eigenvectors of 
L B vary very little over a large range of the corresponding eigenvalues 

Ω Α Β of L B. Therefore, in the construction of matrix products involving 
(ω — L0)- 1 in Eqs. (34, 35, 54, or 55), the sum extends effectively over 
a broad range of eigenvalues of L 0 = L S +  L B. It follows that the ef
fective, i.e., suitably averaged, value of ω — L 0 in the matrix product 
is large and that the dimensionless products ί χ ( ω — L 0 ) _ 1 or (ω — L o ) - ^ 
are much smaller than 1 when the memory is sufficiently short. 

Accordingly, the short-memory expansion coincides with the pertur
bation expansion on the right-hand side of (34) or (54). Because the re
servoir has a continuous spectrum, it is not relevant or possible to gauge 
whether the interaction L x = V— V* is weak or strong in relation to 
the separation of energy levels as one does for discrete spectra or, equiv-
alently, in (57). The relevant effective value of the resonance denomina
tor is now seen to be determined not by the spectral intervals but by 
the speed of propagation of the interaction effect through the reser
voir. One may say that the interaction effects remain weak because 
they accumulate coherently only over a single short memory period, 
r = [ ( ω - L o ) " 1 ] ^ . 

Under conditions of short memory it is, therefore, appropriate to 
utilize the perturbation expansion (54) of <Mc(co)> and to break it off 
after its first significant term. The first term of the expansion, <LX> 
represents merely the effect of the average potential, <F>, exerted by 
the reservoir on the system of interest. This term may be combined 
with L s . The next term < ί χ ( ω — L 0 ) _ 1 Lx> is the characteristic term of 
the short-memory approximation. Accordingly, this approximation 
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consists, to lowest order, of the assumption 

<Μ,(ω)> ~ <^> + <L2 — i — Lx> . (59) 

The main equation of the theory of nuclear spin relaxation (9) is equiv
alent to (59). Notice that, when (59) is substituted in (52) and the in
verse transform (23) is calculated, relaxation is seen to proceed in the 
course of time as a function of the combination of variables < ί χ ( ω — L 0 ) _ 1 

L2> t. This combination is quadratic in the interaction energy and linear 
in the time and thus coincides with the combination which has been 
emphasized by Van Hove (10) and called by him "λ 2 / . " More specifically 
we see here that the complete dimensional structure of the relevant 
combination of variables is ( L ^ r i , where r is the memory period. 
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