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In recent years there has been widespread discussion of the possibility 
of using time-dependent correlation functions to conveniently and exactly 
describe the behavior of a system disturbed slightly from a steady state. 
For a considerably longer time, it has been recognized that macroscopic 
equations exactly describe a system departing slowly in space and time 
from a steady state. Examples of such macroscopic equations are the 
Maxwell equations for electromagnetic phenomenon in media and the 
Navier-Stokes hydrodynamic equations of a one-component fluid. There 
are consequently two exact formulations that determine the behavior 
of systems which are both slightly and slowly disturbed from equilibrium. 
The first of these is the macroscopic or hydrodynamic description, which 
can be taken in a linearized form because of the restriction to weak dis
turbances. The second is the description in terms, of the long wavelength, 
low frequency correlation functions. We would like to discuss in this 
chapter how the phenomena predicted by both descriptions make their 
appearance in the correlation function description. Thus, we will be 
concerned primarily with what macroscopic physics tells us about the 
correlation functions and only in a very peripheral way with what the 
correlation functions teach us about macroscopic physics. 1 

As we shall see, the hydrodynamical description implies considerable 
structure for the correlation function — structure which is not imme
diately apparent nor simply derivable from perturbative calculations of 
the time-dependent correlation functions. This is hardly surprising since 
hydrodynamics is relevant to the discussion of disturbances in which a 

1 Most of the material contained in these lectures is contained in an article by L. P. 
Kadanoff and P. C. Martin, Ann. Phys. (N.Y.), 24, 419-469 (1963). 
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local equilibrium is continually enforced, whereas perturbation tech
niques, at least in their more primitive forms, pertain to the discussion 
of short-time effects in terms of successive collisions. 

This difficulty does not preclude the deduction of the macroscopic 
description from the microscopic description by perturbation theory. It 
is merely an indication that this deduction is not a trivial matter, because 
it requires a discussion of long time, large distance behavior of the cor
relations. Indeed, such analysis has been carried out in certain special 
cases. Performing it more generally is closely analogous to (but more 
complicated than) renormalizing quantum field theory. Indeed, the 
transport coefficients and thermodynamic derivatives play a similar role 
to the renormalized masses and coupling constants of elementary par
ticle physics. The best perturbation techniques seek to determine these 
quantities self-consistently from equations involving residual interactions 
between the nearly independent renormalized modes resulting from the 
repeated effects of the interparticle forces. 

If we could carry out from first principles, the inverse of the procedure 
we shall discuss, the computation of the correlation functions in sta
tionary states in terms of the time-independent forces applied at their 
boundaries and their interparticle forces, we would have far more in
formation than the macroscopic equations provide. First, we would 
have information about the effect of disturbances which are slight but 
have high frequency and wave number. Secondly, we would determine 
the values of the dissipative coefficients which occur as parameters in 
the hydrodynamic equations, and of the thermodynamic derivatives in 
the equation of state which supplement these equations. Thirdly, we 
would be able to ascertain what macroscopic equations were appro
priate for a given system. After all, not every one-component system 
satisfies the same macroscopic equations nor requires the same number 
of thermodynamic and macroscopic parameters. In addition to ordinary 
fluids there are turbulent fluids (with velocity correlations), superfluids 
(with two velocities and densities), and solids (with a shear modulus as 
well as a bulk modulus, and with directionally dependent transport 
coefficients). 

Actually, this third advantage, the ability to determine from first 
principles what parameters are required for a given interacting system, 
is rather illusory. All that may truly be determined deductively is whether 
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an assumed kinetic description is tenable for the system. That is to say, 
we could deduce whether a steady state with certain assumed symmetry 
properties was stable, or whether, by contrast, spontaneous fluctuations 
in a system having these symmetry properties tended to grow. For 
example, if we sought a stationary solution for a system with a density 
matrix that had the symmetry properties appropriate to a fluid, we 
would obtain by correlation function techniques the hydrodynamical 
equations appropriate to a fluid. We would also discover an instability 
in the correlation functions for the liquid in the region in which the 
supercooled liquid was unstable. We would not, however, have even a 
hint of the solid in the supercooled region in which, for the given tem
perature and pressure, the solid was more likely than the assumed fluid 
configuration, but the fluid configuration was also stable to microscopic 
perturbations. To determine the elastic constants of a solid with a par
ticular symmetry, it is necessary to investigate solutions in which the 
correlation functions have that symmetry. 

The point of this diatribe is to stress that the correlation function 
procedures developed thus far are also not entirely deductive. They 
too require a separate investigation of the properties which constitute 
a specified steady state. In the correlation function description this 
amounts to the classification of possible solutions of the nonlinear inte-
gro-differential equations for the exact correlation functions. This clas
sification of the symmetry properties of different steady-state solutions 
proceeds along the same lines as does the classification of the possible 
macroscopic equations that can describe many particle systems. The 
real advantages of the correlation function techniques, then, are (i) the 
ability to compute desired macroscopic parameters for systems with given 
symmetries from microscopic parameters, and (ii) the ability to determine 
information relating to the kinetic stage — information that not only 
determines the parameters of the hydrodynamic stage, but characterizes 
the results of other experiments like neutron scattering and ultrasonic 
response, which involve high frequency and wave number probes. We 
shall not discuss either of these aspects extensively in what follows, 
since they have been extensively discussed in other chapters and in the 
literature. 
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I. Illustrative Example 

In order to understand the kind of information contained in the ma
croscopic equations and how it appears in the long-wavelength, low-
frequency form of the correlation function, let us turn directly to a simple 
model in which the macroscopic description is characterized by a single 
conservation law and phenomenological equation, and in which the as
sociated equation of state consists of a single thermodynamic derivative. 
We consider spin diffusion in a liquid with no spin-dependent forces 
(or equivalently the diffusion of isotopes with chemically identical prop
erties). That is to say, we consider diffusion of spin in a system in which 
the spin serves as a label and has no dynamical significance. 

A . MACROSCOPIC DESCRIPTION 

We denote by M(r, t) the magnetization at the point at time t. The 
magnetization, proportional to the net imbalance of spin, is given by 

M(r9t)= Σ YS £t)SQR-TAt))9 

V 

where Γ  is the gyromagnetic ratio and S V the spin density. The magnitude 
of S V will be taken as J thus particularizing the notation to a physical 
problem of experimental interest, spin diffusion in liquid He 3 . The three 
statements which constitute the macroscopic description are: 

(1) A conservation law for the total spin 

—-Μ(τ, ?) + P-JM(r, 0 = 0 , 
at 

where 

j*(r, 0 = Σ &M> <5(r - r„(r)/2m} . (1) 
ν 

(2) A phenomenological transport equation saying spin imbalances 
will diffuse 

<}M(r9t)> = -DV<M(r,t)>. (2) 

The quantity D, the diffusion constant, is positive. 
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(3) An equation of state relating the field and magnetization 

dM 
% = dH 

(3) 
H=0 

We may employ these three statements to solve the problem in which 
we adiabatically apply a magnetic field H(r) varying slowly in space for 
t < 0 and turn it off at t = 0. From the first two equations we have 

<M(r, /)> = DV\M(r, /)>. 
dt 

Introducing the Fourier-Laplace transforms 

M(k, z) = J dre-ik'r J°° dteizi <M(r, 0> , 

H(k) = J dre-ik'r H(r), (4) 

we write the equation which determines the behavior of the magnetiza
tion for t > 0 in the form 

0 = (— iz + Dk2)M(k, z) — J drxH(r)e-ik'r. 

We then use property (3) to deduce that for long wavelength distur
bances 

M ( k > z ) = · ( 5 ) 

— iz + Dk2 

B. CORRELATION FUNCTION DESCRIPTION OF SIMPLE EXAMPLE 

Let us now find a solution to the same problem using the correlation 
function description. In order to develop the correlation function descrip
tion of spin diffusion, we notice that an external magnetic field can be 
represented by an extra time-dependent term added to the Hamiltonian 
of the system 

b3P{f) = — drM(r, t)H(r, t). 

According to standard techniques of quantum-mechanical perturba-
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tion theory, the linear change in the average of any operator, A(r, t), 
induced by an extra term in the Hamiltonian is 

<M(r, /)> = - / f dt'[(A(r, t\ δ %f(t')\>. 

J—oo 

This equation applies to a system which was in a steady state before 
the disturbance was introduced; the expectation value of the right-hand 
side, <[^(r, r), δ ££f(t')]} is the expectation value in that steady state. 

In our example we have 

<M(r, /)> = / dt' e«'j dr'H(r') <[M(r, t\ M(r', /')]> , t 0, 

= i J° dt' e£t'j dr'H(vf) < [M(r, t), M(r', *')]>, t  ̂ 0. 

(6) 

In order to compare (6) with the result of our hydrodynamic discus
sion, we introduce an integral representation for the commutator of 
the magnetization at different space-time points. Because of the space-
time translational invariance of the equilibrium system we may write 

<[M(r, /) , M(r', /')] > = f — f 7 ^ X" QLM e ^ ' ^ - ^ \ J τι J (2π) 3 

calling χ"(Κ ω) the absorptive part of the dynamic susceptibility. Because 
of the rotational invariance of the system, #"(k, ω) depends only upon 
the magnitude of k, not its direction. Because M(r, t) is a Hermitian 
operator, x"(k, ώ) is real and an odd function of the frequency ω. 

The expression for <M(r, t)} now becomes 

Γ dk Γ dco x"(k,co) 
<AT(r, 0 > = 7 Γ - ΤΓ H(k) e*« f o r t ^ 0 > J (2π) 3 J π ω 

(Ό 
Γ dk Γ dco χ"(Κω) 

= H(k) e l k r — e-%mt for / > 0. 
J (2TT)3 J π ω ~ 

From the first of these equations we may identify the function 
multiplying H(r) with χ. From the second we may obtain an expression 
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for Af(k, z) by employing the same Laplace-Fourier transform, (4), 
introduced in the hydrodynamic description 

Γ άω' v"(Jfc,o/) 
J π ζ ω (ω — ζ) 

The hydrodynamical description gave an expression for Af(k, z) ap
propriate in the limit of small k. The above equation expresses this 
function in terms of #"(k, ω). We can therefore use the two to solve for 
#"(k, ω) in the long wavelength limit. We shall assume that we are 
concerned with times short, and therefore frequency differences large 
compared to the the frequency spacings over which χ"(Κ ω) averages 
to a smooth function the frequency. 2 

We may then write 

lim — = & j - πίδ(ω — ω'), 
e->o ω — ω — is ω' — ω 

where & stands for the principal value. Thus, when ζ lies just above the 
real axis, ζ = ω + is, 

Re [M(k, ω + ie)/H(k)] = X"(k9 ω)/ω . 

Comparison with (4) yields the expression 

Of course, since the hydrodynamic equations are valid only for slowly 
varying disturbances, the identification is only correct for χ" at small 
k and ω. 

C . RIGOROUS FEATURES OF CORRELATION FUNCTION DESCRIPTION 

The three properties we invoked in our hydrodynamical discussion 
each have a rigorous counterpart for the function χ"(Κ ω) or the related 

2 It is here that we mathematically introduce irreversibility since X"(K,  ω)  is really 
a distribution of (5-functions and not a smooth function. This leads of course to al
most periodic behavior on a time scale of no interest to us, since the frequency spacings 
are so ridiculously small for a large system. 
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function, the dynamic susceptibility χ which is analytic except on the 
real axis 

Γ dco dco' X"(k, ω ' ) 

ω' — ζ ' (9) 

X(k9 ω + is) = x'(k, ω) + ω ) . 

The first statement we incorporate in the discussion of χ is the pre
viously utilized property (3). In general, when slowly varying fields 
coupled to the conserved quantities are adiabatically applied to a system 
in a steady state, a new stationary state with altered values of the con
served quantities is induced. In the long-wavelength limit, the coupling 
fields are the conjugate thermodynamic variables, and the changes in 
the conserved quantities (which are expressed in terms of the matrix χ) 
may also be expressed by a matrix of thermodynamic derivatives de
termined by the equation of state. In our example, this matrix is the sin
gle coefficient which gives the conserved quantity M(k) in terms of 
H(k) the adiabatically applied field. Its incorporation in the discussion 
of χ occurs through the statement that, as k—>0, %(&)-> dM/dH. 

The property (2), or at least that part of its content (D > 0) which 
is generally rigorous, is the statement that the phenomenological law 
must be dissipative in a stable system. The counterpart of this property, 
an aspect of the second law of thermodynamics, is the stability require
ment for the correlation function matrix (in our example, a single func
tion) 

ωχ"(Κ ω ) > 0 . (10) 

In particular, it can be shown that ω χ " ( & , ω ) is a measure of the work 
done by an external field in changing the system, and thus that ω # " ( & , 

ω ) > 0 is a condition for stability. It can also be proven that this con
dition is automatically satisfied in a canonical ensemble which neces
sarily predicts stable correlation functions. 

The property (1), the conservation law, permits us to write another 
sum rule, like (7). In particular it follows from the conservation law that 

k- j dr e-^[]M(r, 0), Af(0, 0)] = J ^ - a>X"(k9 ω). (11) 

Without evaluation, we may deduce that since the integrand on the 
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Strictly speaking, the value of the coefficient of k2 is outside the realm 
of hydrodynamics. The proportionality to k2, and thus the fact that 
/"(&, ω) vanishes as A:-*0 reflects property (1), the hydrodynamical 
content. In fact, the sum rule (11) is not really satisfied by the hydrody
namical description since the phenomenological laws predict a propor
tionality to k2 but with an infinite constant. This is not a very serious 
defect since the sum rule (11) weighs high frequencies while our hydro-
dynamic form for #"(&, ώ) is only correct at low frequencies. 

The physical reason for this failure is easy to understand. We have 
stated in our phenomenological law that the short-time response is 
dissipative and thus overestimated the dissipation at high frequencies. 
In fact, the short-time behavior is reversible not dissipative; only the 
long-time behavior is dissipative. There is a natural way to take this 
property into account phenomenologically. We must change our equa
tion from a first-order one, which has only resistance, to a second-order 
one, which exhibits an inductive behavior at high frequencies. We there
fore write 

For variations that occur over times long compared to r, the equation 
is identical to our hydrodynamic description. But for rapid variations 
in time, our modified equation leads to a predominantly nondissipative 
response. With the aid of this equation the hydrodynamical analysis 
we applied previously can be carried through once more. We find in 
particular 

M(k, z) χ(\ — IZT) 

— iz + Dk2 — τζ2 

lef-hand side of (11) is a vector quantity, it will be proportional to k and 
consequently that the first moment of χ" will be proportional to k2. 
Because the left-hand side is essentially the commutator of momentum 
and position there is no difficulty in actually calculating it for our 
simple example, obtaining 
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The high frequency sum rule can be satisfied with this phenomeno-
logical description. We need only require that the relaxation time 
satisfy 

ny2 τ 
D = ~f . (12) 

4m χ 

That is to say, a minimal form for χ" consistent with properties (1), 
(2), and (3) is the single collision time approximation 

vDk2co 
k V ' ' ' co2 + D2[k2 — (4w2xm/ny2)]2 9 

iM(k, z)z _ / iz 4ζ2χιη V 1 

X(k9z)-X+ h  ̂ - X Y I - — - — — j , 

1 1 4mz2 iz ( 8 , ) 

X(k, ζ) χ ny2k2 ΌχΚ2 

While this phenomenological modification is not exact, certain general 
features of it, e.g., as * o o , are experimentally verifiable. The 
condition for it to be approximately correct will now be made precise 
by incorporating the rigorous counterparts of our three basic properties 
to construct a dispersion integral representation of the correlation func
tion. As we shall see, these counterparts lead to a representation of χ 
which exhibits many facets of the hydrodynamic description (8'). It 
leads to (8') when a spectral function is assumed to be slowly varying. 
When this function is not slowly varying the system will be described 
by other slowly varying functions, and the hydrodynamics will differ. 

From the stability condition, cox"(k, ω) > 0, property (2), in the form 
(10), it can be shown that 

Γ dco ω 
X(k,z)= ---X"(k,w) 

J π ω* — ζ2 

has an imaginary part proportional to the imaginary part of γ. There
fore, x(k, z) is analytic except on the real axis. Furthermore, the con
servation law, property (1), as employed in the moment sum rule (11), 
tells us that 

4z2m 
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Finally, property (3), in the form of the thermodynamic sum rule (7), 
tells us that %~\k) exists and approaches the thermodynamic derivative 
as k->0. Putting these properties together we have that 

nk2y2 

[%-\k,z)-X-\k)} + \ 4mz2 

is analytic in z, vanishes as ζ — * ο ο , and is finite for z—•(). 
We can therefore write 

lx~ \K z) — X (k)\ + ι = 
4mz 2 4m%(k) 

Γ dco a(k, c 
J π ζ 2 — < 2 

The regularity property which leads to the hydrodynamic description 
constructed phenomenologically results when a is approximately con
stant for small values of k and ω. In that case we may write, for small 
k and ω, 

[x-\k,z) — x~\k)] + 1 -
4mz 2 4mx(k) ζ 

which is precisely the form (8') we determined phenomenologically 
when a(0 , 0) = l/D. We cannot, of course, infer from general properties 
that a is regular, nonvanishing, and slowly varying — the part of prop
erty (2) that depends on the microscopic details of the system. All we 
can say is that if this were not the case the hydrodynamical equations 
would be different. For example, in an ordinary fluid, identical arguments 
lead to an identical dispersion relation for the density correlation func
tion. However the corresponding function, a, behaves as k2 for small ω, 
reflecting the fact that the time derivative of the density (the momentum) 
is also conserved. Also, at appreciable temperatures, a contains a sig
nificant term, which is not regular but depends on the ratio of k and ω. 
In consequence, the low-temperature microscopic description involves 
sound waves instead of diffusion, and the high-temperature description 
involves coupled sound waves and heat diffusion. 

D . CONSEQUENCE OF DETAILED BALANCE FOR THE SIMPLE EXAMPLE 

Before discussing the ordinarily fluid, let us point out some additional 
properties satisfied by the χ of our simple example because it is expressed 
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as a steady-state correlation function. These relations follow because 
there is in a steady state a connection between χ " , the commutator that 
characterizes dissipation, and the anticommutator that describes fluc
tuations. This connection expresses a relationship in transition rates 
between substates of different energy in a macroscopic steady state — a 
condition of detailed balance. Specifically the detailed balance condition 
requires that the ratio of transition probabilities between substates 
having different values of the parameters characterizing conserved varia
bles must equal the ratio of the density of substates with these para
meters. 

For the particular case in which the steady state is an equilibrium 
state characterized by a canonical ensemble, the ratio of densities of the 
substates with energies E1 and E2 is ββω, where ω is the difference in energy 
between the two substates and β = 1/kT is the inverse temperature. 
In that case, the detailed balance condition is easily stated and proven. 
Moreover, in that case, we may express the detailed balance condition 
by the equivalent and familiar fluctuation-dissipation theorem. The 
difference in transition probabilities between substates (which is equal 
to the dissipation per unit intensity of external field divided by the 
energy) is %"{k, ω). It is related to the sum of transition probabilities t 

the Fourier transform of the fluctuations, by 

1 1 
2 — 1 
1 + 1 

Thus we may write, for equilibrium expectation values, 

< μ , ( Γ , ο - <A,> e q , Λ,<Γ', Η  -  <^-> EQ}> 

βω (14) 
I £tk«(r-r')-ia>(<-*') Qoth 

π J (2π) 3 
2 

Xij(K ω) , 

a statement that may be easily and directly verified by formal manipu
lations. 

It follows from the fluctuation-dissipation theorem that the static 



CORRELATION FUNCTIONS AND MACROSCOPIC EQUATIONS 259 

magnetic form factor S(k) is given by 

SQt) = jdr <$ {M(r, 0), M(0, 0)}> 

Γ άω Γ 1 1 1 ( 1 5 ) 

It also follows that the relation we have derived, 

DX = ]im\\im-^X"(k,co)\, (16) 

can be expressed in terms of the magnetization anticommutator as 

Dv = lim | l i m fdr f Α * - Λ · < Γ - τ θ + ί ω « - η ^ A <{M(r, f ) , M(r', t')}>S\ 
ω->ο|_^^ο J J A:2 4 q J 

or (17) 

Dv = lim | l i m f dr [ dter*«*-*'*+™«-t'> — <{j/'(r, f), J/V, ί')}>1· 
ω_κ) [_*-•() J J 4 J 

This type of expression, in which the ' t ranspor t coefficient is given in 
terms of the anticommutator of the currents, has been much discussed 
in the literature. 

In other steady states which cannot be described by canonical or grand 
canonical ensembles the additional relations resulting from the require
ment of detailed balance, when known, are more complicated. In some 
simple cases like ferromagnets or superfluids there is no change. Others 
are treated by several chemical potentials or by means of frequency-
dependent temperatures. 

Π. Application to One-Component Fluids 

A . HYDRODYNAMIC DESCRIPTION 

In the remainder of this chapter we will indicate how the kind of 
analysis illustrated above applies to more complicated systems. In partic
ular, we will discuss fully the parallel of the previous discussion for a 
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normal one-component fluid and indicate some important modifications 
that arise for a superfluid at various points in the discussion. 

For a one-component fluid, there is a conservation law and transport 
equation for the density of particles «(r, t), the momentum density 
g(r, t), and the energy density ε(τ9 t). These conservations laws can be 
written as 

d „ (r, 0 
«(r, t) + V-g = 0 number conservation, (18a) 

dt m 

d 
g(r> 0 + P* r ( r > t) = 0 momentum conservation, (18b) 

dt 

d 
—— f(r, t) + κ · j'(r, /) = 0 energy conservation. (18c) 

dt 

Here, j * is the energy current density and r is the stress tensor, which 
serves as a momentum current. 

Again these equations must be supplemented in two ways. First, we 
must suppose that, when all variations in space and time are slow, the 
system can be treated as if it were in thermodynamic equilibrium locally. 
Since the state of the fluid in equilibrium is characterized by the five 
conserved variables or five associated intensive variables, we expect 
local equilibrium to be characterized either by the local densities of the 
conserved variables or by related spatially and temporally varying in
tensive quantities. Conventionally these are chosen to be the temperature, 
pressure, and average velocity. 

In a superfluid, the five conserved variables do not completely specify 
the system. There are, in addition, order parameters associated with 
the superfluid velocity, \ s and its density variation. In this case the 
macroscopic equations also include equation of motion for the order 
parameter and phenomenological law for the " f o r c e s " 3 which occur 
in them. These phenomenological laws involve gradients of both the 
conserved quantities and the order parameters. 

3 The forces are the quantities which vanish in the long wavelength limit and are 
equal to the time rate of change of the order parameters, e.g., in a superfluid the force 
is given by dvjdt = — ^μ. 
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We define an average velocity by writing the momentum density as 

<g(r, 0> = <"0% t)}my(V, t). 

We shall consider the case in which the deviation from complete equilib
rium is small and in which the equilibrium system is at rest and uni
form. We may then write, to first order, 

<g(r, i)> = nmw(T91), (19a) 

where η is the equilibrium density of particles. For a system of particles 
in complete equilibrium, moving with uniform velocity v, Galilean in-
variance implies that the energy current will be 

Ϋ = (e + p)y. 

If the system is in local mechanical equilibrium and if there are no order 
parameters or the order parameters are unchanged by a Galilean trans
formation the mechanical contribution to the local energy current must 
also have this form. However, if there is a temperature gradient in the 
local equilibrium system there will be an additional dissipative flow 
of energy from hot regions to cold regions. As a result the energy cur
rent in local equilibrium takes the form 

j*(r, t) = (e+p)y (r, t) - xVT(r, t), (19c) 

where ε and ρ are the equilibrium parameters. The coefficient κ is cal
led the thermal conductivity. The temperature is of course not an in
dependent variable but connected with the others by the usual thermo
dynamic relations. Thus, a change in the temperature is related to 
changes in the density and energy density by 

dT 
VT(r91)= — 

on 

dT 
Vn(t91) + de 

Vs(r, t). 

In the non rotating superfluid there is an additional order parameter, 
the superfluid velocity, which is altered, under Galilean transformation. 
Furthermore, there can be a dissipationless flow of energy and matter 
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in the frame in which the velocity vanishes. Consequently, neglecting 
dissipative terms, we have 

TS 
j * ( r , t) = (£+p)v ( r , t) + — ρ. 9[ν η(Γ, /) - v s ( r , * ) ] , (19c') 

mN 

where (S/mN) is the entropy per unit mass. This equation serves to de
fine ρ89 the density of superfluid in terms of the order parameter, YS9 

and v n defined by g = QS\S + (Q — ρ8)\η. 
To complete the set of equations, it is necessary to specify the stress 

tensor r t J . For a fluid at rest in complete equilibrium the stress tensor 
takes the form 

τ υ = ?>ijP , 

where p is the pressure. When the fluid is disturbed from equilibrium, 
extra stresses are produced as a result of viscous forces in the fluid. 
These forces are proportional to gradients of the velocity, so that the 
full stress tensor may be written as 

r i ? ( r , 0 = (5i?p(r, ί)—ηΙ — — + — — — j — δu V · v (r , t) ( ζ — — η 

(19b) 

Here η is called the viscosity and ζ the second viscosity or bulk viscosity. 
In a superfluid there will be additional terms arising from the dissipative 
effects dependent on the gradients of v s and also, if it is rotating and there 
are vortices, nondissipative terms depending on the local vorticity. 
Changes in the pressure are also related to charges in the energy and 
density through thermodynamic relations. 

Finally the "force" associated with v., is expressed as a change in the 
chemical potential (and therefore in the energy and density) along with 
a dissipative contribution involving additional viscosities. Here also, 
an additional nondissipative term, a Magnus force, is present when there 
are vortices. 

We may recombine the normal fluid equations in a form which is 
convenient for our purposes. With the aid of the momentum conser
vation law we obtain 

~ <g(r, 0> + Pftr, 0 —V\g(r9i)> - C + PP.<g(r,*)> = 0 . 
ot mn mn 
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Therefore the transverse part of the momentum satisfies the diffusion 
equation 

9 <g 4(r,0> = — ^ g / f r , / ) > . (20) 
ot mn 

To get the remaining hydrodynamic equations, we take the divergence 
of the equation for the momentum and use the number conservation 
law to eliminate g(r, /)· We then find 

2 <Λ(Γ, -m—+ 3 ' — V2 I <η(τ, φ + V2p(r9 t) = 0. (21) 
dt2 η at 

For a normal fluid we have 

d 
^ ^<(r , /)> - <"(r, 0 > ] - ^ 2 Γ ( Γ , 0 = 0 . (22) 

For a superfluid, neglecting all dissipative terms and effects of vorticity, 
and eliminating \ s with the aid of \ s = — P7//, we obtain 

d2 

~dT2 
<ε(Γ, 0> <n(r, φ r ^ - ^ - I 7 2 ^ , ί) = 0, (22') 

where 

£ = & + fti-

Equations (22) and (22') for normal fluids and superfluids become 
identical when QS is set equal to zero and dissipation is neglected. 

The analysis of the equation for the transverse momentum follows 
along exactly the same lines as the analysis of spin diffusion given earlier. 
The equations for ε and η are analyzed in a very similar way. We define 

,i(k, z) = J* dr j dt e~ik'r+i2t (n(r, φ , 

/?(k, z) = j dr j dt e~ik'r+i2t /?(r, t), 

n(k) = J dr e i k r <w(r, 0)> , 

p(k) = j dr e-ikr <p(r, 0)> . 
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We also notice that we can guarantee that (dn/dt} = 0 by taking 
the longitudinal part of v(k) to be zero initially. With this additional 
requirement, we obtain 

imz(— iz + Dfc2) η (k, z) — k2 p(k, z) 
ε + ρ Ί 

) — n(k, z)\ + xk2T(k, 
(23) 

— m(— iz + Djk2) η (k) — iz f(k, ζ) — «(k, z) + xk2T(k, z) 

L " J (2 

(̂k, z) - i ± £ η (k, z)J + yk*T(k, z) = - (̂k) - t ± l „(k)J , IZ 

L · η J L » 
(24) 

where we have introduced the abbreviation Dx = {^η + C)/mn for the 
"longitudinal" diffusion coefficient. 

Notice that the energy equation involves the quantity 

ε + ρ 
q(k, ζ) = e(k, ζ) n(k, ζ), 

π 

which is the change in the energy density minus the enthalpy per particle 
times the change in the number density. The response #(k, z) and the 
corresponding operator 

<7(r, ί) = ε(Γ, ί) - - ^ t Z „(r, /) (24') 
n 

will play an important role in our discussion. To understand this we 
recall the thermodynamic relation 

TdS = dE + p dV, 

which holds at constant particle number N. If dN = 0, we have the ad
ditional identities 

— dV/V = dn/n 
and 

dE = d(eV) = Υάε + ε dV = V[de — (ε/π) dn] . 

Thus, at constant 

Τ ε + ρ 
— dS = de dn 
V n 
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This permits us to identify q(r, t) as an operator whose change represents 
Τ times the change in the entropy density. Thus, we shall call q(r, t) a 
density of heat energy. 

We are of course permitted to use any convenient set of variables, 
and we shall work with the matter density n(k, z) and the above defined 
heat energy density q(k, z). (We might have introduced instead the 
quantity Td(S/N) = de — μ dn and called it the heat density.) Because 
the system is in local thermodynamic equilibrium, the temperature and 
pressure can be written a s 4 

r(k,z) = 

p(k,z) = 

dT 

~dn 

dp 

n(k, z) + 
V dT 

Τ dS 

dn 

V dp 
«(k, z) + — 

Τ dS 
q(k, z) 

For the variables which characterize the initial conditions, it is conven
ient to use not q(k) and n(k) but the pressure and temperature, defined by 

«(k) = 

<7(k) = 

dn 

dp ] T 

Τ dS 

Ύ "dp 

/>(k) + 
dn 

dT 

/>(k) + 

P 

Τ dS 

V ~dT 
T(k) 

Written in terms of these new variables, (23) and (24) become 

dp 
\izm{— iz + Dfc2) — k2 ^ - 1 «(k, 
L d " | s J 

= — m(— iz + Dtk?) |~ 

Γ V dT\ Ί 
— iz + xk* #(k, 

I T ds | J ^ ' 

V dp 
z) — k2 q(k,z) 

Τ dS „ 

dn dn 

dT 

(25) 

z) + xk2 
dT 

Τ dS 
Ύ ~df 

T(k) + 

dn 

Τ dS 

Ύ ~Ί)ρ 

n(k, ζ) 

p(k). 

(26) 

4 Because our identification of q was made at fixed N, all the thermodynamic deri
vatives here and below must be taken at fixed TV. 
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For superfluids, neglecting dissipative terms, (24') becomes 

z2<7(k, z) — k2 
TS2Q«  Γ dT 

?n L 9 n mN2Qa |_ dn 

Τ Γ dS 

n(k, z) + 
V dT 

Τ dS il 

IZ 
V dT 

T(k) + 
dS 

if we introduce the definitions 

Τ dS 
mncn 

we then obtain 

V dT 

TS2 

Τ 

Τ dS 

(26') 

V dT 

dp I cp dp 

m2N? Qncr dn c,, dn 

(27) 

n(k, z) = p(k) 

+ T(k) 

dn 

dp 

dn 

- 5 5 L _ r , + i q , _ . i O _ 4 1 
'•— Cl

2k* c2 — c 2

2 L " 2 V < W c i J 
IZ (28') 

17/ ζ 2 — cx

2k2 c2

2 — cx

2 

+ identical terms with cx «-> c 2 , 
and 

<?(k, z) = pQL) 
Τ dn 

η dT 

+ T(k)mnc 

iz 

ρ ζ2 — c^k2 c2

2 — ci 

v z2 — Cl

2k2 'q2 

iz :L Γι _ _"1 i l l 
— t ' l 2 L C 2 2 C p J 

(29') 

+ identical terms with c 1 c 2 . 

The two velocities c x and c 2 are determined by the determinant of the 
linear equations 

z 4 — k2z2 v2 + 
1 dp 

k*v2 
dp 

m dn \SJ dn 
= ( z 2 — cx

2k2) ( z 2 — c2

2k2) 
(30) 

and thus satisfy 

cx

2 + c2 = v2 + 
1 dp 

m dn 
c2c2 = v2 

1 dp 

m dn L 
(31) 
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When ν = 0, we have the solutions = (1/ra) dp/dn \ s and c 2

2 = 0. 
More generally, neglecting the difference between dp/dn \ s and dp/dn \T 

we have c 2

2 = v2. One of the roots represents undamped first sound, the 
other second sound. We can understand the significance of the root 
c 2

2 = 0 when a system is not superfluid if we consider the effect of the 
dissipative terms in the normal fluid. 

In particular, let us examine the situation at low temperatures where 
dp/dn \ s « dp/dn \T ^ dp/dn. In this case, the differential equations 
for a normal fluid become decoupled and we have 

dn Γ 1 dp Ί " 1 

«(k, z) = — (— iz + Dxk2) —— p(k) z 2 -f-- k2+ izDxk2 (28^) 
dp |_ m dn J 

and 

Τ dS Γ V άΤΎ1 

q(k, z) = T(k) \ — iz + xk2 . (29") 

The first of these equations states that the density and pressure satisfy 
a damped sound wave equation 

i d 2 d \ 

for t > 0, with the sound velocity c given by 

mc2 = dp/dn 

and the sound wave damping constant 

Γ = Όι. 

The second equation states that the temperature satisfies a diffusion 
equation 

- ^ Γ ( Γ , t) = D7P2T(r, t) 

for t > 0, with the thermal diffusivity given by 

Τ dS 
V ~dT ' 
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That is, the solution, which is at ζ = 0 when dissipative terms are 
neglected in a normal system, is an over-idealized representation of 
the heat conduction mode. 

By examining the solutions for the normal fluid at arbitrary tempera
ture, we find that, in the limit of small k, 

dn ( cr \ 
n(k, z) = p(k) — - (i—L)[—iz + DjJc*]-* 

dp T \ cv ) 
(28) 

—p(k) 4"- Γ — k2+DT (1 — — \ k2 — iz — [ z 2 — c2k2+izTk2]- ι 

dn dn 
+ T(k)— [-iz + DTk*]-*-T(k) 

DR | / '  M  J  V  7  DT 
Drrk^—cW + izTk2]-1 , 

Τ dS 
Xk, z) = T(k)mncp[- iz + DTk2]~* + p(k) — V dp 

— pQL) DTk2[z2 - c2k2 + izTk2]'1, 
V dp T 

[— iz + D^2]-1 

Τ 
(29) 

mn\,(k) 
g^k, z) = — , (32) 

— iz + (rik2\mn) 

where c2 = (l/m) dp/dn \ s = c±

2 and the thermal diffusivity and the 
sound wave damping constants are 

DT = x/mncp , Γ = Dl + DT[(cp/cp) — 1 ] . (33) 

B. CORRELATION FUNCTION DESCRIPTION 

Before we can use the solution to the hydrodynamic equations just 
derived, we must resolve the following problem. We wish to compare 
the previous description with a description in which we mechanically 
displace a system from equilibrium in such a way that all variations in 
time and space are slow. In our discussion of spin diffusion there was 
a very natural mechanism by which this deviation from complete equilib
rium could be mechanically induced. The spin magnetic moment could 
be altered by applying an external magnetic field. There exists no such 
handle for the molecules in a fluid. In particular, the mechanical forces 
by which a heat conduction process is set up are rather subtle. 



CORRELATION FUNCTIONS AND MACROSCOPIC EQUATIONS 269 

Of course any force which disturbs the system from equilibrium 
will set up heat conduction and sound propagation processes, and, if 
we wait long enough, these will be the only persistent modes. However, 
if we are to infer the form of the correlation functions from the hydro-
dynamic equations, which are only true when the system is in local 
equilibrium, we must apply a disturbance that maintains the system 
in local equilibrium at short as well as long times. That is, we must 
employ an interaction Hamiltonian which disturbs the system in such a 
way that it is even initially in local equilibrium. A natural way of doing 
so is based on the observation that in a system moving with velocity ν 
the average of an operator, A, is 

<Α(τ, i)> = tr [QA(r91)] 

ρ = exp Ξ [Tr exp Ξ]-1 

Ξ = — β | ^ r 0 — μ/b + \ m\2^>— j * g ( r ) - v j . 

The thermodynamics of the system are described by β, μ9 and v. If the 
velocity is small, the v 2 term may be neglected. 

We note that it is possible to represent a situation in which the chemi
cal potential changes from μ to μ + δμ, the temperature changes from 
Γ to Τ + δΤ9 and the velocity goes from zero to <5v by writing the density 
matrix in the complete equilibrium form 

ρ = exp [— β(??— μΜ)\ {Tr exp [— β(β!Τ— μ^)]}-1 

with a modified Hamiltonian cfif^ + δ3Ρ9 where 

o ^ = - j d r j - ^ - [ε(τ)-μη(τ)] + δμη(τ) + (5v.g(r) 

In analogy with this expression we might expect that if we couple 
to the conserved variables with an interaction Hamiltonian containing 
three functions δμ(τ)9 δΤ(τ)9 δ\(τ) so that 

d3tf\t) = - ( d r [ε(τ9 ί)-μη(τ9 /)] + δμ{τ)η(τ91) (34) 
J I T ) 

+ fo(r)-g(r9t)leet for t < 0 

= 0 for t > 0, 
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we could describe a system in local thermodynamic equilibrium for all 
times less than zero and identify the function d\(r) with the local velocity, 
Τ + όΤ(τ) with the local temperature, and μ + δμ(τ) with the local chemi
cal potential. We could then use δ3Ρ as an interaction Hamiltonian for 
producing hydrodynamic flow. 

To justify the use of bc%f, we must prove that, for all times less than 
zero, the average of any operator A(r, t) changes from its complete equili
brium value by the amount 

<M(r,/)> = 
dA 
θμ 

δμ(τ) + 
dA 
dT 

dA 
6T(r) + — .<5v(r) for t < 0, 

d Y ^ T (35) 

where the indicated derivatives are with respect to the variables //, 
Γ, and v. 

The proof of this relation is identical with the previously omitted proof 
that lim k_^ 0 x(k) is the thermodynamic derivative dM/dH. For simplicity, 
we consider the case in which δβ = δ\ = 0. We write a spectral form for 
the A-n commutator 

<M(r, 0 , n(r\ f)]> = f — f T ^ T e*«*-*'>-™«-''>X^ ω) . 
J π J (2π) 3 

According to the fluctuation-dissipation theorem the A-n anticommu-
tator is 

<{Λ(Γ, 0 - < ^ > e q , n(r', /') <«> e q }> e q 

dco C dk Γ dco r dk 
= J π J ~(2πγ 

eik z ^ ( k , ω) coth 
βω 

(2π) 3 

We can calculate the thermodynamic derivative dA|dμ obtaining 

dA 
dμ 

β Γ = — * ' [<{Λ(Γ, 0 , n(r', t')}yeq - 04> e q <«> e q ] . 

We may therefore write 

dA 
dμ 

_ C da 

ν J π 
dco β βω 

— c o t h — % 1 > η ( 0 , ω). 

Since the total number of particles is independent of time, %l, n(0, ω)/ω 
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must be just a (5-function at zero frequency. Therefore, we can make the 
replacement 

(βω/2) coth (βω/2)χ^Λ(09 ω ) = ^ ( 0 , ω ) 
and find 

dA_ f da* χ'ίη(09ω) 
δμ \ -I 

\T,v J 
On the other hand we can use perturbation theory to calculate the 

response to the time-dependent disturbance (34). Then, in just the same 
way as we obtained (7), we find 

c , Γ Λ . . Γ dw χ"Α n(k, ω ) 
δ<Α(τ, /)> = — - μΡ)β*« Μ for / < 0 , 

J (2ττ)3 J π ω 

where //(k) is the Fourier transform of δμ(τ). Thus, A(k), the Fourier 
transform of δ(Α(τ, 0)>, is 

AQL) = //(k) — - . 
J π ω 

If δμ(τ) contains only very small wave numbers or, equivalently, varies 
slowly in space, we may, under normal circumstances, replace the wave 
number k by zero. Assuming that this limit exists is tantamount to as
suming that in the chosen ensemble there are no infinite ranged corre
lations, or fluctuations. It is valid in a one-component system only if 
it is normal. In a superfluid there are infinite range correlations and the 
limit k-+0 is ill defined for the velocity δ\ and some operators A in a 
grand canonical ensemble. Likewise if the system has crystallized there 
will be a directional variation and ill-defined limits. Recalling this 
qualification we may write 

dA 
AQL) 

or 

<M(r, i)> = 

3μ 

dA 
δμ(τ) for t < 0 , 

thus justifying (35) which identifies the slowly varying parameters 
<5//(r), δΤ(τ), and (5v(r) with changes in the chemical potential, slowly in 
space, temperature, and velocity. 
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For the purposes of the above argument, the chemical potential, the 
temperature, and the parameter ν were a convenient complete set of 
variables. However, the chemical potential does not have any direct 
physical meaning in a one-component system. Consequently, it is more 
convenient to eliminate the local chemical potential in favor of the local 
pressure by using the thermodynamic relation 

to define 
dp = ηάμ + (S/V) dT = η άμ + (ε + ρ — μη) dT/T 

p(k) = ,i//(k) + (ε + ρ-μη) T(k)/T. 

To see that p(k) has the significance of a change in the pressure in the 
limit of slow spatial variation, it is only necessary to use the above ther
modynamic relation to rewrite the change in the operator A as 

A(t91) = £ ηόμ(τ) + (ε + ρ — μη) 
δΤ(τ) Ί ΘΑ 

Τ j di 

δΤ(τ) 
ΘΑ 

W 
+ v(r). 

ΘΑ 

\Ρ,Τ 

Then, if we use the other relation to define 

δρ(τ) = η δμ(τ) + (ε + ρ-μη)δΤ(τ)/Τ 

dk 

• Ί (2π)3 
,ik»r r/>00 , 

we have 

δ(Α(τ, φ = δρ(τ) 
ΘΑ 

~θρ~ 
+ <5Γ(Γ) 

ΙΤ,ΐ' 

ΘΑ 

~ΘΤ 
+ <5v(r) 

ΘΑ 

~θ~7 Τ,ρ 

so that δρ(τ) does indeed have the meaning of a change in the pressure. 
Finally, we eliminate δμ(τ) from the disturbance by making use of this 

same identity. With these substitutions we have 

δΤ(Ι) 
+ - ^ - - < 7 ( M ) + v(r).g(r 

= 0 

for t < 0, 

for t > 0, 
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where Q (r9 I)  is the operator previously encountered which represents 
changes in the density of heat energy 

<£> + Ρ 
Q(r9 t) = f(r, 0 — n(r9 /). 

<«> 

We can now write the response of the system to the disturbance as 

Δ(Α(τ, Φ  =  J" dt' J dt'e* { } for t < 0 , 

= J° dt' J dxe* { } for t > 0 , 

where 

{ } = <M(r, 0 , <r'9 r')]> e q ΔΡ (τ')/Η + <[A(r9 t)9 Q (r'9 /')]>«, *Ά*')ΙΤ 

+ <[A(r9 0 , g(r', ODeq ·•('')· 
If we introduce our standard representation for the commutators of 
of Q,  Η  and the components of g, we obtain, for times less than zero, 

A(k) = J* 6(A(r9 t))e~ik'r dr 

= Γ άω X

fjn(k9co) p(k) | Γέ/ ω j&g(k, ω ) 
J π  ω /ι J π ω Τ 

+ -v(k) 
J τ τ ω 

and for times greater than zero, 

A(k, Z)  =  J°° dteizt j dre~ik'r 6<A(r9 Φ 

J ττ ϊ ω ( ω — ζ ) « J 7Π ω ( ω — ζ )  Γ 

(36) 

(37) 

Γ <** %lg(lt, c 
J τ π ω(<υ — ; 

+ I — - ™ " ' ω ) -v(k). 

We are interested in the cases in which A(r91) is n(r91)9 Q (r91)9 or 
g(r, t). Therefore, we shall discuss briefly the properties of the Fourier 
transforms of the commutators formed from these conserved operators. 



274 P. C. MARTIN 

From time-reversal invariance, rotational invariance, and the Hermitian 
nature of the operators, it follows that χ^η, x"q%q9 xitQ9 and χ\%η are 
each real odd functions of ω and that 

Xi,q(k, ω) = xln(k, ω) . 

This equation expresses a reciprocity which was first discussed by On-
sager. 

The Fourier transform of the momentum-momentum commutator 
is a tensor, since it is an average of a direct product of two vectors. 
However, if a system is spatially invariant, the only tensor quantities 
of which Xg9g.(k,a)) can be composed are the direct product k ;k ; 

and the unit matrix ditj. It is convenient in this case to express xq9 g. 
in terms of the linear combinations of these tensors, 

The / and t stand for longitudinal and transverse since the division 
that we have selected breaks the tensor into two parts, one with compo
nents in the direction of k, the other whose dot product with k is zero. 
Both parts are real functions, odd in the frequency variable. 

The conservation law 

dn 1 „ 
+ — P - g = 0 dt m 

enables us to express χ'^η in terms of χ'{ as 

Z; e B(k, ω) = x'UK ω) = — xfck, ω) , 

while a double application of this law gives 

k2 

Xn,n(k, ω) = xfck, ω) . 
m2to2 

One more result of the number conservation law is 

XLFIL, ω) = xlJM, ω) = — X»tn(k, ω). 
πιω 
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C . THERMODYNAMIC AND H I G H FREQUENCY SUM RULES 

By comparing expressions (35) and (36) we can deduce a variety of 
Kramers-Kronig relation sum rules of type (3) for the integrals of the 
various commutators. For example, we may take A(r, t) = n(r, t). Since 
we have 

«(k) 
dn 

we obtain 

lim 

dp 

J π ω 

dn 

dT 

= ί™ Zn,n(fc) = η 
dn 

dp 

lim [ ^ ^ t l 
ω) dn 

•For A(r, t) = q(r, t) we find 

lim Γ X"'Q( K> Ω
 ̂= 

*->o J π ω 

U m Γ χ ^ , ω ) _ Γ 2 

*-*o J π ω V 

Τ dS 

V dp 

dS 

dn 

dT 

dT 
= mncp Τ. 

For A(r, t) = g ( r , t), which is equivalent to 

A(k) = mn\(k), 

we obtain on letting k-+0 the expression 

d00 X'I gj(K«>) 
lim 
*->o J π 

d^mn . 

(37a) 

(37b) 

(37c) 

(37d) 

This statement is certainly true if the system is spatially homogeneous 
and the process of letting k-+0 is uniquely defined. Without this as
sumption, but still taking the system spatially invariant, we have the 
more general statement 

Γ da 
lim — 
k-^o J π 

dw %'i(k9 w) 
= Q — Qs = Qn (37e) 
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but still, both generally and from our hydrodynamic analysis, 

άω χ'ί(Κώ) Γ άω ω2ιη2 Χη,η^,ω) Γ άω xl(k, ω) _ Γ άω 

J η ω J π ω 
= mn. (37f) 

Likewise, by using the fact that the heat current is zero even when the 
system is in motion, it is possible to show that 

Γ άω 
lim x'^Jk, ω) = 0 . 
k-+Q J 71 

By using the conservation laws, we can derive from this relation the 

S U m r u l e Γ άω ω* 

lim j τ^,»(*> ω ) = 0· (37g) 
J π mkl 

Since the thermodynamic equations are only valid for small k, the 
sum rule (37a-g) are themselves only valid in the limit of vanishing wave 
number. There is however at least one exception to this restriction. 
Equation (37f), which expresses a sum rule on the density-density cor
relation function, is actually, valid for all k. This sum rule can be derived 
from an argument identical to the one that we used to get (10). That is 
to say, this result is a consequence of the exact commutation relation 

Wr),g(r')] = - / I 7 [ « ( r ) < 5 ( r - r ' ) ] , 

which holds whenever there are velocity-independent forces. In fact, 
the sum rule (37f) is a famous result. In solid-state physics, it is usually 
referred to as the longitudinal / - sum rule. It has played a very important 
role in the discussion of the BCS theory of superconductivity. In neutron 
scattering studies, it is known as the Placzek sum rule. 

In the classical limit, subject to the existence of the velocity correla
tion function Fourier transform or the absence of long-range order, 
(37e) is also exact for all k. It is intimately connected with the van Leeu-
wen theorem for charged systems and states that the orbital magnetic 
susceptibility of such systems vanishes. Landau has discussed how dia-
magnetic susceptibility can, in fact, appear in a quantum-mechanical 
system. In our language, this is a consequence of the fact that 

XI(k)-xt(k) = (9 (k2) 

can contain a term of order k2 in the limit of small k2. 
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Such quantum effects are even more drastic in superconducting sys
tems and lead to the replacement of (37d) by (37c) in the limit A: 2 -*0. 
This replacement is reflected in the anomalous electromagnetic properties 
of the superconductor, most notably in the Meissner effect. 

In superconductors, it is the parameter ρ8 which is normally used to 
define the superfluid density. In liquid helium it is this parameter which 
is measured ideally (neglecting vortex formation) in experiments with 
torsion balances. We have used the symbol ρ8 to designate the para
meter determined from the reduced moment of inertia (or Meissner 
effect) in distinction to ρ8 determined from the velocity of thermal 
waves. Their equality depends on the rigidity of the superfluid to vortex 
formation, in consequence of which, rotation sets only the normal 
fluid in motion. 

D . CORRELATION FUNCTIONS AND DISSIPATIVE COEFFICIENTS 

The statements (37a-e) are thermodynamic sum rules reflecting the 
equation of state (property 3). The statements (37f, g) reflect the conser
vation laws (property 1) in that they guarantee a vanishing weight as 
fc-*0. We may finally construct the hydrognomic correlations functions 
and indicate the manner in which the phenomenological laws for normal 
fluids (property 2) appear in the correlation function description. 

First we compare the hydrodynamical analysis and the correlation 
function description for t > 0, obtaining for normal fluids at low tem
peratures 

fit9(k, ω) = *Τ0ω [ω2 + (xk2 ~ - ^ J J * (38) 

or, neglecting the dissipative terms entirely, 

T2 dS 

%"q,lK ω) = π — — ω <5(ω) = 0 . 
Correspondingly for the density correlation function we have 

nkVw Γ / I dp V „ T 1 

*;..(*,ώ) = —-— Uafl-—-£- k2\ + (fwk2)2 (39) 
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which, upon neglecting dissipation, becomes 

1 dp nk2 ( 
X'Uk, ω) = π δ (ω2 — k2 

m dn 

Finally, the crossed coefficient is given by 

XlQ(k,co) = 0. (40) 

For a superfluid with no dissipation we would have instead 

Xq,g(k, ω) = mncpT 
c±

2c2

2k2 ω 
cx

2 — c2

2 \ω\ 
- — 1 )nd(w2—c1

2k2) 
(380 

- — 1 )πδ(ω2 — c2k2)\, 

which reduces to the dissipationless normal fluid result when 

1 dp 
m dn 

c2 = v2 = 0 . 

In the superfluid we would also have 

Xn,n(k, ώ) = η 
dn 
dp 

k2 

r 2 
cfn δ(ω2 — cx

2k2) (390 

- [ • + > ( > - 1 ) - $ \ «*«--<*•>}. 
which agrees with the normal fluid result when we make the replacement 
exact only at zero temperature cp = cn = (l/m) dp/dn, c2

2 = ν2. 
Finally in the superfluid we would have 

X'in(k,C0) = T 
dn 
dT 

c^c2

2k2 ω 

ρ <~1 cS — cS ω 

χ {π δ(ω2 — c2

2k2) — π δ(ω2 — Cl

2k2)} (40') 
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It follows from (38')-(40') that as T-+ 0 there is no oscillation at ω = c2k. 
The second sound velocity is defined, but the weight of the mode vanishes. 

In a normal fluid at finite temperatures, n(k, z) and q(k, z) also contain 
contributions from both poles. As before, we can determine the absorp
tive susceptibilities which describe the long-wavelength, low-frequency 
response by comparison of (37) with (28) and (29). We obtain 

nmcpT DTk2co 

ω2 + (DTk2)2 

xi,N(K>ω) = Ω  R e [M(k> Z ) M k ) L = c o + t , 

(38") 

= η 

— η 

dn 

dn 

dn 

[\—(crlcp)]DTk2co 

τ ω 2 + (DTk2)2 

coc*k*R(cc/cp) 

τ (ω 2 — c2k2y + (COPRY 

DT[l — (cjcp)] (ω 2 — c2k2) wk2 

Τ 

(39") 

(ω 2 — c2k2)2 + (ωΚ*Γ)2 

dn Γ DTk2w 

ρ\_ω2 + φτΚ dT LI ω 2 + (£>ΓΑ;2); 

We also find, from (32), 

Xi(k, ω) = 

DTk2w(w2 — c2A:2) " 

~ (ω 2 — c2A:2)2 + (ωΓΑ:2)2_ 

ω2 + {rjk2jmri)2 

(40") 

(41") 

We can sum up these results as follows: In the low wave number-
low frequency limit, the correlation function composed of the transverse 
component of the momentum exhibits a diffusion structure with diffu-
sivity given by the viscosity divided by the mass density, Dt = η/mn. 
The heat energy-heat energy correlation function also has a diffusion 
structure, but here the diffusivity is the thermal diffusivity, DT = k/mncp. 
The density-density correlation function exhibits both this diffusion proc
ess and a damped sound wave propagation. The total weight of % ^ , η ( ω ) 

is n(dp/dri)T, of which a proportion (1 — cv/cp) comes from the diffusion 
process and a proportion cv/cp comes from the sound propagation. The 
heat energy-density correlation function also reflects both processes 
but the sound propagation contributes negligible weight to χ\Λ. 
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Again, by employing high-frequency, and low-frequency sum rules 
we can incorporate most of the desired structure in a rigorous fashion. 
Thus we may write, for the density correlation function for arbitrary k9 

the same statement we wrote for the magnetization density, namely, 

mz2 mz Γ άω' k2I\k9wr) _x _x mz2 mz Γ άω 

Consequently, an exact form for «(k, z)/p(k) is 

(41) 

and 

Χη,η&,ω) = 

I f Γ ι mc°2 _ m 
= \xn,n(k) - %TN  TONIC,  ω) -

Γ άω' r(k9 ω') Τ 1 ! ^ 

J π ω —ω' J J 
τηω 

+ 
(n/m)f(k9 ω)^ω 

Γ άω' Γ(Κω) 
J π ω2—ω'2 

2K2^\ μ_±\+[ΩΝΓ(}<9ω)]2 

We should emphasize that Eqs. (41) and (42) are exact. However, 
whether or not these equations are useful depends critically upon the 
simplicity, or lack thereof, of the function F(k9 ω). In the particular case 
of a low-temperature ordinary fluid, we have seen that the equations of 
fluid mechanics imply that ω is slowly varying in ω and k and that 
Xnf1i(k)->n(ap/an). At nonvanishing temperature our hydrodynamical 
analysis indicates that r(k9 ω) depends on the manner in which ω and 
k approach zero, since %ntn(k9 ω) must include the thermal diffusion 
process indicated in (38"). That is to say, Γ, like χ", has different limits, 
depending on the ratio of ω and k as they both approach zero. Spe
cifically it can be shown that Γ must have a term which behaves like 

Γ - χ - * - Λ — DTk2&2 + DT\cplcv)2k*]-* 
\c0 J m 

for small k and ω, or in the dissipationless approximation that 

1 dp 
Γ= 1 

m dn 
π δ(ω) , 

τ 
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For a superfluid in the same approximation, 

π r = ( i 1 d p 

m dn 
[δ(ω — vk) + S(w + vk)]. 

We comment briefly on the connection of the function Γ with the phe
nomenological analysis occasionally employed. Let us first notice that 
in a normal fluid the thermal contribution to Γ has poles at 

ω = ± iDTk2cp/cv = ± ixk2/mncp 

corresponding to relaxation as a result of thermal conduction. In addi
tion, the function r(k, ω) contained the term which at low frequencies 
became a constant. This whole contribution vanished at high frequen
cies. We can represent both terms in the normal fluid by using a spec
tral representation 5 for Γ in which we take 

i 1 + oj2T{

2(k) 

(For a superfluid the poles of Γ cannot lie solely on the imaginary 
axis). Conversely, such a form would yield for x~\k, z) the frequently 
hypothesized form 

^ " τ [ £ - · - ? 7 ^ 5 Γ ] ™ 
when ζ is in the upper half-plane. In this expression we have introduced 

m%(k) 

When such a representation is exact or a good approximation, a descrip
tion in terms of differential equation exhibiting irreversibility is appro
priate. 

5 The reader who is familiar with the discussion of scattering amplitudes and the 
utility of analytically continuing the imaginary part of an amplitude (in the Man-
delstam representation) will note that there is a similarity between that procedure 
and this discussion. 
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As in the discussion of spin diffusion we may write expressions for 
the transport coefficients in terms of the correlation functions of con
served quantities. For a normal fluid we have 

lim lim ~- x"{k9 ω) = mncpTDT = Τκ , 

so that the thermal conductivity can be expressed as 

κ = JL  lim [ l im Γ dr [ dte-ik'r+^<{L9(r,1)9 j / ( 0 , 0)}>1. (44a) 

4 Γ ω->0 [_k+0 J J J 

However, since momentum is conserved, we have 

lim lim ^- x^n(k9 ω)\ = 0 
or 

| j i m J * J ώ ^ ^ < { ^ Γ , 0 , gM 0)}>J , 

lim lim ^- %lq{k9 ω) = 0 

0 = lim lim ί dr f ^ - < k ' r + - < < { j / ( r , *), g*(0, 0)}>1. 

Therefore, not only is the thermal conductivity given by expression 
(44a); it is also given by the much more general expression 

0 = lim 

and also 

or 

β 
κ = lim lim dr dte-ik'r+itot 

4T \j~*o J J 

X <{JA*> t + J&(r, t\ 7 / ( 0 , 0) + A & ( 0 , 0)}>J , (44b) 

where λ is any constant. The choice λ = (ε + p)/(mn) gives us back 
the energy current / so that κ is also 

κ = lim [ l im Γ dr f dte-*^({j/(r9 t)9jx

e(09 0)}>1. (44c) 
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We finally indicate the standard Kubo-type expressions for the 
viscosity by employing the facts that 

and from 

\im\ lim ^-X'l(k9co)] = η (44d) 

[ ω Ί Γ πι2ω2 Ί 4 

lim — χ'ί(Κω) = lim lim — — x'HtH(k9ώ)\ = —η+ζ (44e) 
k-+0 kl J - ω-)-0 I k^O k* J 3 

Thus, 

4-? + ζ = 4~lim Γ lim f Λ f Α < { k . g ( r , /) , k - g ( 0 , 0 ) } > < H k r + - < ] . 

Applying the same arguments as before, we find that the viscosity and 
bulk viscosity may be obtained from the well-known correlation function 
expression 

η (δ L M L ) + ζ J ^ L = A  U m \ \ i m [ d t [ dt 

X Σ <{*«*<•*> 0 , r,»(0, 0 )}>] , (44f) 

where r is the stress tensor. 
In a superfluid these expressions for the dissipative coefficients must 

be augmented in various ways which are too lengthy for the blackboard 
and this set of lectures. Let me instead merely state that we have per
formed such analyses for superfluid systems, several component systems, 
and ferromagnetic systems and identified the correlation functions which 
determine their macroscopic parameters. The calculation of these trans
port coefficients by the various field theoretic perturbation techniques is 
then straightforward in principle. In practice, accurate calculations can 
only be performed in weakly coupled systems. For these systems, the 
same techniques may also be used to calculate the full correlation func
tions (for k and ω φ 0) and thus the hydrodynamic equations, their 
range of validity, and the response of the system at higher frequencies 
and wavelengths. As might be expected, in rare systems, at very low 
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frequencies, the correlation function is just the resolvent kernel of a 
slightly modified linearized Boltzmann equation; this resolvent may 
alternatively be schematized as the summation of an infinite subset 
of the perturbation theory diagrams contributing to the correlation 
function. The very high frequency response described by the correlation 
function is more simply determined since it can be characterized and 
calculated in terms of successive collisions by perturbation theory. The 
transition from the one kind of behavior to the other occurs at a time, 
the collision time, which may be roughly characterized for weakly coupled 
systems in terms of the temperature, density, and interparticle potential. 

Let me close these lectures with another opinionated statement. As 
far as I can see, the question of what is necessary for irreversibility (there 
are many conditions which will suffice), what the Boltzmann and various 
master equations describe, and other questions of this ilk are sufficiently 
well understood to make further belaboring pedantic. The same is true 
of general discussion of the irreversible equations of macroscopic physics. 
We can trace precisely how irreversible behavior emerges from the mi
croscopically defined correlation functions (which still contain the re
versible behavior) when we justifiably disregard an irrelevantly long time 
scale for a typical large system or an average of such systems (mathem
atically, by replacing densely spaced poles by a branch line.) We can 
also trace how the irreversible behavior which, in general, is not describ
ed by a differential equation in time (i.e., is non-Markovian) reduces 
approximately to irreversible behavior described by a differential equa
tion in time. The necessary condition for this behavior, the existence of 
a continuation of the frequency-smoothed function containing only 
frequency poles (or exponentially decaying time dependence), will al
most never be exactly satisfied but will frequently, e.g., in the macro
scopic equations, be an excellent approximation, until such long times 
that the remaining decay is negligible. Moreover, independent of any 
such Markovian requirement, we have perfectly straightforward and 
well-defined procedures for calculating the correlation functions. By 
now there is little doubt that the most general, the best defined, and the 
most straightforward of these procedures is the Green's function tech
nique in either its functional or equivalent diagrammatic form. 

What remains to be learned is how to identify small parameters in 
the terms that contribute, so that we may accurately calculate correla-
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tion functions for systems which are neither rare, nor weakly interacting 
for some other obvious reason. In what cases are simpler kinetic equations 
applicable? How do we calculate in dense liquids or other strongly 
interacting systems? And ultimately, how do we calculate correlation 
functions in the region of greatest correlation, near phase transition 
points? These are the only questions still unresolved — but then again 
they always were the really unresolved questions. 




